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Abstract 

In this study, as a new approach to the concept of asymptotical equivalence in the Wijsman 

sense for double set sequences, the new concepts which are called asymptotical invariant 

statistical equivalence of order 𝛽 and asymptotical lacunary invariant statistical equivalence of 

order 𝛽 (0 < 𝛽 ≤ 1) in the Wijsman sense for double set sequences are introduced and explained 

with examples. In addition, the existence of some relations between these concepts and 

furthermore, the relationships between these concepts and previously studied asymptotical 

equivalence concepts in the Wijsman sense for double set sequences are investigated. 

Keywords: Asymptotical equivalence; Convergence in the Wijsman sense; Double 

lacunary sequence; Invariant statistical convergence; Order β; Sequences of sets. 

Çift Küme Dizileri için 𝛃 ıncı Mertebeden İnvaryant ve Lacunary İnvaryant 

İstatistiksel Denklik 
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Öz 

Bu çalışmada, çift küme dizileri için Wijsman anlamında asimptotik denklik kavramına 

yeni bir yaklaşım olarak, çift küme dizileri için Wijsman anlamında 𝛽 (0 < 𝛽 ≤ 1) yıncı 

mertebeden asimptotik invaryant istatistiksel denklik ve asimptotik lacunary invaryant 

istatistiksel denklik olarak adlandırılan yeni kavramlar tanıtıldı ve örneklerle açıklandı. Ayrıca, 

bu kavramlar arasında bazı ilişkilerin varlığı ve dahası bu kavramlar ve daha önceden çift küme 

dizileri için Wijsman anlamında çalışılmış asimptotik denklik kavramları arasındaki ilişkiler 

incelendi.    

Anahtar Kelimeler: Asimptotik denklik; Wijsman anlamında yakınsaklık; Çift lacunary 

dizi; İnvaryant istatistiksel yakınsaklık; 𝛽 ıncı mertebe; Küme dizisi. 

1. Introduction 

Long after the concept of convergence for double sequences was introduced by Pringsheim 

[1], using the concepts of statistical convergence, double lacunary sequence and 𝜎-convergence, 

this concept was extended to new convergence concepts for double sequences by some authors 

[2-4]. Recently, for double sequences, on two new convergence concepts called double almost 

statistical and double almost lacunary statistical convergence of order 𝛼 were studied by Savaş 

[5, 6]. Moreover, for double sequences, the concept of asymptotical equivalence was introduced 

by Patterson [7].  

Over the years, on the various convergence concepts for set sequences were studied by 

several authors. One of them, discussed in this study, is the concept of convergence in the 

Wijsman sense [8, 9]. Using the concepts of statistical convergence, double lacunary sequence 

and 𝜎-convergence, this concept was extended to new convergence concepts for double set 

sequences by some authors [10-12]. In [11], Nuray and Ulusu studied on the concepts of invariant 

statistical and lacunary invariant statistical convergence in the Wijsman sense for double set 

sequences. Furthermore, for double set sequences, the concepts of asymptotical equivalence in 

the Wijsman sense were introduced by Nuray et al. [13] and then these concepts were studied by 

some authors.  

In this paper, using order 𝛽, we studied on new asymptotical equivalence concepts in the 

Wijsman sense for double set sequences.  

More information on the concepts of convergence or asymptotical equivalence for real or 

set sequences can be found in [14-24]. 
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2. Preliminaries 

First of all, let us recall the basic notions necessary for a better understanding of our study 

[3, 10, 12, 13, 25]. 

For a metric space (𝑌, 𝑑), 𝜌(𝑦, 𝐶) denote the distance from 𝑦 to 𝐶 where  

𝜌(𝑦, 𝐶):= 𝜌!(𝐶) = inf
"∈$
𝑑(𝑦, 𝑐), 

for any 𝑦 ∈ 𝑌 and any non empty set 𝐶 ⊆ 𝑌.  

For a non empty set 𝑌, let a function 𝑔:ℕ → 2% (the power set of 𝑌) is defined by                                  

𝑔(𝑚) = 𝐶& ∈ 2% for each 𝑚 ∈ ℕ. Then the sequence {𝐶&} = {𝐶', 𝐶(, … }, which is the codomain 

elements of 𝑔, is called set sequences.  

Throughout this study, (𝑌, 𝑑) will be considered as a metric space and 𝐶, 𝐶&), 𝐷&) will 

be considered as any non empty closed subsets of 𝑌.  

A double set sequence {𝐶&)} is called convergent to the set 𝐶 in the Wijsman sense if each                                   

𝑦 ∈ 𝑌,  

lim
&,)→,

𝜌!(𝐶&)) = 𝜌!(𝐶). 

A double set sequence {𝐶&)} is called statistical convergent to the set 𝐶 in the Wijsman 

sense if every 𝜉 > 0 and each 𝑦 ∈ 𝑌,  

lim
-,.→,

1
𝑝𝑞
JK(𝑚, 𝑛):	𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, |𝜌!(𝐶&)) − 𝜌!(𝐶)| ≥ 𝜉QJ = 0. 

A double sequence 𝜃( = {(𝑗/, 𝑘0)} is called a double lacunary sequence if there exist 

increasing sequences (𝑗/) and (𝑘0) of the integers such that  

𝑗1 = 0, ℎ/ = 𝑗/ − 𝑗/2' → ∞  and  𝑘1 = 0, ℎW0 = 𝑘0 − 𝑘02' → ∞  as  𝑠, 𝑡 → ∞. 

In general, the following notations is used for any double lacunary sequence:  

ℓ/0 = 𝑗/𝑘0 ,			ℎ/0 = ℎ/ℎW0 ,			𝐼/0 = {(𝑚, 𝑛):	𝑗/2' < 𝑚 ≤ 𝑗/		and		𝑘02' < 𝑛 ≤ 𝑘0}, 

𝑞/ =
3!
3!"#

  and  𝑞0 =
4$
4$"#

. 

Throughout this study, 𝜃( = {(𝑗/, 𝑘0)} will be considered as a double lacunary sequence.  

A double set sequence {𝐶&)} is called lacunary statistical convergent to the set 𝐶 in the 

Wijsman sense if every 𝜉 > 0 and each 𝑦 ∈ 𝑌,  
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lim
/,0→,

1
ℎ/0

JK(𝑚, 𝑛) ∈ 𝐼/0: |𝜌!(𝐶&)) − 𝜌!(𝐶)| ≥ 𝜉QJ = 0. 

The term 𝜌! ^
$%&
5%&

_ is defined as follows:  

𝜌! `
𝐶&)
𝐷&)

a =

⎩
⎨

⎧
𝜌(𝑦, 𝐶&))
𝜌(𝑦, 𝐷&))

, 𝑦 ∈ 𝐶&) ∪ 𝐷&)

𝜆 , 𝑦 ∈ 𝐶&) ∪ 𝐷&).

 

Double set sequences {𝐶&)} and {𝐷&)} are called asymptotically equivalent in the 

Wijsman sense if each 𝑦 ∈ 𝑌,  

lim
&,)→,

𝜌! `
𝐶&)
𝐷&)

a = 1 

and denoted by 𝐶&) ∼
6 𝐷&).  

Let 𝜎 be a mapping such that 𝜎:ℕ7 → ℕ7 (the set of positive integers). A continuous linear 

functional 𝜓 on ℓ, is called an invariant mean (or a 𝜎-mean) if it satisfies the following 

conditions:  

1. 𝜓(𝑥8) ≥ 0, when the sequence (𝑥8) has 𝑥8 ≥ 0 for all 𝑢,  

2. 𝜓(𝑒) = 1, where 𝑒 = (1,1,1, … ) and  

3. 𝜓(𝑥9(8)) = 𝜓(𝑥8)  for all (𝑥8) ∈ ℓ,.  

The mappings 𝜎 are assumed to be one to one and such that 𝜎&(𝑢) ≠ 𝑢 for all 𝑚, 𝑢 ∈ ℕ7, 

where 𝜎&(𝑢) denotes the 𝑚 th iterate of the mapping 𝜎 at 𝑢. Thus 𝜓 extends the limit functional 

on 𝑐, in the sense that 𝜓(𝑥8) = lim𝑥8 for all (𝑥8) ∈ 𝑐.  

Double set sequences {𝐶&)} and {𝐷&)} are called asymptotically invariant statistical 

equivalent to multiple 𝜆 in the Wijsman sense if every 𝜉 > 0 and each 𝑦 ∈ 𝑌,  

lim
-,.→,

1
𝑝𝑞
mn(𝑚, 𝑛):	𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm = 0 

uniformly in 𝑢, 𝑣.  

The set of all asymptotically invariant statistical equivalent to multiple 𝜆 double set 

sequences in the Wijsman sense is denoted by {𝑊(
=(𝑆9)}.  

Double set sequences {𝐶&)} and {𝐷&)} are called asymptotically lacunary invariant 

statistical equivalent to multiple 𝜆 in the Wijsman sense if every 𝜉 > 0 and each 𝑦 ∈ 𝑌,  
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lim
/,0→,

1
ℎ/0

mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm = 0 

uniformly in 𝑢, 𝑣. 

3. Main Results 

In this section, for double set sequences, the concepts of asymptotical invariant statistical 

and asymptotical lacunary invariant statistical equivalence of order 𝛽 (0 < 𝛽 ≤ 1) in the Wijsman 

sense were introduced. Also, the inclusion relations between them were investigated.  

Definition 1. Double set sequences {𝐶&)} and {𝐷&)} are asymptotically invariant 

statistical equivalent to multiple 𝜆 of order 𝛽 in the Wijsman sense if every 𝜉 > 0 and each 𝑦 ∈

𝑌,  

lim
-,.→,

1
(𝑝𝑞)>

mn(𝑚, 𝑛):	𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm = 0 

uniformly in 𝑢, 𝑣, where 0 < 𝛽 ≤ 1 and we denote this in 𝐶&) ∼
6'((?)

*)
𝐷&) format, and simply 

called asymptotically invariant statistical equivalent of order 𝛽 in the Wijsman sense if 𝜆 = 1.  

Example 1. Let 𝑌 = ℝ( and double set sequences {𝐶&)} and {𝐷&)} be defined as 

following:  

𝐶&): = v
w(𝑎, 𝑏) ∈ ℝ(:	𝑎( + (𝑏 − 1)( =

1
𝑚𝑛{

; if	𝑚	and	𝑛	are	square	integers

{(1,0)} ; otherwise.

 

and  

𝐷&): = v
w(𝑎, 𝑏) ∈ ℝ(:	𝑎( + (𝑏 + 1)( =

1
𝑚𝑛{

; if	𝑚	and	𝑛	are	square	integers

{(1,0)} ; otherwise.

 

In this case, the double set sequences {𝐶&)} and {𝐷&)} are asymptotically invariant statistical 

equivalent of order 𝛽	(0 < 𝛽 ≤ 1) in the Wijsman sense.  

Remark 1. For 𝛽 = 1, the concept of asymptotical invariant statistical equivalence of order 

𝛽 in the Wijsman sense coincides with the concept of asymptotical invariant statistical 

equivalence in the Wijsman sense for double set sequences in [25].  
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Definition 2. Double set sequences {𝐶&)} and {𝐷&)} are asymptotically lacunary invariant 

statistical equivalent to multiple 𝜆 of order 𝛽 in the Wijsman sense if every 𝜉 > 0 and each                                     

𝑦 ∈ 𝑌,  

lim
/,0→,

1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm = 0 

uniformly in 𝑢, 𝑣, where 0 < 𝛽 ≤ 1 and we denote this in 𝐶&) ∼
6'((?)+

* )
𝐷&) format, and simply 

called asymptotical lacunary invariant statistical equivalent of order 𝛽 in the Wijsman sense if 

𝜆 = 1.  

The set of all asymptotically lacunary invariant statistically equivalent double set sequences 

to multiple 𝜆 of order 𝛽 in the Wijsman sense is denoted by {𝑊(
=(𝑆9@

> )}.  

Example 2. Let 𝑌 = ℝ( and double set sequences {𝐶&)} and {𝐷&)} be defined as 

following:  

𝐶&): = �
{(𝑎, 𝑏) ∈ ℝ(:	(𝑎 − 𝑚)( + (𝑏 + 𝑛)( = 1} ; if	(𝑚, 𝑛) ∈ 𝐼/0 ,			

𝑚	and	𝑛	are	square	integer
{(−1,−1)} ; otherwise.

 

and  

𝐷&): = �
{(𝑎, 𝑏) ∈ ℝ(:	(𝑎 + 𝑚)( + (𝑏 − 𝑛)( = 1} ; if	(𝑚, 𝑛) ∈ 𝐼/0 ,			

𝑚	and	𝑛	are	square	integer
{(−1,−1)} ; otherwise.

 

In this case, the double set sequences {𝐶&)} and {𝐷&)} are asymptotically lacunary invariant 

statistical equivalent of order 𝛽		(0 < 𝛽 ≤ 1) in the Wijsman sense.  

Remark 2. For 𝛽 = 1, the concept of asymptotical lacunary invariant statistical 

equivalence of order 𝛽 in the Wijsman sense coincide with the concept of asymptotical lacunary 

invariant statistical equivalence in the Wijsman sense for double set sequences in [25].  

Theorem 1. If liminf/𝑞/
> > 1 and liminf0𝑞0

> > 1 where 0 < 𝛽 ≤ 1, then  

𝐶&) ∼
6'((?)

*)
𝐷&) ⇒ 𝐶&) ∼

6'((?)+
* )

𝐷&). 

Proof. Let 0 < 𝛽 ≤ 1 and suppose that liminf/𝑞/
> > 1 and liminf0𝑞0

> > 1. Then, there 

exist 𝜂, 𝜇 > 0 such that 𝑞/
> ≥ 1 + 𝜂 and 𝑞0

> ≥ 1 + 𝜇 for all 𝑠, 𝑡, which implies that  
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ℎ/0
ℓ/0

≥
𝜂𝜇

(1 + 𝜂)(1 + 𝜇)
⇒
ℎ/0
>

ℓ/0
> ≥

𝜂>𝜇>

(1 + 𝜂)>(1 + 𝜇)>
. 

For every 𝜉 > 0 and each 𝑦 ∈ 𝑌, we have  

1

ℓ/0
> mn(𝑚, 𝑛):	𝑚 ≤ 𝑗/, 𝑛 ≤ 𝑘0 , m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

							≥
1

ℓ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

		=
ℎ/0
>

ℓ/0
>
1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

																																															

≥
𝜂>𝜇>

(1 + 𝜂)>(1 + 𝜇)>
1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm, 

for all 𝑢, 𝑣. If 𝐶&) ∼
6'((?)

*)
𝐷&), then for each 𝑦 ∈ 𝑌 the term on the left side of the above 

inequality convergent to 0 and this implies that  

1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌!(

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

) − 𝜆m ≥ 𝜉qm → 0 

uniformly in 𝑢, 𝑣. Thus, we get 𝐶&) ∼
6'((?)+

, )
𝐷&).  

Theorem 2. If limsup/𝑞/ < ∞ and limsup0𝑞0 < ∞, then  

𝐶&) ∼
6'((?)+

* )
𝐷&) ⇒ 𝐶&) ∼

6'((?)
*)
𝐷&), 

where 0 < 𝛽 ≤ 1.  

Proof. Let limsup/𝑞/ < ∞ and limsup0𝑞0 < ∞. Then, there exist 𝑀,𝑁 > 0 such that 𝑞/ <

𝑀 and 𝑞0 < 𝑁 for all 𝑠, 𝑡. Also, we suppose that 𝐶&) ∼
6'((?)+

* )
𝐷&) (where 0 < 𝛽 ≤ 1) and 𝜉 >

0, and let  

𝜅/0: = mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm. 

Then, there exist 𝑠1, 𝑡1 ∈ ℕ such that for every 𝜉 > 0, each 𝑦 ∈ 𝑌 and all 𝑠 ≥ 𝑠1, 𝑡 ≥ 𝑡1  

𝜅/0
ℎ/0
> < 𝜉, 

for all 𝑢, 𝑣. Now, let  
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𝛾:= max{𝜅/0: 1 ≤ 𝑠 ≤ 𝑠1, 1 ≤ 𝑡 ≤ 𝑡1}, 

and let 𝑝 and 𝑞 be any integers satisfying 𝑗/2' < 𝑝 ≤ 𝑗/ and 𝑘02' < 𝑞 ≤ 𝑘0. Then, for each                                  

𝑦 ∈ 𝑌 we have  

1
(𝑝𝑞)>

mn(𝑚, 𝑛):	𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

																																					

≤
1

ℓ(/2')(02')
> mn(𝑚, 𝑛):	𝑚 ≤ 𝑗/, 𝑛 ≤ 𝑘0 , m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

																														=
1

ℓ(/2')(02')
> K𝜅'' + 𝜅'( + 𝜅(' + 𝜅(( +⋯+ 𝜅/-0- +⋯+ 𝜅/0Q							 

																																≤
𝑠1𝑡1

ℓ(/2')(02')
> � max

'A&A/-
'A)A0-

{𝜅&)}� +
1

ℓ(/2')(02')
> �ℎ/-(0-7')

> 𝜅/-(0-7')
ℎ/-(0-7')
> 						 

																																						+ℎ(/-7')0-
> 𝜅(/-7')0-

ℎ(/-7')0-
> + ℎ(/-7')(0-7')

> 𝜅(/-7')(0-7')
ℎ(/-7')(0-7')
> +⋯+ ℎ/0

> 𝜅/0
ℎ/0
> �	 

																							≤
𝑠1𝑡1𝛾

ℓ(/2')(02')
> +

1

ℓ(/2')(02')
> �sup

/B/-
0B0-

	
𝜅/0
ℎ/0
> �� �

/,0

&,)C/-,0-

ℎ&)
> �											 

																							≤
𝑠1𝑡1𝛾

ℓ(/2')(02')
> +

1
ℓ(/2')(02')

�sup
/B/-
0B0-

	
𝜅/0
ℎ/0
> �� �

/,0

&,)C/-,0-

ℎ&)�											 

						≤
𝑠1𝑡1𝛾

ℓ(/2')(02')
> + 𝜉

�𝑗/ − 𝑗/-��𝑘0 − 𝑘0-�
ℓ(/2')(02')

																											 

≤
𝑠1𝑡1𝛾

ℓ(/2')(02')
> + 𝜉𝑞/𝑞0																																																			 

≤
𝑠1𝑡1𝛾

ℓ(/2')(02')
> + 𝜉𝑀𝑁,																																																				 

for all 𝑢, 𝑣. Since 𝑗/2', 𝑘02' → ∞ as 𝑝, 𝑞 → ∞, it follows that for each 𝑦 ∈ 𝑌  

1
(𝑝𝑞)>

mn(𝑚, 𝑛):	𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm → 0 

uniformly in 𝑢, 𝑣. Thus, we get 𝐶&) ∼
6'((?)

*)
𝐷&).  

Theorem 3. If  

1 < liminf
/

𝑞/
> ≤ limsup

/
𝑞/ < ∞		and		1 < liminf

0
𝑞0
> ≤ limsup

0
𝑞0 < ∞, 
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where 0 < 𝛽 ≤ 1, then  

𝐶&) ∼
6'((?)+

* )
𝐷&) ⇔ 𝐶&) ∼

6'((?)
*)
𝐷&). 

Proof. This can be obtained from Theorem 1 and Theorem 2, immediately.  

Theorem 4. If liminf
/,0→,

D!$
*

ℓ!$
> 0 where 0 < 𝛽 ≤ 1, then {𝑊(

=(𝑆9)} ⊆ {𝑊(
=(𝑆9@

> )}.  

Proof. For every 𝜉 > 0 and each 𝑦 ∈ 𝑌, it is obvious that  

n(𝑚, 𝑛):	𝑚 ≤ 𝑗/, 𝑛 ≤ 𝑘0 , m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉q 

																																																																				⊃ n(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉q. 

Thus, we have  

1
ℓ/0

mn(𝑚, 𝑛):	𝑚 ≤ 𝑗/, 𝑛 ≤ 𝑘0 , m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

																																																	≥
1
ℓ/0

mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o
𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm 

																																																								=
ℎ/0
>

ℓ/0
1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm, 

for all 𝑢, 𝑣. If 𝐶&) ∼
6'((?)) 𝐶, then for each 𝑦 ∈ 𝑌 the term on the left side of the above inequality 

convergent to 0 and this implies that  

1

ℎ/0
> mn(𝑚, 𝑛) ∈ 𝐼/0: m𝜌! o

𝐶9%(8)9&(<)
𝐷9%(8)9&(<)

p − 𝜆m ≥ 𝜉qm → 0 

uniformly in 𝑢, 𝑣. Thus, we get 𝐶&) ∼
6'((?)+

, )
𝐶. Consequently, {𝑊(

=(𝑆9)} ⊆ {𝑊(
=(𝑆9@

𝛽 )}.  
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