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Abstract

One of the successes in describing the nuclear structure correctly is taking into account the spin—orbit interaction. Thus,
single-particle energies and nuclear magic numbers can be obtained accurately. The main subject of this study is to investi-
gate how the strength of this spin—orbit interaction affects the nuclear structure, more specifically the nuclear spectra. In this
study we carried out for this purpose, we obtained neutron single-particle energies by changing the strength of the spin—orbit
term included in the Woods-Saxon potential. By using the neutron single-particle orbit energies in the calculations of the
nuclear shell model, which we obtained for different strengths of spin—orbit term, we obtained the ground and low-lying
excited states of the 0 isotope. According to the results, we observed that spin—orbit interactions of different strength have

a discernible effect on the nuclear spectra.
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1 Introduction

The way to understand what is going on inside atomic nuclei
is the subject of nuclear structure studies. One of the most
successful and powerful models used for this purpose is
of course the nuclear shell model [1-5]. The nuclear shell
model allows for a microscopic description of the structure
of the nucleus and it is based on the ansatz that each nucleon
inside the nucleus moves independently in a spherically
symmetric mean field generated by all other constituents.
The mean field is usually described by a Woods-Saxon or
a harmonic oscillator potential supplemented by a strong
spin—orbit term. Nucleons arrange themselves in well-
defined and separated energy levels. The shell model (SM)
can be further improved by introducing the interacting shell
model. According to the interacting shell model, the com-
plex nuclear many-body problem is reduced to a simplified
one where only few valence nucleons interact in the reduced
model space above an inert core [6]. The valence nucleons
interact with each other via two-body residual interaction,
that is, the part of the interaction which is not accounted for
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in the central potential. The inclusion of the two-body inter-
action removes the degeneracy of the states which belong to
the same configuration and produces a mixing of different
configurations. The SM Hamiltonian consists of one- and
two-body components. These are single-particle energies
and the two-body matrix elements of the residual interac-
tion, respectively.

The effects of the variation of single-particle energy val-
ues on the nuclear spectra are clearly seen in the calculations
performed within the scope of the shell model. Therefore, it
is important to examine the parameters affecting the single-
particle energies. Ross et al. studied the effects of the sur-
face diffuseness of the potential on the single-particle levels
[7]. Takeuchi and Moldauer investigated the behavior of
neutron single-particle bound states in the real part of the
low-energy neutron optical model potential. They have sys-
tematically analyzed the effect of the changing of the nuclear
radius on shell model single-particle levels [8]. Kanestrom
and Koren performed more detailed shell model calculation
using Woods-Saxon potential. The strength of the residual
interaction treated as a free parameter and varied to obtain
results fitting to experimental data. They showed that the
shape of the potential outside the core may be of importance
for the energy levels order [9]. Tanaka et al. investigated the
effect of the spin—orbit potential on the single-particle levels
in the super-heavy region. They concluded that a negative
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symmetry term in the spin—orbit potential might result in an
incomplete closing of the Z=126 shell gap [10].

A strong spin—orbit term is an important contribution to
the nuclear mean field [11, 12]. As a result of the correct
nuclear magic numbers that emerged by taking into account
the existence of this term, it was possible to obtain results
compatible with the experimental data on nuclear structure.
The main aim of this study is to investigate of the spin—orbit
contribution to the nuclear mean field on the nuclear spec-
tra. For this purpose, neutron single-particle energies for
180 are modified by the calculation of Woods-Saxon poten-
tial with different spin—orbit strengths. In other words, how
the variation of spin—orbit interaction strength affects the
neutron single-particle levels of %0 isotope was systemati-
cally investigated. Then, how these varying single-particle
energy levels affect the nuclear spectrum of the %0 isotope
was analyzed. For this purpose, the ground and excited state
energies of the %0 isotope were obtained by calculations
performed within the scope of the nuclear shell model. In the
shell model, the calculations were made by using different
single-particle energy values in the shell model Hamiltonian.
The reason for doing the analyses on this isotope is both its
even-even structure and to minimize the contributions that
may come from possible two-body interactions. Therefore,
we preferred the isotope with the lowest possible number of
valence nucleons (also electrically neutral nucleon to mini-
mize Coulomb effects), since our main goal was to study
spin—orbit interaction that causes the variation on the single-
particle energies.

2 Materials and Methods

The nuclear shell model is one of the most appropriate tools
to describe the low-energy structure of the atomic nucleus.
In this model, nucleons are assumed to move in an independ-
ent central potential well. After the strong spin—orbit interac-
tion proved to be an important component [11, 12], single-
particle orbitals are correctly arranged and the nuclear magic
numbers are identified [13]. Calculating nuclear energy
levels in the scope of the nuclear shell model is a very dif-
ficult task. The main reason for the difficulty is that the
nature of the interaction between free protons and neutrons,
in other words the strong nuclear interaction, is not well
known. If we consider a nucleus with a few valence nucle-
ons outside the closed shells, the energies of the levels can
be divided into three parts. The first is the binding energy
of the closed shells (*°O in this study); the second is the
sum of the kinetic energies of the valence nucleons and the
single nucleon energies that include their interactions with
the nucleons of the core ('°0). The third is the interaction of
valence nucleons with each other. Of these, calculating the
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binding energies of closed shells is the most difficult, while
the easiest to calculate is the interaction between valence
nucleons. If these valence nucleons are in a single orbital, it
is sufficient to know only the matrix elements of the effec-
tive interaction between the nucleons in that orbital. If the
valence nucleons are distributed over several orbitals, dif-
ferences between single-particle energies are also needed,
which can often be taken from experimental data. One of
the most important points in the shell model calculations is
the selection of the effective interaction to be used between
the valence nucleons [14].

Due to the difficulty of not knowing the individual inter-
actions among nucleons, the many-body problem that takes
into account all nucleons in the nucleus is reduced to a few-
body problem that takes into account only valence nucleons.
Since the interaction between nucleons is not clearly defined,
the Hamiltonian can be arranged as given in Eq. (2), assum-
ing that each nucleon moves at an average potential gener-
ated by the others.

A A A
1
H=Y [T+ U1+ Y, Vy= Y, U) (1)
i=1 ij=1 i=1
H= HO + Hresidual (2)

Here, H,) is the single-particle energy (spe) of each nucleon
under an average potential. Single-particle energies can be
determined by choosing a central potential such as the harmonic
oscillator, Woods-Saxon or Yukawa type. In order to calcu-
late proton spe’s to be used in the SM calculations, we have
dealt with potential that consisted of a spin-independent cen-
tral potential term, a spin—orbit potential term, and a Coulomb
potential term for neutron interactions in Eq. (3) as

V() = V,(r) + V, (NI3 + V() 3)

where V (r) is the spin-independent central potential, V (r)is
the spin—orbit potential, and V(r) is the Coulomb potential.
Explicit expression is given as in Eq. (4) with Ry = r,A!/3
R,, = r,,A'/3. It can be explicitly written in Eq. (4) as

V(r) = Yo +1d Yo Gi4v )
- r— " exp(r— ’ c
1+ [—exp(;o Ry rdry [—p(u\UR"")]

“
where, e is the magnitude of the electron charge, Z is the
proton number, £ is the orbital quantum number, s is the
spin quantum number, V; is the potential parameter, R; is the
radius, R, is the Coulomb radius, ai is the surface thickness,
and V_(r) is the Coulomb interaction potential inside and
outside of the nucleus. In this study, to compute the spe’s,
we have used wspot software [15] which runs according to
above formalism in the equations [1].
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In the shell model calculations in order to obtain ground
and excited state energies, the calculations were performed
in matrix formalism for multi-particle systems. The dimen-
sions of the Hamiltonian matrix increase to very high orders
(10'%) as the size of the model space and the number of
nucleons increase. To obtain the eigenvalues, the matri-
ces are diagonalized using appropriate algorithms such as
Lanczos and the solution is reached. For this purpose, there
are many computer codes developed to make nuclear shell
model calculations in the literature. In the calculations per-
formed in this study, Kshell code [16] was used. Running
on the Linux operating system, this code enables performing
nuclear shell model calculations with M-scheme representa-
tion using the Lanczos method.

3 Results and Discussions

In order to investigate the effect of the spin—orbit term in
Woods-Saxon (WS) potential on the energy levels of the
nuclei, we have taken into account usdb interaction [17] in
the shell model calculations for '30 isotope. In the beginning,
the parameters of the WS potential with the spin—orbit term
are set to give the closest values to the sd-shell neutron spe
values used in usdb interaction. These parameters are given
in Table 1. The corresponding spe’s are+2.113,—3.212,
and —3.919 MeV for d5,, 5/, and ds, orbits, respectively,
whose usdb equivalents are 2.112,—3.208, and —3.926 MeV.
The spe’s have been computed by using wspot code [15] in
considering the Woods-Saxon potential as given in Eq. (4).
Since the average proton-neutron potential is stronger than
the average neutron-neutron or proton-proton potential, V,
parameter is modified for proton and neutron by taken into
account the V|, modification parameter (for more details about
the formulation, we refer the readers to Brown [15]).

It is clear that altering the potential parameter of the
spin—orbit term (V) will not affect the s,,, orbital because
its orbital angular momentum quantum number is 0, whereas
the other orbits d;/, and ds/, in the sd-shell are influenced by
this change. Increasing the V, term increases the neutron
spe value of the d5, orbit and decreases that of the ds, orbit.
Neutron spe values and their dependence on the spin—orbit
strength for the '®0 isotope are shown in Fig. 1. Thus, the

Table 1 WS parameters in order

. Parameter Value

to obtain neutron spe values for

the sd-shell closing to the values v, —47 MeV

used in usdb interaction v, 24 MeV
Vo 18.37 MeV
Ty =Ty, 1.297 fm
ap = dg, 0.916 fm
re 1.2 fm

gap between these two orbits increases as is seen in the fig-
ure. When this parameter is 0, that is, there is no spin—orbit
interaction, the neutron spe values of these two orbitals are
the same and are — 1.741 MeV. We have investigated the
neutron spe values for d;;, and ds,, orbits by increasing this
parameter from O to 30 MeV. It is seen that a 6-unit increase
in this parameter value causes a shift in energy values
approximately between 0.5 and 1.5 MeV.

In the first stage, we have investigated the ground-state energy
of 180 isotope relative to the %0 core nucleus via the shell
model calculations. As expected, it has been observed that with
the increase of the spin—orbit potential parameter, the ground-
state binding energy also increases. Because the increase of this
parameter decreases the neutron single-particle energy value of
the ds, orbital. Although the change in the ds, orbital is linear, it
is seen in Fig. 2 that there is a slight deviation from the linearity
in the change of the ground-state energy. Within the scope of
shell model calculations, since all two neutrons are terms for spe
levels in the shell model Hamiltonian matrix, it is inevitable to
see the effect of other spe values other than the ds, orbital on the
ground-state binding energy. However, since this study focuses
on spin—orbit interaction, the effect of s, level on ground-state
energy has not been investigated. Therefore, we examined the
contribution of the shifts of each of the ds;, and dj, orbitals in
the sd model space to the change of ground-state energy. The
increase in the V,, parameter, which indicates an increase in the
spin—orbit interaction, caused the ds;, neutron single-particle
energy to decrease as well. As a result, as expected, the ground-
state binding energy of the '*0 nucleus increased. However,
the increase in the V., value causes the ds/, neutron spe orbit to
increase. As a result of this level moving away from the ds/, level,
the ground-state binding energy of the '30 isotope decreases as
seen in Fig. 2. Moving the ds;, level away from the ds,, level
causes a decrease in the eigenvalues of the Hamiltonian; that is,
the ground-state binding energy decreases. As can be seen from
the figure, the simultaneous variation of these two single-particle
orbits (ds, +ds,) with respect to V,, was also investigated.
Changing the spin—orbit term together for both orbitals resulted
in a net increase in the ground-state binding energy, whereas the
increase of V, term only at ds/, level increased the energy, while
the increase of V., at d, decreased the energy.

Figure 3 shows the effects of spin—orbit interaction on the
nuclear spectrum of '80. Nuclear excited states, especially
high-level ones, appear to be highly sensitive to the strength of
spin—orbit interaction. In this figure, where the experimental
spectrum [18] of '®0 is given and the spectra obtained from
the change in the intensity of the spin—orbit interaction are
compared, the value of V,,=18.37 MeV is the coefficient that
gives the closest value to the current theoretical calculations,
as stated before. While the experimental value for the first
excited 2% level is 1.982 MeV, the value obtained with the
potential coefficient V,,=18.37 MeV is 1.998 MeV, which
is the closest to the experimental value among the others.
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Fig. 1 Evolutions of the sd-shell
neutron spe for 80 isotope by
the altering of potential param-
eter (V,,) in Woods-Saxon spin—
orbit term
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While the experimental energy of the first excited 4% level ~ or 6, causing the first excited 0" level to fall below this level.
was 3.555 MeV, the closest value to this value was obtained ~ When the first excited 0 levels are examined, the energy of
as 3531 MeV, again from the V,,=18.37 MeV spin—orbit this level is 3.739 MeV, which is closest to the experimental
interaction potential. Moreover, for this excited level, the value in the absence of spin—orbit interaction (V,,=0). The
spin—orbit interaction weakens and takes the values of V,,=0  experimental value is 3.634 MeV, which is very close to the

Fig. 2 Effects of the shifting 49
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ground-state energy for 80
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Fig.3 Excited energy levels 16 r
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lower level of 4*. For this level, it is seen in Fig. 3 that the
energy values are quite high at values where the V,, potential
coefficient value is higher than 18.37 MeV. The experimental
energy value of the second excited 2* level is 3.920 MeV. It
is seen that the energy value of this level increases with the
increase or decrease of the V ,=18.37 MeV value. Among
others, the closest value to the experimental value was
obtained for this level as 4.358 MeV using V,,=18.37 MeV.
When we make a comparison of the third 27 excited level,
it is seen that the closest value to the experimental value of
5.255 MeV is 6.429 MeV, which is obtained in the case of
V,,=0 where there is no spin—orbit interaction. The energies
of the second excited 07 and first excited 3" levels located
very close to this level are 5.336 and 5.374 MeV, respectively.
Although this second 0% level could not be calculated in all
theoretical calculations, the energy of the first excited 3% level
was calculated with the parameter V,,=18.37 MeV as closest
to the experimental data.

When the higher excited states are examined, it is seen
that the results of the calculations where the V., value is less
than 18.37 MeV, that is, the spin—orbit interaction is weaker,
are located at lower levels in terms of energy. Of these lev-
els, the closest to the experimental second excited 47 level is
the one from the calculations made with V,,=6. While the
experimental energy value of the fourth excited 2" level was

8.213 MeV, the closest value was obtained as 8.277 MeV
with the parameter V,,=12. In the literature, the experimen-
tal energy value of the first excited 1* level with ambiguity
in spin and parity value is 8.817 MeV, and this value was
calculated as 9.000 MeV in the calculations performed with
V=12

In our study, to see the effect of spin—orbit interaction
strength, we examined the E2 transition probabilities from
the ground state to the first excited 2* level and from the
first excited 2" state to the first excited 4" state, over B(E2)
values [19]. As can be seen from Table 2, both transition
probabilities depend on the spin—orbit interaction potential
parameter. The 0% to 2" transition probability, which was
25.1 e*fm* in the absence of spin—orbit interaction, decreased
with the increase of spin—orbit interaction and reached 16.3
e’fm* for V= 30. Similarly, for the 2* to 4 transition which
was 8.6 e’fm* in case of V,,=0, decreased to 4.6 e*fm* for
V,,=30. The current adopted value for 0" to 2* transition in
the literature is given as 43 e2fm*. As can be seen, in the cal-
culations carried out within the scope of the shell model, the
B(E2) transition probabilities were also found to be smaller
compared to the literature value. This is also known from
previous studies and seen from the literature [19]. However,
our main purpose in this study was to see how this transition
probability value changes with the change of the term V..
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Table 2 Calculated B(E2) values according to different V,, param-
eters. The adopted literature value is 43 e’fm* [19]

I’ B(E2) 0* to 2" (e*fm*) B(E2) 2% to 4T (e*fm*)
25.1 8.6

6 244 8.0

12 22.6 6.7

18.37 20.1 5.8

24 18.1 52

30 16.3 4.6

4 Conclusions

In general, it is seen that the results of the calculations per-
formed with the V,,=18.37 MeV spin—orbit interaction
give closer results to the experimental data for many excited
levels. However, our main motivation in this study was to
examine the effects of variation of the spin—orbit interaction
intensity on the nuclear spectra. With this effect, it is seen
that excited levels shift as expected. With this shift, it was
observed that the levels obtained from the calculations made
with different spin—orbit interaction parameters sometimes
approached the experimental energy level values. As a result,
the increase of the spin—orbit potential parameter caused the
levels above the first excited 4" level to shift upwards. The
first excited 2* and 4* levels showed a decreasing trend with
the increase of this parameter. On the other hand, when the
V,, parameter dropped below 18.37 MeV and approached
0, it caused an increase in the first excited 2+ and 4T lev-
els, while a decrease in the first excited O level. It is seen
that the subsequent second excited 2" and first excited 3*
levels increase with decreasing V,,. Looking at the higher
excited levels, it is seen that the energy of the second excited
4% level decreases with the decreasing V,, parameter, but
increases again at the value of V,=0. For the levels above
this level, it was seen that the levels went down with the
decreasing V, parameter.

Declarations

Competing Interests The author declares no competing interests.

@ Springer

References

1. A.Bohr A., B.R. Mottelson, Nuclear Structure Vol. 1. New York:
W.A. Benjamin, 1969.

2. 1. Talmi, I, “55 years of the shell model: a challenge to nuclear
many-body theory.” Int. J. Mod. Phys. E 14, 821-844 (2005)

3. E. Caurier et al., The shell model as a unified view of nuclear
structure. Rev. Mod. Phy. 77, 427-488 (2005)

4. M.G. Mayer, On Closed Shells in Nuclei. Phys. Rev. 74, 235-236
(1948)

5. M.G. Mayer, On Closed Shells in Nuclei. II. Phys. Rev. 75, 1969—
1970 (1949)

6. L. Coraggio et al., Present status of nuclear shell-model calcula-
tions of OvPP decay matrix elements. Universe 6, 233 (2020)

7. A.A. Ross, H. Mark, R.D. Lawson, Nucleon energy levels in a
diffuse potential. Phys. Rev. 102, 1613 (1956)

8. K. Takeuchi, P.A. Moldauer, Neutron single particle levels in a
Wood-Saxon potential. Phys. Letters B 28, 384-386 (1969)

9. I. Kanestrom, H. Koren, Shell-model calculations with Woods-
Saxon wave functions in 180 and 42Ca. Nucl. Phys. A 130, 527-
540 (1969)

10. Y. Tanaka et al., Effect of the spin-orbit potential on the single
particle levels in the superheavy region. Phys. Lett. B 83, 279-283
(1979)

11. M.G. Mayer, Nuclear configurations in the spin-orbit coupling
model. I. Empirical evidence. Phys. Rev. 78, 16-21 (1950)

12. O. Haxel et al., On the “Magic Numbers” in nuclear structure.
Phys. Rev. 75, 1766-1766 (1949)

13. O. Sorlin, M.-G. Porquet, Nuclear magic numbers: new features
far from stability. Prog. Part. Nucl. Phys. 61, 602-673 (2008)

14. D.J. Deana et al., Effective interactions and the nuclear shell-
model. Prog. Part. Nucl. Phys. 53, 419-500 (2004)

15. B.A. Brown, (wspot code), Lecture notes in nuclear structure
physics, National Superconducting Cyclotron Laboratory and
Department of Physics and Astronomy Michigan State University,
E. Lansing, MI 48824, (2005)

16. N. Shimizu, “Nuclear shell-model code for massive parallel com-
putation, KSHELL”, arXiv:1310.5431 [nucl-th] (2013)

17. B.A. Brown, W.A. Richter, “New “USD” Hamiltonians for the sd
shell”, Phys. Rev. C, vol. 74, pp. 034315 (2006)

18. R.R. Kinsey et al., The NUDAT/PCNUDAT program for nuclear
data, paper submitted to the 9th International Symposium of Cap-
ture Gamma-Ray Spectroscopy and Related Topics, Budapest,
Hungary, October 1996. Data extracted from the NUDAT data-
base, 2.8 (1996)

19. B. Pritychenko et al., B(E2) Evaluation for 0,* to 2,* transitions
in even-even nuclei. Nucl. Data Sheets 120, 112-114 (2014)

Publisher's Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.



	Effect of the Woods-Saxon Spin–Orbit Term on the Nuclear Spectra: 18O Application
	Abstract
	1 Introduction
	2 Materials and Methods
	3 Results and Discussions
	4 Conclusions
	References




