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Abstract
In this study, for double set sequences, we present the notions ofWijsman asymptotic lacunary invariant equivalence,Wijsman
asymptotic lacunary I2-invariant equivalence and Wijsman asymptotic lacunary I∗

2 -invariant equivalence. Also, we examine
the relations between these notions and Wijsman asymptotic lacunary invariant statistical equivalence studied in this field
before.
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1 Introduction

The notion of convergence for double sequences was firstly
introduced by Pringsheim Pringsheim (1900). Then, this
notion was extended to the notion of lacunary statistical con-
vergence by Patterson and Savaş Patterson and Savaş (2005)
and the notion of I-convergence by Das et al. Das et al.
(2008).

Thenotionof asymptotic equivalence for double sequences
was introduced by Patterson Patterson (2002). Then, this
notion was extended to the notion of asymptotic double lacu-
nary statistical equivalence by Esi Esi (2009) and the notion
of asymptotic I-equivalence by Hazarika and Kumar Haz-
arika and Kumar (2013).

Over the years, many authors have studied on the notions
of various convergence for set sequences. One of them,
discussed in this study, is the notion of convergence in
the Wijsman sense Baronti and Papini (1986), Beer (1985,
1994), Wijsman (1964, 1966). Using the notions of lacunary
statistical convergence, invariant mean and I-convergence,
the notion of convergence in theWijsman sensewas extended
to newconvergence notions for double set sequences by some
authorsNuray et al. (2014, 2016), Tortop andDündar (2018).
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The notions of asymptotic equivalence in the Wijsman
sense for double set sequences were firstly introduced by
Nuray et al. Nuray et al. (2016) and studied by many authors.
In this paper, using invariant mean, we study new asymptotic
equivalence notions for double set sequences.

More study on the notions of convergence or asymp-
totic equivalence for real sequences or set sequences can
be found in Çakan et al. (2006), Dündar and Altay (2014),
Et and Şengül (2016), Fridy and Orhan (1993), Hazarika
et al. (2013), Hazarika (2015), Kara et al. (2017), Kişi and
Nuray (2013a, b), Kumar (2007), Marouf (1993), Mursaleen
and Edely (2009), Nuray and Rhoades (2012), Pancaroǧlu
and Nuray (2013a, b), Pancaroǧlu et al. (2013); Pancaroǧlu
Akın et al. (2020), Patterson and Savaş (2006), Raj and
Anand (2018), Raj et al. (2018), Raj and Jamwal (2019),
Savaş (1990), Savaş and Nuray (1993), Savaş and Patter-
son (2006), Savaş and Patterson (2009), Sever et al. (2014),
Şengül (2018), Şengül et al. (2019), Şengül et al. (2020),
Ulusu and Nuray (2012, 2013a, b), Ulusu and Savaş (2014),
Ulusu and Dündar (2016, 2019).

2 Definitions and notations

The fundamental definitions and notations required for this
study are following (see, Baronti and Papini (1986), Beer
(1985), Das et al. (2008), Dündar et al. (2020), Kostyrko
et al. (2000), Mursaleen (1979, 1983), Nuray et al. (2014,
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2016), Patterson (2002), Patterson and Savaş (2005), Savaş
(1989), Ulusu et al. (2018), [55]).

Let σ be a mapping such that σ : N+ → N
+ (the set of

positive integers). A continuous linear functional ψ on �∞
is said to be an invariant mean or a σ -mean if it satisfies the
following conditions:

1. ψ(xn) ≥ 0, when the sequence (xn) has xn ≥ 0 for all n,
2. ψ(e) = 1, where e = (1, 1, 1, . . .) and
3. ψ(xσ(n)) = ψ(xn) for all (xn) ∈ �∞.

The mappings σ are assumed to be one to one and such
that σm(n) �= n for all m, n ∈ N

+, where σm(n) denotes
the m th iterate of the mapping σ at n. Thus, ψ extends the
limit functional on c, in the sense thatψ(xn) = lim xn for all
(xn) ∈ c.

A family of sets I ⊆ 2N is said to be an ideal if it satisfies
the following conditions:

(i) ∅ ∈ I, (i i) E, F ∈ I ⇒ E ∪ F ∈ I, (i i i) (E ∈
I) ∧ (F ⊆ E) ⇒ F ∈ I.

An ideal I ⊆ 2N is said to be nontrivial if N /∈ I and a
nontrivial ideal is said to be admissible if {n} ∈ I for each
n ∈ N.

A nontrivial ideal I2 ⊆ 2N×N is said to be strongly admis-
sible if {n} × N and N × {n} belong to I2 for each n ∈ N.
Obviously, a strongly admissible ideal is admissible.

Throughout the study, I2 ⊆ 2N×N will be considered as a
strongly admissible ideal.

Let I0
2 = {

A ⊂ N × N : (∃m(A) ∈ N)(i, j ≥ m(A) ⇒
(i, j) /∈ A)

}
. Then, I0

2 is a strongly admissible ideal and
clearly an ideal I2 ⊆ 2N×N is strongly admissible if and
only if I0

2 ⊂ I2.
An admissible ideal I2 ⊂ 2N×N satisfies the property

(AP2) if every countable family of mutually disjoint sets
{E1, E2, . . .} belonging to I2, there exists a countable fam-
ily of sets {F1, F2, . . .} such that EiΔFi ∈ I0

2 , i.e., EiΔFi
is included in the finite union of rows and columns in N×N

for each i ∈ N and F = ⋃∞
i=1 Fi ∈ I2 (hence, Fi ∈ I2 for

each i ∈ N).

A family of sets F ⊆ 2N is said to be a filter if it satisfies
the following conditions:

(i) ∅ /∈ F , (i i) E, F ∈ F ⇒ E ∩ F ∈ F , (i i i) (E ∈
F) ∧ (F ⊇ E) ⇒ F ∈ F .

For any ideal I ⊆ 2N, there is a filterF(I) corresponding
with I such that

F(I) = {
M ⊂ N : (∃E ∈ I)(M = N\E)

}
.

A double sequence θ2 = {(kr , ju)} is said to be double
lacunary sequence if there exist two increasing sequences of
integers (kr ) and ( ju) such that

k0 = 0, hr = kr − kr−1 → ∞ and j0 = 0,

h̄u = ju − ju−1 → ∞ as r , u → ∞.

For any double lacunary sequence θ2 = {(kr , ju)}, the
following notations are used in general:

kru = kr ju, hru = hr h̄u, Iru = {(k, j) : kr−1

< k ≤ kr and ju−1 < j ≤ ju}.

Throughout the study, θ2 = {(kr , ju)} will be considered
as a double lacunary sequence.

Let θ = {(kr , ju)} be a double lacunary sequence, A ⊆
N × N and

sru := min
m,n

∣∣A ∩ {(
σ k(m), σ j (n)

) : (k, j) ∈ Iru
}∣∣

and

Sru := max
m,n

∣∣A ∩ {(
σ k(m), σ j (n)

) : (k, j) ∈ Iru
}∣∣.

If the following limits exist

V θ
2 (A) := lim

r ,u→∞
sru
hru

and V θ
2 (A) := lim

r ,u→∞
Sru
hru

,

then they are said to be a lower lacunary σ -uniform density
and an upper lacunary σ -uniform density of the set A, respec-

tively. If V θ
2 (A) = V θ

2 (A), then V θ
2 (A) = V θ

2 (A) = V θ
2 (A)

is said to be lacunary σ -uniform density of the set A.
The class of all A ⊆ N×Nwith V θ

2 (A) = 0 is denoted by
Iσθ
2 . Obviously Iσθ

2 is strongly admissible ideal in N × N.
Two nonnegative double sequences (xk j ) and (yk j ) are

said to be asymptotically equivalent if

lim
k, j→∞

xk j
yk j

= 1.

It is denoted by xk j ∼ yk j .
For a nonempty set X , let a function f : N → 2X (the

power set of X ) is defined by f (k) = Uk ∈ 2X for each
k ∈ N. Then, the sequence {Uk} = (U1,U2, . . .), which are
the codomain elements of f , is said to be set sequences.

For a metric space (X , ρ), μ(x,U ) denote the distance
from x to U where

μ(x,U ) = inf
u∈U ρ(x, u).

for any x ∈ X and any nonempty set U ⊆ X .
Throughout the study, (X , ρ) will be considered as a met-

ric space andU ,Ukj , Vkj as any nonempty closed subsets of
X .
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The double sequence {Ukj } is said to be Wijsman conver-
gent to U if each x ∈ X ,

lim
k, j→∞ μ(x,Ukj ) = μ(x,U ).

The double sequence {Ukj } is said to beWijsman lacunary
invariant convergent to U if each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru
μ(x,Uσ k (m)σ j (n)) = μ(x,U )

uniformly in m, n ∈ N.
The double sequence {Ukj } is said to beWijsman strongly

lacunary invariant convergent to U if each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru

∣∣μ(x,Uσ k (m)σ j (n)) − μ(x,U )
∣∣ = 0

uniformly in m and n.
Let 0 < p < ∞. The double sequence {Ukj } is said to

beWijsman strongly p-lacunary invariant convergent toU if
each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru

∣∣μ(x,Uσ k (m)σ j (n)) − μ(x,U )
∣∣p = 0

uniformly in m and n.
The double sequence {Ukj } is said to beWijsman lacunary

I2-invariant convergent or Iσθ
2 -convergent toU if every ε >

0 and each x ∈ X , the set

A2(ε) := {
(k, j) ∈ Iru : ∣∣μ(x,Ukj ) − μ(x,U )

∣∣ ≥ ε
}

belongs to Iσθ
2 , i.e., V θ

2

(
A2(ε)

) = 0. It is denoted by

Ukj
W (Iσθ

2 )−→ U .

The term μx

(Ukj

Vk j

)
is defined as follows:

μx

(Ukj

Vk j

)
=

⎧
⎪⎪⎨

⎪⎪⎩

μ(x,Ukj )

μ(x, Vkj )
, x /∈ Ukj ∪ Vkj

L , x ∈ Ukj ∪ Vkj .

The double sequences {Ukj } and {Vkj } are said to beWijs-
man asymptotically equivalent of multiple L if each x ∈ X ,

lim
k, j→∞ μx

(Ukj

Vk j

)
= L.

It is denoted byUkj
L∼ Vkj and simply is said to be Wijsman

asymptotically equivalent if L = 1.

As an example, consider the following sequences of cir-
cles in the (x, y)-plane:

Ukj = {
(x, y) : x2 + y2 + 2kx + 2 j y = 0

}

and

Vkj = {
(x, y) : x2 + y2 − 2kx − 2 j y = 0

}
.

Then, the double sequences {Ukj } and {Vkj } are Wijsman
asymptotically equivalent, i.e., Ukj ∼ Vkj .

The double sequences {Ukj } and {Vkj } are Wijsman
asymptotically lacunary invariant statistical equivalent of
multiple L if every ε > 0 and each x ∈ X ,

lim
r ,u→∞

1

hru

∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

= 0

uniformly in m and n and it is denoted by Ukj

W (Sσθ
2(L)

)

∼ Vkj ,
and simply is said to be Wijsman asymptotically lacunary
invariant statistical equivalent if L = 1.

3 Main results

In this section, for double set sequences, we present the
notions of Wijsman asymptotic lacunary invariant equiva-
lence

(
W (Nσθ

2(L)),W [Nσθ
2(L)],W [Nσθ

2(L)]p
)
, Wijsman asymp-

totic lacunary I2-invariant equivalence andWijsman asymp-
totic lacunary I∗

2 -invariant equivalence. Also, we examine
the relations between these notions and Wijsman asymptotic
lacunary invariant statistical equivalence studied in this field
before.

Definition 1 Two double set sequences {Ukj } and {Vkj } are
Wijsman asymptotically lacunary invariant equivalent of
multiple L if each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru
μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
= L

uniformly inm and n. In this case, we writeUkj

W (Nσθ
2(L)

)

∼ Vkj
and simply say Wijsman asymptotically lacunary invariant
equivalent if L = 1.

Definition 2 Two double set sequences {Ukj } and {Vkj } are
Wijsman asymptotically lacunary I2-invariant equivalent of
multiple L if every ε > 0 and each x ∈ X , the set
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Ã(ε, x) :=
{
(k, j) ∈ Iru :

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ ≥ ε

}

belongs to Iσθ
2 , i.e., V θ

2

(
Ã(ε, x)

) = 0. In this case, we write

Ukj

W (Iσθ
2(L)

)

∼ Vkj and simply say Wijsman asymptotically
lacunary I2-invariant equivalent if L = 1.

Theorem 1 If μx (Ukj ) = O(
μx (Vkj )

)
, then

Ukj

W (Iσθ
2(L)

)

∼ Vkj implies Ukj

W (Nσθ
2(L)

)

∼ Vkj .

Proof Let m, n ∈ N be arbitrary and ε > 0 is given. Also,

we assume that Ukj

W (Iσθ
2(L)

)

∼ Vkj . Now, we calculate

S(m, n) :=
∣∣∣∣
1

hru

∑

(k, j)∈Iru
μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣∣.

For every m, n = 1, 2, . . . and each x ∈ X , we have

S(m, n) ≤ S1(m, n) + S2(m, n),

where

S1(m, n) := 1

hru

∑

(k, j)∈Iru∣∣∣μx

(
U

σk (m)σ j (n)
V
σk (m)σ j (n)

)
−L

∣∣∣≥ε

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣

and

S2(m, n) := 1

hru

∑

(k, j)∈Iru∣∣∣μx

(
U

σk (m)σ j (n)
V
σk (m)σ j (n)

)
−L

∣∣∣<ε

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣.

For every m, n = 1, 2, . . . and each x ∈ X , it is obvious that
S2(m, n) < ε. Since μx (Ukj ) = O(

μx (Vkj )
)
, there exists a

λ > 0 such that

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ ≤ λ,

for each x ∈ X and ((k, j) ∈ Iru, m, n = 1, 2, . . .), so we
have

S1(m, n)

≤ λ

hru

∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

≤ λ

max
m,n

{∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(U
σk (m)σ j (n)

V
σk (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

}

hru

= λ
Sru
hru

.

Hence, due to our assumption, Ukj

W (Nσθ
2(L)

)

∼ Vkj . ��

Definition 3 Two double set sequences {Ukj } and {Vkj } are
Wijsman asymptotically strongly lacunary invariant equiva-
lent of multiple L if each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ = 0

uniformly in m and n. In this case, we writeUkj

W [Nσθ
2(L)

]
∼ Vkj

and simply say Wijsman asymptotically strongly lacunary
invariant equivalent if L = 1.

Definition 4 Let 0 < p < ∞. Two double set sequences
{Ukj } and {Vkj } are Wijsman asymptotically strongly p-
lacunary invariant equivalent of multiple L if each x ∈ X ,

lim
r ,u→∞

1

hru

∑

(k, j)∈Iru

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p = 0

uniformly inm and n. In this case, wewriteUkj

W [Nσθ
2(L)

]p
∼ Vkj

and simply sayWijsman asymptotically strongly p-lacunary
invariant equivalent if L = 1.

Theorem 2 If Ukj

W [Nσθ
2(L)

]p
∼ Vkj , then Ukj

W (Iσθ
2(L)

)

∼ Vkj .

Proof Let 0 < p < ∞ and ε > 0 is given. Also, we assume

that Ukj

W [Nσθ
2(L)

]p
∼ Vkj . For every m, n = 1, 2, . . . and each

x ∈ X , we have

∑

(k, j)∈Iru

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

≥
∑

(k, j)∈Iru∣∣∣μx

(
U

σk (m)σ j (n)
V
σk (m)σ j (n)

)
−L

∣∣∣≥ε

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

≥ ε p
∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

≥ ε p max
m,n

{∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣

≥ ε

}∣∣∣∣

}
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and so

1

hru

∑

(k, j)∈Iru

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

≥ ε p
max
m,n

{∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(U
σk (m)σ j (n)

V
σk (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

}

hru

= ε p Sru
hru

.

Hence, due to our assumption, Ukj

W (Iσθ
2(L)

)

∼ Vkj . ��
Theorem 3 If μx (Ukj ) = O(

μx (Vkj )
)
, then

Ukj

W (Iσθ
2(L)

)

∼ Vkj implies Ukj

W [Nσθ
2(L)

]p
∼ Vkj .

Proof Let μx (Ukj ) = O(
μx (Vkj )

)
and ε > 0 is given.

Also, we assume that Ukj

W (Iσθ
2(L)

)

∼ Vkj . Since μx (Ukj ) =
O(

μx (Vkj )
)
, there exists a λ > 0 such that

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣ ≤ λ,

for each x ∈ X and ((k, j) ∈ Iru, m, n = 1, 2, . . .), so we
have

1

hru

∑

(k, j)∈Iru

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

= 1

hru

∑

(k, j)∈Iru∣∣∣μx

(
U

σk (m)σ j (n)
V
σk (m)σ j (n)

)
−L

∣∣∣≥ε

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

+ 1

hru

∑

(k, j)∈Iru∣∣∣μx

(
U

σk (m)σ j (n)
V
σk (m)σ j (n)

)
−L

∣∣∣<ε

∣∣∣μx

(Uσ k (m)σ j (n)

Vσ k (m)σ j (n)

)
− L

∣∣∣
p

≤ λ

max
m,n

{∣∣∣∣

{
(k, j) ∈ Iru :

∣∣∣μx

(U
σk (m)σ j (n)

V
σk (m)σ j (n)

)
− L

∣∣∣ ≥ ε

}∣∣∣∣

}

hru
+ε p

≤ λ
Sru
hru

+ ε p.

Hence, due to our assumption, Ukj

W [Nσθ
2(L)

]p
∼ Vkj . ��

Theorem 4 If μx (Ukj ) = O(
μx (Vkj )

)
, then

Ukj

W (Iσθ
2(L)

)

∼ Vkj ⇔ Ukj

W [Nσθ
2(L)

]p
∼ Vkj .

Proof The proof is obvious from Theorem 2 and Theorem 3.
��

Now, without proof, we shall present a theorem that gives
a relationship between the notions of Wijsman asymptotic
lacunary I2-invariant equivalence of multiple L and Wijs-
man asymptotic lacunary invariant statistical equivalence of
multiple L .

Theorem 5 For any double set sequences {Ukj } and {Vkj },

Uk j

W (Iσθ
2(L)

)

∼ Vkj ⇔ Ukj

W (Sσθ
2(L)

)

∼ Vkj .

Definition 5 Two double sequences {Ukj } and {Vkj } are
Wijsman asymptotically lacunary I∗

2 -invariant equivalent of
multiple L if and only if there exists a set M2 ∈ F(Iσθ

2 )

(N × N \ M2 = H ∈ Iσθ
2 ) such that each x ∈ X ,

lim
k, j→∞
(k, j)∈M2

μx

(Ukj

Vk j

)
= L.

In this case, we write Ukj

W (I∗σθ
2(L)

)

∼ Vkj and simply say
Wijsman asymptotically lacunary I∗

2 -invariant equivalent if
L = 1.

Theorem 6 If Ukj

W (I∗σθ
2(L)

)

∼ Vkj , then Ukj

W (Iσθ
2(L)

)

∼ Vkj .

Proof Let Ukj

W (I∗σθ
2(L)

)

∼ Vkj and ε > 0 is given. Then, there
exists a set M2 ∈ F(Iσθ

2 ) (N × N \ M2 = H ∈ Iσθ
2 ) such

that for each x ∈ X ,

lim
k, j→∞
(k, j)∈M2

μx

(Ukj

Vk j

)
= L

and so there exist k0, j0 ∈ N such that

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ < ε,

for all (k, j) ∈ M2 where k ≥ k0, j ≥ j0. Hence, for every
ε > 0 and each x ∈ X it is obvious that

S(ε) :=
{
(k, j) ∈ Iru :

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ ≥ ε

}

⊂ H ∪
(
M2 ∩

(({1, 2, . . . , (k0 − 1)} × N
)

∪(
N × {1, 2, . . . , (k0 − 1)})

))
.
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Since Iσθ
2 ⊂ 2N×N is a strongly admissible ideal,

H ∪
(
M2 ∩

(({1, 2, . . . , (k0 − 1)} × N
)

∪(
N × {1, 2, . . . , (k0 − 1)})

))
∈ Iσθ

2

and so we have S(ε) ∈ Iσθ
2 . Consequently,Ukj

W (Iσθ
2(L)

)

∼ Vkj .
��

If Iσθ
2 has property (AP2), then the converse of Theorem

6 is hold.

Theorem 7 If Iσθ
2 has property (AP2), then

Ukj

W (Iσθ
2(L)

)

∼ Vkj implies Ukj

W (I∗σθ
2(L)

)

∼ Vkj .

Proof Let Iσθ
2 satisfies condition (AP2) and ε > 0 is given.

Also, suppose that Ukj

W (Iσθ
2(L)

)

∼ Vkj . Then, for every ε > 0
and each x ∈ X we have
{
(k, j) ∈ Iru :

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ ≥ ε

}
∈ Iσθ

2 .

For every x ∈ X , denote E1, . . . , En as follows

E1 :=
{
(k, j) ∈ Iru :

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ ≥ 1

}

and

En :=
{
(k, j) ∈ Iru : 1

n
≤

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ <
1

n − 1

}
,

where n ≥ 2 (n ∈ N). For each x ∈ X , note that Ei ∩
E j = ∅ (i �= j) and Ei ∈ Iσθ

2 (for each i ∈ N). Since Iσθ
2

satisfies condition (AP2), there exists a sequence of sets
{Fn}n∈N such that EiΔFi is included in finite union of rows

and columns inN×N (for each i ∈ N) and F =
( ∞⋃
i=1

Fi
)

∈
Iσθ
2 .
Now, to complete the proof, it is enough to prove that for

each x ∈ X

lim
k, j→∞
(k, j)∈M2

μx

(Ukj

Vk j

)
= L (1)

where M2 = N × N \ F . Let γ > 0 is given. Choose n ∈ N

such that
1

n
< γ . Then, for each x ∈ X we have

{
(k, j) ∈ Iru :

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ ≥ γ

}
⊂

n⋃

i=1

Ei .

Since EiΔFi (i = 1, 2, . . .) are included in finite union of
rows and columns, there exists n0 ∈ N such that for each
x ∈ X

( n⋃

i=1

Ei

)
∩ {

(k, j) : k ≥ n0 ∧ j ≥ n0
}

=
( n⋃

i=1

Fi
)

∩ {
(k, j) : k ≥ n0 ∧ j ≥ n0

}
. (2)

If k, j > n0 and (k, j) /∈ F , then

(k, j) /∈
n⋃

i=1

Fi

and by (2), for each x ∈ X

(k, j) /∈
n⋃

i=1

Ei .

This implies that for each x ∈ X

∣∣∣μx

(Ukj

Vk j

)
− L

∣∣∣ <
1

n
< γ

and so (1) holds. Consequently, Ukj

W (I∗σθ
2(L)

)

∼ Vkj . ��
Theorem 8 If Iσθ

2 has property (AP2), then

Ukj

W (Iσθ
2(L)

)

∼ Vkj ⇔ Ukj

W (I∗σθ
2(L)

)

∼ Vkj .

Proof This is an immediate consequence of Theorem 6 and
Theorem 7. ��
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Pancaroǧlu Akın N, Dündar E, Ulusu U, lacunary, Wijsman (2020) I-
invariant convergence of sequences of sets. Proc. Nat. Acad. Sci.
India Sect. A. https://doi.org/10.1007/s40010-020-00694-w

Patterson RF (2002) Rates of convergence for double sequences. South-
east Asian Bull. Math. 26(3):469–478
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Savaş E, Nuray F (1993) On σ -statistically convergence and lacunary
σ -statistically convergence. Math. Slovaca. 43(3):309–315
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