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Abstract In this work, we have performed a numerical calculation to obtain the lowest three electron subband energy levels
and their density of probabilities in a n-doped heterostructure constituted by double semi parabolic quantum wells separated by
square quantum well and surrounded by two outer barriers. The numerical investigation is carried out within the framework of the
parabolic single band and effective mass approximations. Firstly, we have solved self-consistently the coupled Schrödinger and
Poisson equations and have determined the electronic wave functions and subband energy levels. After that we have deduced the
different contributions of the optical absorptions between the lowest three electron subband energy levels. The energy variations
and the occupancy ratios are also discussed to show their accordance with the behavior of the total optical absorption coefficient.
Throughout this study, two cases of doping were treated. The first one is a doping in the outer barriers and the second one was a
doping in the inner barriers. The doping consists of inserting 1 nm of silicon layer in the middle of the barriers. The responses of
different total optical absorption coefficients, subband energy levels and confining potential by increasing the concentration of the
delta-doped layers are demonstrated and the two behaviors (red and blue shifted) are discussed in detail.

1 Introduction

During the last years, different research studies have proved that the geometrical shapes of quantum confining potentials as well
as the added doped layers in different locations of semiconductor heterostructures present a large importance in the design and
the fabrication of required optoelectronic devices operating in different emission ranges [1–11]. This importance comes from the
fact that the desired emitted wavelength can be tuned by varying the concentration and location of inserted doped layers or also
by changing the profile of the confining potential. The obtainment of a large diversity of heterostructures having quantum wells
(QWs) with different potential shapes becomes feasible by means of the recent growth techniques such as the organic chemical
vapor deposition (OCVD) and the molecular beam epitaxy (MBE) [12]. These methods make possible to create a variety of potential
profiles in one, two and three dimensions.

The delta-doping technique is an efficacious method to adjust and obtain the desired values of electron and hole subband energy
levels by creating additional QWs around the position of the inserted delta-doped layer. Once the doped layer is introduced, the
doping atoms are ionized creating then additional triangular QWs leading to a new distribution of the subband energy levels and
their corresponding wave-functions. Moreover, the delta doping strategy allows us to tune and modulate the intersubband transitions,
linear and nonlinear optical properties of low-dimensional semiconductor heterostructures [13–33].

In this context, different researchers have investigated the position and concentration of delta doping layers and their effects on
the electronic and optical properties of doped semiconductors. For instance, J. Osvald studied the impact of a non-central doped
layer on the electronic concentration and energy levels in GaAs semiconductor and he showed that the position of the inserted
doped layer affects the electronic density [34]. F. Ungan investigated the nonlinear optical properties in a single QW, and he showed
that the doping concentration plays a crucial role to modify the total optical absorption coefficients (TOACs) and total refractive
index changes (TRICs) [35]. The effects of double and triple δ− doped layers combined with electromagnetic fields on the optical
absorption coefficients in GaAs semiconductor were studied by Dakhlaoui et al.[36]. They showed that the concentration of the
doped layers can be tuned the optical absorption from the red to the blue shift. Gaggero-Sager et al. calculated the subband energy

a e-mail: hbaldkhlaen@iau.edu.sa (corresponding author)

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjp/s13360-022-02742-3&domain=pdf
mailto:hbaldkhlaen@iau.edu.sa


  526 Page 2 of 11 Eur. Phys. J. Plus         (2022) 137:526 

Fig. 1 Schematic diagram of the
heterostructure: a square quantum
well GaAs sandwiched between
two semi parabolic wells and two
outer AlGaAs barriers

levels in single-doped QW under the effect of temperature [37]. The influence of the hydrostatic pressure on the TOACs in n-doped
GaAs was addressed by Oubram el al [38].

To the best of our knowledge, a numerical investigation of the optical absorptions produced by doped GaAs/AlGaAs double
semi-parabolic QWs has not been conducted. In this paper, firstly, we will shed light on the effect of the doped layers inserted in the
middle of outer barriers on the lowest three electron subband energy levels and their densities of probabilities and different optical
absorption coefficients. At a second step, we will discuss the effect of the doped layers inserted in the inner barriers on the optical
absorption coefficients of each transition between the lowest three levels.

Our goal is to provide to scientific community a global idea on the impact of the addition of doped layers on the optical properties
in heterostructures having new shapes of confinement. The work is organized as follows: in Sect. 2, we explain our theoretical
method, and we clarify the procedure or numerical resolution. In Sect. 3, we discuss and comment our theoretical findings. Finally,
we give our conclusions in Sect. 4.

2 Theory

The physical problem under consideration treats the motion of electrons free to move in double semi-parabolic QWs inserted between
Al0.3Ga0.7As barriers. This structure, as shown in Fig. 1, contains two inner and outer barriers. The study addresses two cases; in
the first part we consider two-doped layers in the outer barriers and in the second part we consider two-doped layers in the inner
barriers. The doping consists of introducing 1 nm layer of silicon atoms in the middle of each Al0.3Ga0.7As barrier. In accordance
with the effective mass and single parabolic band approximations, the total Hamiltonian representing the electron motion can be
formulated as following [36, 39, 40]:

H � − �
2

2m∗
d2

dz2 + VC (z) + VH (z) (1)

wherem∗ is the electron mass. VH (z) is the Hartree potential representing the electrostatic repulsion between carriers. VC (z) denotes
the conduction band discontinuity between GaAs and Al0.3Ga0.7As layers and is given by the following mathematical formulation:

VC (z) �

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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where V0 � 0.228 eV. The abscissa of different interfaces separating the semiconductor layers are: z1 � 11 nm; z2 � 19 nm; z3 �
21 nm; z4 � 26 nm; z5 � 28 nm; z6 � 36 nm; z7 � 47 nm.

The Hartree potential VH (z) in Eq. (1) denotes the supplementary conduction band resulting to the presence of two-dimensional
electron gas arising from the inserted impurities in the doped layers. It is a solution of the Poisson equation given by [41–43]:

d2VH (z)

dz2 � e2

εε0

[
Nd

δ
− n(z)

]

(3)

where e is the electron charge, ε0 is the permittivity value of free space, Nd denotes the two-dimensional concentration of the
silicon impurity inserted in the middle of the doped barriers. δ represents the width of the doping layer which equal to 1 nm throughout
this simulation.n(z) represents the density of the free electrons along the growth axis z and can be formulated as following [41, 42]:

n(z) �
∑

i

m∗kBT
π�2 log

[

1 + exp

(
EF − Ei

KBT

)]

|�i (z)|2 (4)

In the precedent equation, �i (z) and Ei represents the wave-function and its associate energy level satisfying the equation H�i

(z) � Ei�i (z). kB and T denote the Boltzmann constant and the temperature of the system, respectively. The Fermi level EF can
be deduced by solving the neutrality equation, in such a way the number of ionized ions is equal to the free electrons.

Equations (1–4) are discretized using the finite difference method and then transformed to diagonal matrices. After that, they are
solved iteratively until the convergence is reached. The first step consists to determine the eigen values and eigenvectors (Ei,�i (z))
for arbitrary value of VH (z) by solving Eq. (1), after that these values were used to determine the electronic density n(z). Finally, n
(z) is used again to find the new value of Hartree potential VH (z)new. The convergence criteria was chosen such as (VH (z)new − VH

(z) < 10−3 meV). More details about the procedure of resolution can be found in our previous papers [36, 39, 40].
After finding the subband energy levels and their corresponding wave functions, we have addressed the optical absorption

coefficients (linear (1), third-order nonlinear (3) and total ) of the lowest three transitions (1 → 2),(1 → 3) and (2 → 3). The
different contributions of the optical absorption can be written as following:

α(1)(ω) � ω

√
μ0

εε0

|M12|2σif�/τin

(
E − �ω)2 + (�/τin)2
(5)

α(3)(ω, I ) � −2ω

√
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εε0

(
I

ε0nr c

) |M12|4σif�/τin
[
(
E − �ω)2 + (�/τin)2

]2

×
(

1 − |M22 − M11|2
4|M12|2

×
{
(
E − �ω)2 − (�/τin)

2 + 2(
E)(
E − �ω)
}

(
E)2 + (�/τin)
2

)

(6)

The TOACs α(ω, I ) is given by the sum of the linear and third-order nonlinear coefficients: α(ω, I ) � α(1)(ω) + α(3)(ω, I ). The
term Mi j � �i |ez|� j stands the off-diagonal dipole matrix element, μ0 is the permeability, c is the speed of light in free space,
nr represents the refractive index, and τin is the intrasubband relaxation time. The 
E � (

E f − Ei
)

term represents the energy
separation between the initial and final states. σif is given by:

σif � ln

[
1 + exp(EF − Ei/KBT )

1 + exp
(
EF − E f /KBT

)

]

(7)

In the next section, we have considered two cases of doping. In the first part we considered a doping in the outer barriers. In
the middle of each barriers we have inserted a 1 nm silicon layer with concentration equal to Nd/2. In the second part, we have
considered the same quantities of doping concentrations but inserted in the inner barriers surrounding the square QW (Fig. 1).

3 Results and discussion

3.1 Doping in the outer barriers

In this simulation, the electron subband energy levels, confining potential, and envelope wave-functions of the system are computed
by solving self-consistently the equations previously cited. The structure is constituted by a central quantum well GaAs (Lw �
5 nm), surrounded by two barriers Al0.3Ga0.7As (Lb1 � Lb2 � 2 nm) followed by two semi-parabolic GaAs QWs of width
(Ls1 � Ls2 � 8 nm). The outer barriers, as showed in Fig. 1, has a constant width equal to 11 nm. The parameters used throughout
this simulation are:T � 300K ; nr � 3.2; T12 � 0.14ps; �12 � 1/T12; μ � 4π × 10−7 H.m−1;m∗ � 0.067 m0. We assume the
same electron mass in all wells and barriers regions. The confining potential which describes the continuity between AlxGa(1-x)As
and GaAs semiconductors is given by the following expression [43]:Vconf(x) � 600 × (

1.155x + 0.37x2
)
. In the following section,

we considered two doping silicon layers placed in the middle of the outer barriers, with each layer having a width of 1 nm. Our
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Fig. 2 Linear, nonlinear and total optical absorption coefficients (α12) for different doping concentrations in the outer barriers

aim is to study the impact of these impurities on the linear and nonlinear optical absorption coefficients which is illuminated by an
incident optical intensity I � 0.3 MW/cm2.

In Fig. 2a–d, we display the linear, third-order nonlinear and TOACs of the transition between the ground and the first excited
states (1 → 2) depending on the incident photon energy for four different concentrations Nd � 1, 5, 7 and 8×1017 cm−2. It is clear
from all these figures that the nonlinear contributions present an opposite variation compared to the linear ones. As consequence
the TOACs are reduced in all cases. In other words, the nonlinear contributions must be taken into consideration. In addition,
we observe that when Nd rises, the amplitudes of both linear and nonlinear contributions increase, but the nonlinear coefficients
increase larger than those of the linear coefficients which leads to the apparition of a bleaching for Nd equal to 7 and 8×1017 cm−2.

Furthermore, we observe a redshift of all coefficients by increasing Nd . In fact, the abscissa corresponding to the peaks of different
coefficients was located around 21 meV for Nd equal to 1 × 1017 cm−2 and then they move progressively to lower values until
they touch 8 meV for Nd equal to 8 × 1017 cm−2. In Fig. 3a–d, we display the linear, third-order nonlinear and TOACs of the
transition between the ground and the second excited states (1 → 3) depending on the incident photon energy for four different
concentrations Nd � 1, 5, 7 and 8×1017 cm−2. Again, by examining these figures, we conclude that all contributions of absorption
coefficients relative to the transition (1 → 3) present a redshift with the incident energy by increasing the values of Nd . The nonlinear
contributions in this transition are less than those observed in (1 → 2) transition, as a result, the bleaching effect is not occurred in
these figures. We remark that the total coefficient in each case presents an increase with the values of Nd . The optical absorption
coefficients related to (2 → 3) transitions are given by Fig. 4a–d. Contrarily to the previous transitions (1 → 2) and (1 → 3), this
transition presents a blue shift. In fact, by increasing the incident photon energy, we observe that all coefficients (linear, nonlinear
and total) move toward higher energies. Again, we observe that the nonlinear contribution is important and it must be taken into
consideration.

The red and blue shifts behavior and the variation of the peaks of each coefficient (linear, nonlinear and total) can be justified
and interpreted by studying the variation of the energy variation 
Ei j � (E j − Ei ) and the occupancy function fi j .

In Fig. 5, we display the variation of the energy separations between the lowest three levels as a function of the doping concen-
trations Nd . It is clear that the two energy separations (E2 − E1) and (E3 − E1) diminish progressively with Nd which confirms
the red shift observed in the previous figures of all coefficients of these transitions. In addition, the decrease of (E2 − E1) is faster
than of (E3 − E1). In this figure we observe clearly that (E3 − E2) rises by increasing Nd which confirms the blue shift already
observed in Fig. 4a–d.

The maxima variation of the total apical absorption coefficient for each transition is governed by the occupancy function fi j
which is plotted in Fig. 6. It is clear that f12, f13 and f23 present an ascending behavior as a function of Nd . This increase in fi j
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Fig. 3 Linear, nonlinear and total optical absorption coefficients α13 for different doping concentrations in outer barriers
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Fig. 4 Linear, nonlinear and total optical absorption coefficients α23 for different doping concentrations in the outer barriers

explains the rising of the total optical absorption coefficient observed in all transitions in the previous figures. f12 is higher than
f23 at Nd � 1 × 1017 cm−2, but for Nd � 8 × 1017 cm−2, f23 becomes dominant. This explains in turn the values of the (TOAC)
maximums observed in Figs. 2 and 4. In fact, for Nd � 1 × 1017 cm−2, α12(max) � 83 cm−1 and α23(max) � 41 cm−1, however,
for Nd � 8 × 1017 cm−2, these values becomes α12(max) � 309 cm−1 and α23(max) � 512 cm−1. Per consequent the value of the
doping concentration has a great importance to determine the maxima of the TOACs. In addition, we can observe that f13 is larger
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Fig. 5 Variations of the energy
separations as a function of the
doping concentration Nd injected
into outer barriers
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than f12 and f23 for all values of Nd . This traduces the large amplitudes of the total optical absorption α13(max) which increases
rapidly with Nd until it reaches the value 730 cm−1 for Nd � 8 × 1017 cm−2. Furthermore, we observe that f13 presents a tendency
toward constant value between 7 × 1017 cm−3 and 8 × 1017 cm−2. This behavior is attributed essentially to the matrix element M2

13
which presents a constant value for Nd > 7 × 1017 cm−2. In fact, for higher doping concentrations the two wave-functions �1 and
�3 arrive to a saturate overlap between them, as a result, the matrix element M2

13 goes to a constant value.
In Fig. 7a, b, we display the electronic density and the energy levels together with the confining potential for two values of the

doping concentrations Nd � 1 × 1017 cm−2 and 4 × 1017 cm−2. The amount of Nd is divided on two layers of width 1 nm. Each
layer is inserted in the middle of the outer barriers. By examining Fig. 7a, b, it is clear that the confining potential in the outer barriers
which was flat in the absence of doping, tilts and present a small triangular well around the inserted doped layer at the middle of
each barrier. It is clear also that the ionized silicon atoms supply free electrons which are transmitted along the structure. As shown
in these figures, the electronic density is important at the central well and presents two spread in the two semi-parabolic wells. But
the density in the left well is more intense than the right one.

3.2 Doping in the inner barriers

In this section, we consider the same amount of the doping concentration used in the previous section but here we introduced doped
layers in the inner barriers. We divide Nd in two equal values. Each one is inserted at the middle of the inner barriers. Figure 8a–d
shows the linear, nonlinear and total optical absorption coefficients of the (1 → 2) transition as a function of the incident photon
energy. It is clear that all the coefficients twist toward higher energies suffering a blue shift behavior. The amplitudes of nonlinear
coefficients are less than those of the linear contributions and the bleaching is absent. However, this transition has showed a bleaching
in the total optical absorption in the previous section when we considered the doping in the outer barriers. this bleaching was clear
for Nd � 7 × 1017 cm−2 and 8 × 1017 cm−2. As a result, the amplitudes of the nonlinear optical absorption coefficients are reduced
by doping in the inner barriers compared to the outer barriers. Furthermore, we observe that maximum of the total optical absorption
increases strongly with increasingNd . For Nd � 1 × 1017 cm−2 the absorption is α12(max) � 200 cm−1, but it can reach 2400 cm−1

for Nd � 8 × 1017 cm−2.
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Fig. 7 Electronic density and
density of probabilities for two
doping concentration a 1×1017

cm−2, b 4×1017 cm−2

We plot in Fig. 9a–d, the linear, nonlinear and total optical absorption coefficients of the (1 → 3) transition as a function of the
incident photon energy. Similarly, as (1 → 3) transition, all the coefficients of (1 → 3) transition display a blue shift behavior since
they moved toward low energies for doped outer barriers. The nonlinear coefficient presents comparatively small amplitudes for all
values of Nd . For instance, at Nd � 8×1017cm−2, the nonlinear coefficient is negligible compared to the linear one. As a result, the
total optical absorption coefficient is close to the linear one. Therefore, the higher doping concentration in the inner barriers permits
only the linear absorption coefficients and switch-off the nonlinear coefficients.

The linear, nonlinear and total optical absorption coefficients of the (2 → 3) transition as a function of the incident photon energy
is reported in Fig. 10a–c. It is clear that contrarily to α12 and α13 which present a blue shift, here all the coefficients of α23 present a
red shift behavior. In fact, all of them move toward lower energies by increasing Nd . The nonlinear absorption coefficient increases
with Nd and strongly affects the total optical absorption coefficient. The bleaching effect is clearly seen for all values of Nd . All
these variations observed in the abscissa and amplitude of each absorption coefficient can be justified and interpreted by studying
the energy separations and the occupancy ratios between the energy levels.

To do this, we have addressed the variation of the energy separations (E2 − E1), (E3 − E1) and (E3 − E2) as a function of
the photon incident energy as presented by Fig. 11. (E2 − E1) and (E3 − E1) increase almost linearly with Nd justifying the
blue shift behavior previously detected in all variations of the coefficients of α12 and α13 as seen in Figs. 8 and 9. However, the
(E3 − E2) decreases slowly with Nd especially for 4 × 1018 cm−3 < Nd < 8 × 1018 cm−3. This reduction in (E3 − E2) with Nd

is in accordance with the red shift exhibited by α23 as shown by Fig. 10.
The evolution of the amplitudes of each absorption coefficient can be interpreted by the occupancy ration fi j . In Fig. 12, we

plot f12, f13 and f23 as a function of the doping concentrationNd . As shown in this Fig. 12, f12 rises promptly withNd . This
behavior confirms the rapid increase of the peak (α12) max observed in Fig. 8. We remark also that f23 rises with Nd but its increase
is lower than of f12. This weak increment is obviously illustrated in the variation of (α23) max which tends to constant value
for Nd > 4 × 1018 cm−3. Contrarily to f12 and f23, the occupancy ratio f13 increases at first until a certain constant obtained
forNd � 3.5 × 1018 cm−3. After that it diminishes progressively. This diminution explains clearly the behavior of the peak of the
total absorption coefficient (α13) max. In fact, (α13) max starts from 275 cm−1 forNd � 1×1018 cm−3, rises until it reaches 650 cm−1
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Fig. 8 Linear, nonlinear and total optical absorption coefficients α12 for different doping concentrations in inner barriers
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Fig. 9 Linear, nonlinear and total optical absorption coefficients α13 for different doping concentrations in inner barriers

for Nd � 5 × 1018 cm−3 and finally, it is reduced to 375 cm−1 forNd � 8 × 1018 cm−3. This behavior observed in (α13) absorption
is very interesting since it permits us to adjust the maximum of absorption by selecting appropriately the doping concentration.

By examining all the previous results, we observe that the location of the doped layers presents an ultimate procedure to obtain
the desired energy variations(E f − Ei ), and thus the desired shift (red or blue shift) when we increment the concentrationNd . For
instance, as observed in Fig. 5, when the impurities are inserted in the outer barriers, increase of the concentration Nd produces
a decrease of (E2 − E1) and (E3 − E1), while (E3 − E2) increases considerably. However, when the impurities are located in
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Fig. 10 Linear, nonlinear and total optical absorption coefficients α23 for different doping concentrations in inner barriers

Fig. 11 Variations of the energy
separations as a function of the
doping concentration Nd injected
into inner barriers

the inner barriers, an increase ofNd , produces an inverse variation. In fact, as shown in Fig. 11, when Nd rises, (E2 − E1) and
(E3 − E1) increase their values, while (E3 − E2) diminishes gradually. These behaviors of variations in each case of doping are
responsible to the blue or red shifts observed in each optical absorption coefficients. Hence, moving the doping layers from the inner
to outer barriers can be a suitable strategy used by the experimentalist to obtain the desired variation in different optical absorption
coefficients.

The study of the optical properties in symmetric double semi-parabolic quantum wells was also investigated by Keshavarz et al.
[44]. Their findings demonstrated that the optical absorption coefficients can be red and blue shifted by adjusting the quantum size of
the heterostructure such as the width of the quantum wells and barriers. Their work was limited to the transition between the ground
and the first excited states (E1 → E2). We believe that the present work which treats the optical absorptions between three levels
(E1, E2 and E3) can provides additional solution to the experimentalist and this by manipulating the location and concentrations
of the inserted doped layers.
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Fig. 12 Variation of the
occupancy function fi j for doped
inner barriers

4 Conclusion

Within the effective mass and parabolic approximations, we have calculated the different optical absorption coefficients between
the lowest three energy levels in a doped heterostructure based on semi parabolic quantum wells. The resolution of the differential
equations describing the physics of the problem was based on the finite difference method. Firstly, we have calculated the energy
levels, the confining potential and the density of probabilities. Two doping cases were investigated; a doping in the inner barriers
and a doping in the outer barriers. The energy separations and the occupancy functions controlling the variation of the (TOAC) were
discussed in detail. The obtained results show that in the case of the doping in outer barrier, an increase of the donor’s concentration
favorize a red shift of (1 → 2) and (1 → 3) transitions. However, the (2 → 3) transition exhibits a blue shift behavior. Furthermore,
we have shown that the doping in the inner barriers produces a contrarily shifts compared to that obtained with doping in the outer
barriers. In fact, (1 → 2) and (1 → 3) transitions exhibit a blue shift. But (2 → 3) transition displayed a red shift.

These findings permit us to tune the present system only by modifying the locations and densities of the inserted doped layers
without need to any applied external fields. The desired positions and the amplitudes of the (TOAC) can be obtained by only
increasing the concentrations of each doped layers. We expect that the obtained results in this research motivate future experimental
studies related with doping techniques in semiconductor materials.

Data availability This work is new and all the results are computed from the equations. The data that support the findings of this study are available from
the corresponding author upon reasonable request.
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