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A B S T R A C T   

In this paper, we have studied the optical properties of semi-elliptical InAs quantum dots (QDs) embedded in 
GaAs. Under effective mass approximation, the finite element method has been used to obtain wavefunctions and 
corresponding energy eigenvalues in three-dimension. It has been shown that the wetting layer (WL) thickness 
has a small effect on the (1-2) transition, but is more effective on the dipole moment matrix element (DMME) of 
the (2-3) and (1-3) transitions. It is seen that the linear absorption coefficients of the (2-3) and (1-3) transition 
reach the maximum at 4 A WL thickness. After that, we set the WL thickness to 4 A and we studied the effect of 
the electric field applied through the axial direction. The same as the WL effect, the electric field has caused a 
minor change in DMME of the (1-2) transition but it makes DMME of the (2-3) and (1-3) transitions stronger 
which results in very high linear absorption coefficients. For 20 kV/cm electric field intensity, the linear ab
sorption coefficient reaches the maximum for the (2-3) and (1-3) transition.   

1. Introduction 

Improvements in semiconductor epitaxial growth technologies have 
enabled the manufacturing of more efficient, compact, and high-power 
photonic and optoelectronic devices such as lasers [1], light-emitting 
diodes [2], photodetectors [3], saturable absorbers [4]. Quantum well 
(QW), quantum well wire (QWW), and quantum dot (QD) hetero
junctions are used as active mediums, where carrier transitions happen, 
in the structure of these sophisticated photonic devices. While QWs and 
QWWs have one-dimensional and two-dimensional confinements, QDs 
have three-dimensional confinement, which restricts the motion of 
carriers in all three-dimension [5–7]. Confinement is obtained by sur
rounding low bandgap material with high bandgap material and higher 
confinement improves the localization of carriers in low bandgap ma
terial [8]. This increases quantum production capability as well as 
lowers the interaction between carriers and interface quantum trap 
states. In addition to higher confinement, which leads to tunable linear 
and nonlinear optical properties, there is a strong dependence on QD 
shape and external fields as well, which modifies the optical properties. 

In the literature, linear and nonlinear optical properties of QWs and 
wires have been studied extensively for many material and hetero
structure shapes since the last two decades of the 20th century [9–14]. 

However, QDs are relatively new and under consideration mostly in the 
last two decades due to the superior absorption performances. Optical 
rectification and second harmonic generation in InAs/GaAs QD were 
investigated by Khaledi-Nasab et al. [15]. Third-order nonlinear optical 
susceptibility of QD with dielectric confinement was analyzed under an 
electric field by Cristea et al [16]. The nonlinear optical rectification in 
QD was examined by Xie [17]. El Haouari et. al looked into linear and 
nonlinear optical properties of single dopant in strained AlAs/GaAs QD 
[18]. Choubani et al. studied the nonlinear optical properties of 
lens-shaped InAs/GaAs QD considering the wetting layer (WL) [19]. 
Sargsian et al. researched linear and nonlinear optical properties of 
cylindrical InAs QD with modified Pöschl-Teller and Morse potentials 
under applied electric and magnetic fields [8]. Negatively charged trion 
in cylindrical QD was studied by Chnafi et al. [20]. Effect of laser field on 
double GaAs QD was shown by Maniero et. al [21]. Magnetic properties 
of an impurity in a parabolic GaAs QD were deeply discussed by Boda 
[22]. The optical properties of pyramidal QDs were simulated and 
comprehensively analyzed under electric and magnetic fields [23]. In 
most of these works, the WL effect was partially or not at all considered 
for sake of the simplicity to solve the Schrödinger equation in 
three-dimension. In addition, wavefunctions were obtained in 
one-dimension and only for the center of the QD. Apart from the center 
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of QD, optical properties were not studied at all. 
In the present study, we analyze the absorption properties of semi- 

elliptical InAs QDs, emitting/absorbing in the THz region, surrounded 
by GaAs. Calculations include the WL to have more precise numerical 
results. In this way, the combined effect of WL thickness and electric 
field through axial direction has been analyzed. In particular, all results 
are visualized in three-dimension to do analysis covering the whole QD 
region, not the only center of QD to have more realistic results. In the 
calculations, effective mass approximation has been used and three- 
dimensional wavefunctions are obtained using in-home written finite 
element method code. 

This paper is organized as follows. In section two, we describe our 
numerical method and explain the theory. Numerically calculated 
wavefunctions and corresponding energy eigenvalues are given in the 
results and discussion section. In subsections of results and discussion, 
the effect of WL thickness without an electric field on linear and 
nonlinear absorption properties is given. Then, three-dimensional 

modification of linear and nonlinear absorption are given under 
applied electric field through axial direction for semi-elliptical QD. We 
finish the paper with our conclusion in section 4. 

2. Theory and method 

Time-independent Hamiltonian of the three-dimensional InAs/GaAs 
QD heterojunction is given in Eq. (1) [19]. The electric field is set 
through in all directions as F→(x, y, z) = Fx x→+ Fy y→+ Fz z→. Only 
Fz differs from zero. 

H =
P→

2
(x, y, z)
2 m∗

+ V(x, y, z) + e F→(x, y, z)⋅ r→(x, y, z) (1)  

where m∗ describes the effective mass of the electron and in this 
research, it is taken as 0.067 m0 and 0.04 m0 for the GaAs and InAs 
respectively. m0 is the free electron mass, p→(x, y, z) is the electron mo
mentum operator, r→(x, y, z) is the displacement vector, e is the electron 
charge, and V(x, y, z) is the confinement potential. For InAs/GaAs QD 
system, conduction band offset and potential discontinuity V(x, y, z) are 
taken as 0.7 and 500 meV, respectively [19]. In numerical calculations, 
Hamiltonian in three-dimension is written in matrix formalism as; 

H = −
h2

2m∗

(
d2

dx2 +
d2

dy2 +
d2

dz2

)

+ V(x, y, z) + e F→(x, y, z)⋅ r→(x, y, z) (2)  

where the second-order differential is defined as;  

Nx, Ny, and Nz is the length of the matrices to define the total 
quantum region. To solve Eq. (2), diagonalization is used in three- 
dimension. After obtaining the energy levels and wave functions, 
linear and nonlinear absorption coefficients are calculated as follows 
[5]: 

α(1)
ij (w) = w

̅̅̅̅̅
μ
εr

√ ⃒
⃒Mij

⃒
⃒2σvhΓije2

(
ΔEij − hw

)2
+
(
hΓij
)2 (4)   

Fig. 1. Schematic cross-section of QD from x-axis (left), y-axis (middle), z-axis (right) for WL = 0 A (top), WL = 10 A (bottom).  

d2

dx2 +
d2

dy2 +
d2

dz2 =
[
− 2 diag

(
ones

(
1,NxNyNz

))
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(
ones

(
1,NxNyNz − 1

)
, − 1

)
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(
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(
1,NxNyNz − 1

)
, 1
)]2 (3)   
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Fig. 2. Three-dimensional PDWs for different WL thickness and corresponding eigenenergies for ground, first, and second excited energy states. WL = 0 A (top), 
WL = 4 A (middle) and WL = 10 A (bottom). 

α(3)
ij (w, I) = − 2w
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Fig. 3. Symmetric (|M11|, |M22|, |M33| upper part) and asymmetric (|M12|, |M23|, |M13| lower part) DMMEs without WL.  

Fig. 4. Symmetric (|M11|, |M22|, |M33| upper part) and asymmetric (|M12|, |M23|, |M13| lower part) DMMEs for 4 A WL thickness.  

B.O. Alaydin et al.                                                                                                                                                                                                                              



Thin Solid Films 755 (2022) 139322

5

where w is the angular frequency, Γij is the intersubband relaxation 
time, μ is the magnetic permeability, εr is the real part of the electrical 
permittivity, σv is the carrier number, h is the reduced Planck constant 
and ΔEij = Ej − Ei is the energy difference between the final and initial 
energy levels of the electron. Mij is the dipole moment matrix element 
(DMMEs) and it is defined as in [24]; 

Mij =
〈
ψ i| r→(x, y, z)|ψ j

〉
(6) 

Then total absorption coefficient is given as; 

αij(w, I) = α(1)
ij (w) + α(3)

ij (w, I) (7)  

3. Results and discussion 

The parameters used in the study are constant and given as follows; I 
= 0.1 MW/cm2, μ = 4π x 10− 7 H m− 1, σv = 2.5 x 1017 cm− 3, Γij = Γ 
= 1

τ τ = 0.14 ps, and nr = 3.2. Where I is the incident light intensity, μ is 
the permeability of the medium, τ is the transition times between states, 
nr is the refractive index. 

3.1. Effect of WL thickness 

We run the simulations for semi-elliptical InAs QD embedded in 
GaAs to check our code based on the finite element method. The radii of 
semi-elliptical three-dimension are set as Rx = 5 nm, Ry = 10 nm and 
Rz = 15 nm to not encounter symmetry effect. WL thickness was varied 
from 0 to 10 A. Schematic cross-sections of QD from different aspects 
were shown in Fig. 1 for the WL = 0 A (top), WL = 10 A (bottom). WL 
layer is seen as a light blue line from x and y directions. 

In Fig. 2, the three-dimensional probability density of wavefunctions 
(PDWs) for different WL thicknesses and corresponding eigenenergies 
for the ground, first, and second excited energy states (respectively E1, 
E2, and E3) are given. Only, WL thickness for 0, 4, and 10 A are shown to 

avoid confusion due to many figures. The variations in the first three 
eigenenergies for different WL thicknesses are shown in Fig. 2 as 
dependent on the spatial directions to see the localization of the wave
function in three-dimension. It is seen that obtained results are fairly in 
good agreement in between. The localization of wavefunctions exists 
only in the QD region. While PDW of the first excited state is split 
through the horizontal y-axis, PDW of the second excited state is split 
through the vertical z-axis the same as in Ref. [23]. This means that both 
excited states localize in different regions due to degeneracy in 
three-dimension. It is observed that the eigenenergies of the first three 
energy states are continuously increasing owing to lower confinement 
with increased WL thickness. In the current study, we aim to have 
transition energy in the THz region and we have seen that transition 
energies from the first and second excited states to the ground state are 
in the THz range. In addition, there is a slight increment between 
transition energies. This is due to faster scaling up of second excited state 
than first excited and ground states and also degeneracy extinction oc
curs between excited states. 

DMMEs, which describe the overlap between wavefunctions, are 
shown without the WL in Fig. 3. Symmetric M11, M22, and M33 DMMEs 
are in the same scale and the magnitudes of symmetric DMMEs are 
comparable with reference [23]. DMME for M33 shows branching 
(double peak) even though there are no branching for M11 and M22. This 
is due to the splitting of wave function through z-axis in three-dimension 
as shown in Fig. 2 for M33. The magnitude of the asymmetric DMME for 
M12 is comparable with symmetric M11 and M22 however magnitude of 
asymmetric M13 is almost half of symmetric M33 due to lower overlap 
between wavefunctions. In addition to that asymmetric M23 and M13 
have shown double peaks owing to the splitting of wavefunctions 
through the y-axis and z-axis, and also the calculation of DMME over the 
z-axis. Figs. 4 and 5 show the symmetric and asymmetric DMMEs for 4 A 
and 10 A WL thickness, respectively. With the effect of WL, the magni
tude of the M33, M23 and M13 increase at first for WL 4 A then it de
creases to the same value. It is observed that this is because of the 
distribution of PDW, which becomes more concentrated in the center of 

Fig. 5. Symmetric (|M11|, |M22|, |M33| upper part) and asymmetric (|M12|, |M23|, |M13| lower part) DMMEs for 10 A WL thickness.  
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the QD for WL thickness around 4-5 A. In addition to that branching 
which is also observed for asymmetric M23 and M13 but it is more 
obvious for M13 at all values due to splitting of PDW. 

The linear absorption coefficients (LACs) are calculated for WL 
thickness varied from 0 A to 10 A. In Fig. 6, linear absorption coefficients 
corresponding to 0, 4, and 10 A WL thickness are given for simplicity. 
We have seen that LAC of the (1-2) transition is not affected much by WL 
thickness. LAC is increasing at first then it saturates. In addition, there is 
dependence on WL thickness for LAC of (2-3) transition. However, WL 
has a huge impact on the LAC of the (1-3) transition. LAC increases more 
than double for WL 4 A but then decreases almost half of without WL 
thickness due to dependence on the DMMEs. As shown in Fig. 6, the LAC 
of the (1-3) transition is a lot higher than the absorption coefficient of 
QW structures given in the literature [25–27] due to higher confine
ment. LACs of the (2-3) and (1-3) transitions reach their maximum peak 
at 4 Å WL thickness. Another reason to have lower LAC at thick WL 
values, thicker WL causes lower confinement, which results in the lower 

overlap between PDWs. So that thicker WL causes QW-like behavior. 
Apart from the QD center, absorption also occurs nearby QD due to 
different localization directions of the wavefunction in 
three-dimensional space but we have not observed absorption out of the 
QD region due to the high confinement potential. 

Nonlinear absorption coefficients (NACs) for WL thickness varied 
from 0 A to 10 A are also calculated. In Fig. 7, NACs only for WL 
thickness 0, 4, and 10 A, are given to prevent confusion. NAC of the (1-2) 
transition is very low and saturates at thick WL values because of the low 
overlap between PDWs. As shown in Fig. 7, the NAC of the (2-3) tran
sition are zero and full noise is observed. It is seen that NAC is only exist 
for (1-3) transition and NAC is 100 times higher [14] even though the 
incident light intensity is 4 times lower comparing to the quantum wells. 
At the same time, NAC of the (1-3) transition has a maximum for WL 
around 4 A but it saturates and then drops to half of the values without 
WL. The nonlinear absorption peak of the (1-3) transition occurs at the 
center of QD due to the high confinement potential in all directions. 

Fig. 6. LACs for different WL thicknesses WL = 0 A (top), WL=4 A (middle) and WL=4 A (bottom).  
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Fig. 7. NACs for different WL thicknesses WL=0 A (top), WL=4 A (middle) and WL=10 A (bottom).  
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Fig. 8. Total absorption coefficients for different WL thicknesses WL=0 A (top), WL=4 A (middle) and WL=10 A (bottom).  
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Fig. 9. Three-dimensional PDWs for different electric field intensities through axial direction for WL 4 A under electric field for 5 kV/cm (top), 10 kV /cm (middle) 
and 20 kV/cm (bottom). 
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Fig. 10. DMMEs for electric field intensity at 5 kV/cm applied through axial direction for WL=4 A.  

Fig. 11. DMMEs for electric field intensity at 10 kV/cm applied through axial direction for WL = 4 A.  
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Total absorption coefficients (TACs) for several WL thicknesses 
varying from 0 A to 10 A are given in Fig. 8. Due to weak NAC for (1-2) 
and (2-3) transitions, LAC is the dominant mechanism that results in 
slightly different TACs than LACs for all WL thicknesses. TACs of (1-3) 
transition are positive for WL 0 and 10 A owing to dominant LAC for thin 
and thick WLs, but TAC is branching for WL thickness of 4 A because of 
strong NAC. This also results in branching as shown in Fig. 8 (middle). 

3.2. Effect of axial electric field 

We have studied the effect of the electric field applied through axial 
direction on optical properties of InAs/GaAs semi-elliptical QD. We have 
set WL thickness to 4 A and changed the electric field intensity from 5 to 
20 kV/cm while other parameters are constant. PDW and corresponding 
energy eigenvalues to the first three energy states are given in Fig. 9 in 
three-dimensional plots. Energy eigenvalues are shifting up with the 
effect of the electric field. However, the electric field has no effect on the 
splitting direction or shapes of PDWs. It is seen that PDW of carriers is 
restricted to a smaller area than QD size for all energy states. This is 
crucial for electronic and optoelectronic applications due to prevent 
carrier leakage. While (1-2) transition energy is slightly inversely pro
portional with electric field intensity due to the faster shift of the ground 
state energy to higher energies, there is a small increment in transition 
energies for the (2-3) and (1-3) under applied electric field. 

In Figs. 10− 12, DMMEs are given for different electric field in
tensities. M11 and M22 are constant and independent from the applied 
electric field. But M33 drops to half at 10 kV/cm then higher electric 
field intensity (20 kV/cm) results in high DMME. Furthermore, electric 
field enhances branching in M33, it is less pronounced in the case of zero 
electric fields for varied WL thickness. M12 is also constant and behaves 
the same as M11 and M22. M23 have a dip around 10 kV /cm because of 
the PDW of the second excited state. M13 has the same values for 5 and 
20 kV/cm as in the absence of an electric field, only 2 times lower for 

10 kV/cm. 
LACs for electric field intensities varying from 0to 20 kV/cm are 

calculated. In Fig. 13, LACs are plotted for different electric field in
tensities. As expected LAC of the (1-2) transition is almost very low due 
to low DMME. We have seen that LAC is very low for (2-3) transition as 
well for all electric field intensities and there is a minimum peak for 
10 kV/cm, which is originating from DMME. Even though LAC of (1-2) 
and (2-3) transitions are low, LAC of (1-3) is very strong and this is due 
to DMME, but LAC has a minimum (maximum) peak around 10 kV/cm 
(20 kV/cm). 

NACs for electric field intensities varying from 5, 10 and 20 kV/cm 
are shown in Fig. 14. As seen from this figure, these absorption co
efficients are constant for (1-2) transition and independent from electric 
field intensity. NACs are zero for (2-3) transition and noise is observed in 
all, we think that it is because of the distribution of PDW of first and 
second excited states through different directions. As happened in LAC, 
NACs of (1-3) transition are very strong even though it is decreasing with 
electric field intensity at first. At 20 kV/cm electric field intensity, it has 
maximum values owing to the enhanced overlap of wavefunctions. At 
the same time, very small nonlinear absorption has been observed at 
lower transition energy, and nonlinear absorption is notable close to the 
QD center. 

TACs for electric field intensities varying from 5, 10 and 20 kV/cm 
are shown in Fig. 15. As a result of independent LAC and NAC from the 
electric field for (1-2) transition, TAC is also independent. Low LAC and 
NAC result in low TAC for (2-3) transition. Due to the low perturbation 
effect of nonlinear properties, for (1-3) transition, LAC is dominant for 
10 kV/cm and the maximum of TAC is half of the LAC. The presence of 
great NAC causes branching in the TAC at 5 and 20 kV/cm intensities. 
Additionally, positive and negative TACs are observed due to the same 
reason. 

Fig. 12. DMMEs for electric field intensity 20 kV/cm applied through axial direction for WL = 4 A.  
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Fig. 13. LACs for electric field intensities F = 5 kV/cm (top), F = 10 kV/cm (middle), F = 20 kV/cm (bottom) for WL = 4 A.  
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Fig. 14. NACs for electric field intensities F = 5 kV/cm (top), F = 10 kV/cm (middle), F = 20 kV/cm (bottom) for WL = 4 A.  
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Fig. 15. TACs for electric field intensities F = 5 kV/cm (top), F = 10 kV/cm (middle), F = 20 kV/cm (bottom) for WL = 4 A.  
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Conclusion 

In the present article, we have studied the linear, nonlinear and total 
absorption properties of semi-elliptical InAs QD surrounded by high 
bandgap GaAs and aimed to give brief guidance to design semi-elliptical 
InAs QD semiconductor devices, operating in the THz region, based on 
optical transitions. We have shown linear, nonlinear, and total absorp
tion coefficients in three-dimension. We have studied the effect of WL 
thickness varying from 0 and 10 A in the case of zero electric field in
tensity. We observe that energy eigenvalues shift to upper energy values 
with WL thickness due to lower confinement. While there is no 
branching (double peak) for symmetric M11 and M22, branching is 
observed for M33 because of the splitting of PDW in three-dimensional 
space. This is not observable in the one-dimensional analysis of the 
QD structures. It is found that while M12 is not affected by a change in 
WL thickness, M23 and M13 becomes maximum for 4 A WL. The variation 
of LAC, NAC and TAC for (1-2) and (2-3) transitions are small depending 
on the energy differences and DMMEs. However, a strong absorption 
occurs for (1-3) transition due to strong DMMEs. We can say that to 
design a semi-elliptical QD-based semiconductor device, only optical 
transition E13 can be used. For light-emitting diodes or laser designs, the 
wavelength range that is reached by E13 transition can be obtained. To 
design semiconductor saturable absorber mirror (SESAM), E13 transition 
can be used to absorb the light but E12 and E23 transition can be used to 
refresh the reflectance of the SESAM. After determination of the effect of 
the WL thickness, we have set WL to 4 A and applied an electric field 
through the axial direction (z-direction). There is small change in 
transition energy of (1-2) and (2-3) with the applied electric field but 
transition energy is slightly increasing for (1-3). While LAC of (1-2) and 
(2-3) transitions are low, LAC of (1-3) is very strong due to DMMEs. For 
20 kV/cm electric field intensity, LAC reaches the maximum for the (2- 
3) and (1-3) transition. This is due to the overlapping of the wave
functions due to the different distribution of PDWs. We have seen that 
TAC of (1-3) transition shows branching and even positive and negative 
values due to negative NAC. As a conclusion, we can say that optical 
properties of InAs QD embeded in GaAs can be tuned by using WL 
thickness and electric field to design QD based optical semiconductor 
device. 
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