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A B S T R A C T

In this study, for the first time, the total refractive index changes (TRICs) and total absorption coefficients
(TACs) of the quantum dot including the Mathieu potential confinement formed by the In𝑥Ga1−𝑥As/GaAs
heterostructure under the influence of external electric and magnetic fields are theoretically investigated. The
spectra and eigenfunctions of the Mathieu quantum dot are obtained using the effective mass approximation by
forming a tridiagonal matrix formalism. The iterative method and compact-density-matrix formalism are used
together to examine the nonlinear optical properties of the Mathieu quantum dot. Throughout the study, the
effects on the TRICs and TACs of the external electric and magnetic field, as well as the 𝐼𝑛 concentration and
confinement width, are probed. Considering the strong and weak regimes of the external electric and magnetic
fields, their alternatives to the structural parameters in terms of optical properties are also evaluated. The
increment of the 𝐼𝑛 concentration causes the quantum dot encompassment to turn into the opposite character
after a certain radial distance. This result may be remarkable in terms of experimental applications. Under
certain conditions, the incident optical intensities photons on the structure are determined at the limit values.
As well as determining the functional range of the Mathieu quantum dot in terms of the TRICs and TACs
characters, using both structure parameters and external fields and as a function of the incident photon energy,
the determination of the optimum for these characters is an important theoretical gain in terms of providing
a prediction for experimental studies.
1. Introduction

Semiconductor quantum dots provide an almost ideal zero-
dimensional quantum confinement for charge carriers. These structures
are also called artificial atomic structures because of their atom-like
energy states. They have a sharper density of states compared to three-
dimensional confinement effects, quantum wires and two-dimensional
quantum wells. Therefore, they have superior handling and optical
properties. Electronic devices including these structures can operate
faster as the confinement effects force particles to move in a very small
volume. Due to their three-dimensional confinement effects, quantum
dots have a sharper state density than quantum wires, which have
two-dimensional confinement, and quantum wells, which have one-
dimensional confinement. Therefore, they have more widely usage
areas and more unique optical properties compared to other low-
dimensional systems. Due to the aforementioned properties, quantum
dots are used extensively in the construction of many opto-electronic
devices such as quantum dot solar cells [1–3], quantum dot lasers [4,5],
quantum dot photodetectors [6–8] and quantum dot infrared photode-
tectors [9], phototransistors [10] and light emitting diodes [11–13].
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Optoelectronic device applications have received a lot of attention
in recent years. It is important to note that In𝑥Ga1−𝑥As/GaAs quan-
tum dots obtained by growing group III-V materials show interesting
properties in optoelectronic and microelectronic applications [14–17].
Also, InGaAs triple alloys are among the most important semiconductor
materials used in the electro-optical systems [18]. These alloys have
a major role on the development of high-powered electronical and
optoelectronical devices. Comparing to other known semiconductors
such as gallium arsenic and silicon, the particles in this semiconductor
move at very high speeds and the femtosecond lifetime of the carriers
makes them superior in device designs. When the 𝐼𝑛 concentration of
the semiconductor compound of InGaAs is changed in the range of
𝑥 = 0 − 1, the band gap of InGaAs changes from 0.36 to 1.42 eV. This
wide bandwidth of InGaAs makes it advantageous to employ in detector
and fiber optic technology [19]. High speed optoelectronic devices
such as photodetectors, high electron mobility transistors, photodiodes,
metal semiconductor, metal photodetectors, multiplet lasers, infrared
lasers can be obtained by employing InGaAs compound [20–25].
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The effects of an external electric and magnetic field on the elec-
tronic properties of quantum dots cause to considerable theoretical
and experimental results. Because, external fields change the energy
levels of the electron by providing an extra confinement effect on the
particles. In addition, it is also reality that the carrier lifetimes vary
depending on the external fields [26–30]. The electric field applied to
the In𝑥Ga1−𝑥As/GaAs quantum dots changes the probability of trapping
electrons. These observations can be explained by the increase in
the velocity of the charges confined in the quantum dots. That is,
the electric field increases the trapping of particles in quantum dots
and causes a factor of five increase in emitted light [31]. Under the
influence of an external magnetic field, significant informations can
be obtained about the electronic and structural properties of quantum
dot. We can divide the effects arising from the magnetic field into two
classes: Firstly, one of the features that the magnetic field acting to
the structure is the change of direction of the carrier motion and the
formation of Landau levels. If a charged particle moves perpendicular
to an applied magnetic field, its orbit bends. The force acting on the
particle, namely the Lorenz force, is perpendicular to both the magnetic
field and the particle velocity, and if the magnetic field is sufficiently
strong compared to other scattering processes (such as particle–particle
collisions), the particle orbit becomes circular. Thus, the external mag-
netic field applied on the quantum dots will create an extra confinement
effect on the particle in the plane perpendicular to the magnetic field.
As the magnetic field increases, a diamagnetic shift in energy levels
occurs. Deflection of charged particles by the magnetic field can be
used as an implement in tuning carrier density in quantum dots. This
provides a very influential factor in device designs [32]. Secondly,
due to the magnetic field, the separation occurs in the energy levels
of the particle which has different angular momentum and different
spin values. This effect, which is well known in the literature, is called
the Zeeman effect. Similar to the Zeeman effect, the separation in the
energy levels of electrons in a quantum dot arising from the magnetic
field is called as the Fock Darwin spectrum [33–35]. External electric
and magnetic fields applied on the structure change the electronic
structure by creating extra confinement effects and then, change the
non-linear optical effects. Zhang et al. have studied the effects of
external fields on the TRICs and TACs of the parabolic quantum dot.
They have showed that the external fields make significant changes in
the linear absorption coefficient and refractive index, as the applied
electric field and magnetic field change the confinement effects [36].
On the other hand, Monica et al. have investigated the linear and
third-order nonlinear optical properties of an exciton confined to a
three-dimensional quantum dot with a parabolic potential under a
static magnetic field. They have showed that as the trapping effect of
the electron under the magnetic field increases, the spatial separation
between the electron and the hole increases, thus the energy separation
of the quantum system increases, and then causing blueshifted the
absorption curves [37]. Sargsian et al. have studied theoretically the
linear and third-order nonlinear absorption coefficients and refractive
index in the cylindrical quantum dot with the Morse and modified
Pöschl-Teller potential under external electric and magnetic fields [38].
In this study, both the direction and strength of the electric field
have been considered. The increment of the electric field leads to
a redshift in the resonant frequencies of TRICs and TACs, while an
electric field in the opposite direction shifts them to blue. The study
of the optical properties of a hydrogenic impurity at the center of an
azimuthal distortion quantum disk is a very current topic, and the
multifunctional properties of the distortion on TRICs and TACs have
been identified [39]. It should be pointed out that external fields cause
significant changes not only on the TRICs and TACs but also optical
observables such as second harmonic generation [40], third harmonic
generation [41], and nonlinear optical correction [42].

For the best of the our knowledge, the Mathieu potential as the
quantum dot encompassment potential is taken into consideration the-
2

oretically in the present study in the related literature, for the first
time. Mathieu functions play an important role in many different fields
of physics or in practical applications. Some of these applications can
be exemplified as solution of the quantum mechanical problem of the
rotation of molecules by regarding the Mathieu potential [43], the
cosine potential application to the scattering theory [44], investigation
of the phase space properties by using the Mathieu potential [45], new
electron states of hydrogen subjected to a circularly polarized electro-
magnetic manipulated by the parameters of Mathieu functions [46].
This potential having the parabolic quantum structure, can be obtained
by growth techniques and the respective calculations can be adapted
device designs. In the present study, polar coordinates are more suitable
for the symmetry of the system due to the applied magnetic field in
the 𝑧-direction. So, polar coordinates are considered in the study and
essentially the system is a 2𝐷 quantum dot. In this study, the effects of
the structural parameters such as the quantum dot radius, the potential
depth and the external fields such as the electric field and magnetic
field on electronic energies, the total absorption coefficients (TACs) and
the total refractive index changes (TRICs) are investigated. Therefore,
we aim to determine optimum conditions for the quantum dot with
Mathieu confinement potential in consideration of TRICs and TACs
to obtain useful data in possible technological applications of such
quantum dots.

The article is organized as follows: Section 2 describes the theoret-
ical model used in the work. In Section 3, the results obtained, and
their comments are presented. In Section 4, the crucial outcomes are
outlined.

2. Theoretical model

The Hamiltonian for the Mathieu quantum dot system, produced by
the InGaAs/GaAs heterostructure, under the influence of the external
electric and magnetic field is written as

𝐻 = 1
2𝑚⋆

(�⃗� − 𝑒 ⃗𝐀(𝐫))2 + 𝑉𝑑𝑜𝑡(𝑟) + 𝑒𝐅.𝐫 (1)

here, 𝑒 is the electron charge, 𝑚⋆ is the effective mass of the electron,
is the external electric field strength, and 𝑉𝑑𝑜𝑡(𝑟) is the Mathieu quan-

um dot confinement potential. The Mathieu confinement potential is
iven by [47]

𝑑𝑜𝑡(𝑟) = 𝑉0[sin
2(𝜂𝑟) − cos(𝜂𝑟)], (2)

here 𝑉0 is the potential depth parameter, changes depending on
𝑛−concentration (being 𝑥 𝐼𝑛−concentration) as 𝑉0 = (1.42 − 1.53𝑥 +
.45𝑥2) eV [48], 𝜂 is the potential width parameter. If the gauge of
he 𝐴 = (1∕2)(�⃗� × 𝑟) for the vector potential is employed, and taken
nto consideration the direction as 𝐵𝑥 = 𝐵𝑦 = 0 and 𝐵𝑧 = 𝐵 for
he components of the external magnetic field (𝐵), the Hamiltonian is
onverted to

= −ℏ
2∇2

2𝑚⋆
+
𝑚⋆𝜔2

𝑐
8

(𝑥2 + 𝑦2) +
𝜔𝑐
2
𝐿𝑧 + 𝑉𝑑𝑜𝑡(𝑟) + 𝑒𝐹 𝑟, (3)

where, as can be seen, the external electric field is parallel to the radial
direction. Also, as well-known, 𝜔𝑐 is the cyclotron frequency in crystals,
and it is given by 𝜔𝑐 = 𝑒𝐵∕𝑚⋆ [49]. Under these conditions, the wave
equation to be solved is 𝐻𝛷(𝐫) = 𝐸𝛷(𝐫). However, the symmetry
f the quantum system is appropriate for the polar coordinates (𝑟, 𝜙).
hen considering the polar coordinates as 𝑥 = 𝑟 cos𝜙 and 𝑦 = 𝑟 sin𝜙,

nd employing the following transformation, being 𝑚 the magnetic
uantum number,

𝑛𝑚(𝐫) =
𝑒𝑖𝑚𝜙
√

2𝜋

𝜓(𝑟)
√

𝑟
, (4)

the relevant wave equation becomes the radial second-order differential
equation as follows

𝑑2𝜓(𝑟)
2

+ 2𝑚⋆
2

[

𝐸𝑛𝑚 − 𝑉𝑒𝑓𝑓 (𝑟)

]

𝜓(𝑟) = 0. (5)

𝑑𝑟 ℏ
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In this radial differential equation, 𝑉𝑒𝑓𝑓 (𝑟) is the effective potential of
the Mathieu quantum dot system, and given by

𝑉𝑒𝑓𝑓 (𝑟) =
𝑚ℏ𝜔𝑐
2

+
(𝑚2 − (1∕4))ℏ2

2𝑚⋆𝑟2
+
𝑚⋆𝜔2

𝑐
8

(𝑟2) + 𝑉𝑑𝑜𝑡(𝑟) + 𝑒𝐹 𝑟. (6)

Ultimately, the wave equation needs to be solved in order to examine
the electronic and optical properties. For this, the tridiagonal method,
which is a numerical method, is preferred in the present study. The
tridiagonal matrix method is employed to obtain the solutions of the
eigenvalue equation 𝐻𝛷(𝐫) = 𝐸𝛷(𝐫) [50]. This method bases the
Taylor series to discrete derivative expression of the eigenfunctions as
𝜓 ′′ = [(𝜓(𝑟+𝛿)−2𝜓(𝑟)+𝜓(𝑟−𝛿))∕𝛿2]+𝑂(𝛿2), where 𝛿 = (𝑟𝑚𝑎𝑥−𝑟𝑚𝑖𝑛)∕𝑛𝑠𝑡𝑒𝑝
when taken into considering 𝑟𝑖 (𝑖 = 0, 1, 2,… ., 𝑛𝑠𝑡𝑒𝑝). 𝑛𝑠𝑡𝑒𝑝 is the step
number. By considering 𝜓 ′′ expression, the diagonal and nondiagonal
matrix elements are found. The eigenvalue equation of the system is
constituted in a different form by utilizing all matrix elements. This
form involves a tridiagonal matrix with (1000 × 1000) dimension. For
details of the method, please refer [50].

After obtaining the bound state energies and associated wave func-
tions of the Mathieu quantum dot, nonlinear optical properties can be
studied. When acting a linearly polarized electromagnetic field contain-
ing 𝜔 frequency on the Mathieu quantum dot, and the time-dependent
electromagnetic field is expressed as [51]

𝐸(𝑡) = 𝐸0 cos(𝜔𝑡) = �̃�𝑒𝑖𝜔𝑡 + �̃�𝑒−𝑖𝜔𝑡 (7)

Being 𝑉 , 𝜎 and 𝜀0 are the system volume, the one-electron density-
matrix of the system, the dielectric constant of vacuum, if the electronic
polarization 𝑃 (𝑡) and susceptibility 𝜒(𝑡) are introduced through the
dipole operator 𝑀 in the following form:

𝑃 (𝑡) = 𝜀0𝜒(𝜔)�̃�𝑒−𝑖𝜔𝑡 + 𝜀0𝜒(−𝜔)�̃�𝑒𝑖𝜔𝑡 =
1
𝑉
𝑇 𝑟(𝜎𝑀). (8)

The linear and nonlinear susceptibilities are specified by employing
same density-matrix formalism, and then the respective closed analyt-
ical statements are stated as

𝜀0𝜒
(1)(𝜔) =

( 𝑚
⋆𝑘𝐵𝑇

𝜋ℏ2𝑅𝑑𝑜𝑡
𝐼𝑛

[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)|𝑀𝑓𝑖|
2

𝐸𝑓𝑖 − ℏ𝜔 − 𝑖ℏ𝛤𝑖𝑓
, (9)

𝜀0𝜒
(3)(𝜔) = −

(𝑚
⋆𝑘𝐵𝑇𝑅𝑑𝑜𝑡
𝜋ℏ2

𝐼𝑛
[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)|𝑀𝑓𝑖|
2
|�̃�|2

𝐸𝑓𝑖 − ℏ𝜔 − 𝑖ℏ𝛤𝑖𝑓

× [
4|𝑀𝑓𝑖|

2

(𝐸𝑓𝑖 − ℏ𝜔)2 + (ℏ𝛤𝑖𝑓 )2
−

(𝑀𝑓𝑓 −𝑀𝑖𝑖)2

(𝐸𝑓𝑖 − 𝑖ℏ𝛤𝑖𝑓 )(𝐸𝑓𝑖 − ℏ𝜔 − 𝑖ℏ𝛤𝑖𝑓 )
], (10)

where 𝑘𝐵 is the Boltzmann constant, 𝐸𝐹 is the Fermi energy level, 𝑇 is
the temperature, 𝐸𝑚𝑖𝑛 and 𝐸𝑚𝑎𝑥 are, respectively, the subband minima
and maxima [49], 𝐸𝑖,𝑓 is the initial (𝑖) and final (𝑓 ) energy state, 𝑀𝑓𝑖
is the dipole matrix elements designated by 𝑀𝑓𝑖 = ⟨𝑓 |𝑒𝑟|𝑖⟩ where 𝑓 is
the final state, and 𝑖 is the initial state, 𝛤 = 1∕𝜏 is the relaxation rate
for 𝑖, 𝑓 states. Then, being 𝑛𝑟 the refractive index, the refractive index
change is introduced as,
𝛥𝑛(𝜔)
𝑛𝑟

= 𝑅𝑒(
𝜒(𝜔)
2𝑛2𝑟

). (11)

Considering Eqs. (9)–(11), the linear and the third-order nonlinear RICs
are procured by [51,52].

𝛥𝑛(1)(𝜔)
𝑛𝑟

=
( 𝑚

⋆𝑘𝐵𝑇
𝜋ℏ2𝑅𝑑𝑜𝑡

𝐼𝑛
[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)|𝑀𝑓𝑖|
2

2𝑛2𝑟𝜀0

[
𝐸𝑓𝑖 − ℏ𝜔

(𝐸𝑓𝑖 − ℏ𝜔)2 + (ℏ𝛤𝑖𝑓 )2
], (12)

𝛥𝑛(3)(𝜔, 𝐼)
= −

𝜇𝑐|𝑀𝑓𝑖|
2

3

( 𝑚
⋆𝑘𝐵𝑇

𝜋ℏ2𝑅𝑑𝑜𝑡
𝐼𝑛

[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)𝐼

2 2 2
3

𝑛𝑟 4𝑛𝑟𝜀0 [(𝐸𝑓𝑖 − ℏ𝜔) + (ℏ𝛤𝑖𝑓 ) ] o
× [4(𝐸𝑓𝑖 − ℏ𝜔)|𝑀𝑓𝑖|
2 −

(𝑀𝑓𝑓 −𝑀𝑖𝑖)2

(𝐸𝑓𝑖)2 + (ℏ𝛤𝑖𝑓 )2
{(𝐸𝑓𝑖 − ℏ𝜔)

× [(𝐸𝑓𝑖)(𝐸𝑓𝑖 − ℏ𝜔) − (ℏ𝛤𝑖𝑓 )2] − (ℏ𝛤𝑖𝑓 )2(2(𝐸𝑓𝑖) − ℏ𝜔)}],(13)

where being 𝜇, 𝑐 are, respectively, the permeability of the system, the
velocity of light in vacuum, 𝐼 as the incident optical intensity is defined
y the following form

= 2
√

𝜀𝑅
𝜇

|𝐸(𝜔)|2 =
2𝑛𝑟
𝜇𝑐

|𝐸(𝜔)|2, (14)

here 𝜀𝑅 the real part of the permittivity. The TRIC is figure out by
onsidering the linear and nonlinear contributions [51]:

𝛥𝑛(𝜔, 𝐼)
𝑛𝑟

=
𝛥𝑛(1)(𝜔)
𝑛𝑟

+
𝛥𝑛(3)(𝜔, 𝐼)

𝑛𝑟
. (15)

However, the AC change is expressed by

𝛼(𝜔) = 𝜔(
𝜇
𝜀𝑅

)1∕2𝐼𝑚(𝜀0𝜒(𝜔)), (16)

here 𝜒(𝜔) is the Fourier component of 𝜒(𝑡). The linear and the
hird-order nonlinear ACs are procured by

(1)(𝜔) = 𝜔
√

𝜇
𝜀𝑟

|𝑀𝑓𝑖|
2( 𝑚

⋆𝑘𝐵𝑇
𝜋ℏ2𝑅𝑑𝑜𝑡

𝐼𝑛
[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)ℏ𝛤𝑖𝑓

(𝐸𝑓𝑖 − ℏ𝜔)2 + (ℏ𝛤𝑖𝑓 )2
, (17)

(3)(𝜔, 𝐼) = −2𝜔
√

𝜇
𝜀𝑅

( 𝐼
𝜀0𝑛𝑟𝑐

)

×
|𝑀𝑓𝑖|

4( 𝑚
⋆𝑘𝐵𝑇

𝜋ℏ2𝑅𝑑𝑜𝑡
𝐼𝑛

[ 1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑖𝑛)∕𝑘𝐵𝑇 ]
1+𝑒𝑥𝑝[(𝐸𝐹−𝐸𝑚𝑎𝑥)∕𝑘𝐵𝑇 ]

]

)ℏ𝛤𝑖𝑓

[(𝐸𝑓𝑖 − ℏ𝜔)2 + (ℏ𝛤𝑖𝑓 )2]2

(1 −
|𝑀𝑓𝑓 −𝑀𝑖𝑖|

2

|2𝑀𝑓𝑖|
2

×
(𝐸𝑓𝑖 − ℏ𝜔)2 − (ℏ𝛤01)2 + 2(𝐸𝑓𝑖)(𝐸𝑓𝑖 − ℏ𝜔)

(𝐸𝑓𝑖)2 + (ℏ𝛤𝑖𝑓 )2
). (18)

he TAC is represented by evaluating the linear and nonlinear contri-
utions [51]:

(𝜔, 𝐼) = 𝛼(1)(𝜔) + 𝛼(3)(𝜔, 𝐼). (19)

. Result and discussions

In the InGaAs/GaAs Mathieu quantum dot structure, the variations
f the external electric field, the magnetic field, the 𝐼𝑛 concentration
nd the potential width have been investigated. Then, the effects of
hese variable parameters on the difference between the energy levels
nd on the matrix elements have been examined. Finally, as a function
f the incident photon energy, the TRICs and TACs have been analyzed
ersus the change of the structure parameters and the external field
trengths. Throughout the study, the quantum dot radius (𝑅𝑑𝑜𝑡) is taken
s 6𝑎0. The parameters used for GaAs structure in the calculations are
s follows: 𝜀 = 13.18 (the dielectric constant), 𝐼 = 0.1 × 1010W/𝑚2

the incident optical intensity) 𝑉0 = 66.55meV (𝑥 = 0.25) (the confine-
ent potential’s depth), 𝜏 = 0.2ps (the relaxation times). For GaAs,

he effective Rydberg constant is 𝑅𝑦 = 5.28meV (𝑅𝑦 = 4.18meV
or In0.25Ga0.75As), while the effective Bohr radius is 𝑎0 = 103.83 ∀
𝑎0 = 127.59 ∀ for In0.25Ga0.75As). Throughout the study, the magnetic
uantum number is taken as 𝑚 = 0.

In Fig. 1, the effective potential given by Eq. (6) includes the
athieu quantum dot potential, in which panel (a) is for the electric

ield strength (𝐹 ), panel (b) is for the magnetic field strength (𝐵),
anel (c) is for the 𝐼𝑛 concentration (𝑥), panel (d) is for the Mathieu
uantum dot’s width (𝜂). The effective potential profiles are presented
s a function of the radial distance 𝑟 depending on the change values
f the respective parameters. The bound state wave functions shown

n the potential profiles belong to the respective profile line, and
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𝜂

Fig. 1. The effective potential profile and the relevant wave functions of the Mathieu quantum dot system under the external electric and magnetic field for (a) 𝐹 = 1, 50, 100
V/cm when 𝐵 = 1 T, 𝑥 = 0.25 and 𝜂 = 0.35∕𝑎0, (b) 𝐵 = 0.01, 15, 25 𝑇 when 𝐹 = 5 kV/cm, 𝑥 = 0.25 and 𝜂 = 0.35∕𝑎0, (c) 𝑥 = 0.15, 0.25, 0.35, 0.45 when 𝐹 = 1 kV/cm, 𝐵 = 1 𝑇 and
= 0.35∕𝑎0, (d) 𝜂 = 0.1, 0.25, 0.35∕𝑎0 when 𝐹 = 1 kV/cm, 𝐵 = 1 𝑇 and 𝑥 = 0.25, in effective Rydberg units. Note: Same color wave functions and potential profiles are synchronized

with each other.
Fig. 2. The difference between the energy levels as a function of (a) 𝐹 , (b) 𝐵, (c) 𝑥 and (d) 𝜂 parameters. The parameter set of each graph is synchronized with that of the TRICs
and TACs graphs.
m
a
m
a
c

the corresponding energy level on the potential axis belongs to the
respective wave function. As seen, the changes in the repulsiveness and
attractiveness of the effective potential profile and the localizations of
the wave functions are in very good agreement. In Fig. 2, we furnish
the difference between the energy levels, as the 𝛥𝐸 = 𝐸𝑓 − 𝐸𝑖 (𝐸𝑖:the
ground state energy, 𝐸𝑓 :the first excited state energy), of the Mathieu
quantum dot as a function of 𝐹 , 𝐵, 𝑥 and 𝜂. It should be pointed out that
there is a very good agreement between the observables in Fig. 2 and
the potential interactions in Fig. 1. The examination of the behavior
4

of the effective potential profile through these external fields and e
structure parameters is important in examining the external fields and
structure parameters on the TRICs and TACs. In Fig. 3, the variation of
matrix elements as a function of the same external fields and structure
parameters mentioned is examined, as |𝑀𝑓𝑖|

2 and |𝑀𝑓𝑓 −𝑀𝑖𝑖|
2. The

atrix elements can change depending on the external parameters
nd the localizations of the energy levels (See Figs. 2 and 3). The
atrix elements in Fig. 3a and 3b decrease with increasing electric

nd magnetic field. As a result, the probability of electron tunneling
an be reduced or increased depending on the direction of the applied

lectric field. This controlling mechanism over tunneling can be used
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Fig. 3. The matrix elements as a function of (a) 𝐹 , (b) 𝐵, (c) 𝑥 and (d) 𝜂 parameters. The parameter set of each graph is synchronized with that of the TRICs and TACs graphs.
Fig. 4. When considering the different 𝐼− values, the change of (a) the TRICs and (b) TACs of the Mathieu quantum dot with 𝑥 = 0.25 and 𝜂 = 0.35 under the effect of the external
electric (𝐹 = 5 kV/cm) and magnetic field (𝐵 = 5 T), as a function of the incident photon energy. The linear and nonlinear contributions (red lines) in the TRICs characteristic are
shown for only 𝐼 = 0.35 × 1010 W∕m2, whereas ones (red lines) in the TACs characteristic are shown for only 𝐼 = 0.25 × 1010 W∕m2. (For interpretation of the references to color in
his figure legend, the reader is referred to the web version of this article.)
Fig. 5. (a) The TRICs and (b) TACs of the Mathieu quantum dot with 𝑉0 = 215.29 meV (𝑥 = 0.25) and 𝜂 = 0.35∕𝑎0, under the influence of the external electric (𝐹 = 5−25−60−100
V/cm) and magnetic field (𝐵 = 1 T), as a function of the incident photon energy.
d
b
o
F
d

q
I

or a variety of device applications such as photodetectors and high-
ower field effect transistors. In Fig. 3c, it is seen that the matrix
lements (|𝑀𝑓𝑖|

2) decrease as 𝑥 increases, that is, as the potential
epth increases, the matrix elements also decrease. The reason of this
henomenon is that the wave functions and their overlapping region
ecome the extended region as 𝑉0 decreases. Meanwhile, increasing
leads to the stronger effect of the confinement potential on the

lectronic states. Therefore, as the difference between the bound state
5

nergies increases with the increase of 𝑥, the matrix elements also t
ecrease. Increasing the 𝜂 parameter increases the energy difference
etween the ground and the first excited states, due to the increment
f the repulsiveness of the quantum dot potential, as can be seen from
ig. 1d. As a result, it is seen in Fig. 3d that the |𝑀𝑓𝑖|

2 matrix elements
ecrease as the 𝜂 parameter increases.

In Fig. 4, the optical intensity on the TRICs and TACs of the
uantum dot are presented as a function of the incident photon energy.
n addition, linear and non-linear contributions that only belong to

he intermediate 𝐼-value are presented to avoid visual and logical
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Fig. 6. (a) The TRICs and (b) TACs of the Mathieu quantum dot with 𝑉0 = 215.29 meV (𝑥 = 0.25) and 𝜂 = 0.35∕𝑎0, under the influence of the external electric (𝐹 = 5 kV/cm) and
magnetic field (𝐵 = 1 − 8 − 15 − 25 T), as a function of the incident photon energy.
Fig. 7. When 𝜎𝜈 = 6 × 1023 m−3 and 𝐼 = 0.1 × 1010 W∕m2, (a) the TRICs and (b) TACs of the Mathieu quantum dot with 𝑥 = 0.15 − 0.25 − 0.35 − 0.45 and 𝜂 = 0.35∕𝑎0, under the
nfluence of the external electric (𝐹 = 5 kV/cm) and magnetic field (𝐵 = 5 T), as a function of the incident photon energy.
Fig. 8. (a) The TRICs and (b) TACs of the Mathieu quantum dot with 𝑉0 = 215.29 meV (𝑥 = 0.25) and 𝜂 = 0.1 − 0.25 − 0.35 − 0.5𝑎−10 , under the influence of the external electric
𝐹 = 5 kV/cm) and magnetic field (𝐵 = 5 T), as a function of the incident photon energy.
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onfusion. As can be seen in Fig. 4, the increment of optical intensity
ithin certain limits does not cause instability in the system. More
recisely, the augment of optical intensity for out of appropriate limits
an create an instability in the TRICs and TACs character of the
uantum dot. That is, more peaks may constitute instead of two blatant
esonance peaks in TRICs and one blatant resonance peak in TACs. This
s because the quantum dot is subject to structural distortions due to
xposition to high optical intensity. These strange features observed in
he characteristics of TRICs and TACs, resulting from structural defects
ue to high 𝐼 , determine the optimal 𝐼 limit for TRICs and TACs. As
an be seen, under the conditions in Fig. 4, the TACs of the Mathieu
uantum dot become unstable in 𝐼 = 0.45×1010 W∕m2, while its TRICs
ecome unstable around 𝐼 = 0.8 × 1010 W∕m2. In a nutshell, during the
6

omputations in the present study, the mentioned limits for the optimal f
ange of the optical intensity should be taken into consideration. The
ncrement of 𝐼 leads to decrease the amplitudes, while it has no effect
n resonant frequencies.

Fig. 5 presents the TRICs and TACs characters for different electric
ield strengths as a function of incident photon energy. As seen in
ig. 5a, the increase of 𝐹 forms a blueshift in the TRICs resonant
requencies. Because, as can be clearly seen in Fig. 1a, as the electric
ield applied in the growth direction increases, the repulsion of the
ffective potential increases which in turn leads to a narrower poten-
ial profile at the left side of the structure. This repulsiveness causes
lso an augmentation in the trapping effect of the carriers. Then, the
istance between the bound state energies formed in this new poten-
ial increases, which is the reason of the blueshift in TRICs resonant
requencies (See Fig. 2a and Fig. 5a). Similarly, as the external electric
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field strength increases, the TRICs amplitudes decrease because of the
decrement in the matrix elements (|𝑀𝑓𝑖|

2) (See Fig. 3a). However,
he TACs are similar character to TRICs except for their amplitude
ehavior. As seen in Fig. 5b, the TACs resonant frequencies exhibit a
lueshift due to the role of the electric field on the effective potential,
s the same in the TRICs ones. However, the following situation is
emarkable; the increment of the external electric field strength creates
rather monotonous effect on the TACs amplitudes. The reason of this
onotonic effect is the physical result arising from the mathematics of

he nonlinear effect as well as the monotony of the change in the matrix
lements (See Fig. 5b and Fig. 3a).

The effects of the external magnetic field on the TRICs and TACs
f the Mathieu quantum dot are shown in Fig. 6. In Fig. 6a, as the
agnetic field increases, a blue shift is observed in the TRICs and TACs

esonant frequencies. The repulsion of the effective potential increases
ith the increasing magnetic field (See Fig. 1b), as in the electric field
ffect. Because this shifting causes an enhancement in the gaps between
he respective energy levels, a blue shift is observed in the optical
esonant frequencies (See Fig. 6a, 6b). Also, increasing magnetic field
auses a decrease in TRICs amplitudes as the increase in the magnetic
ield decreases the matrix elements (See Fig. 6a and Fig. 3b). When
onsidering the TACs characters, the behavior of the TACs amplitudes
s different. As seen in Fig. 6b, the increment of the external magnetic
ield causes an increase in the TACs amplitudes. Although the same
ehavior of the matrix elements in the changing 𝐵, the reason for such
different behavior compared to the behavior of TRICs amplitudes is

he dominance of the third-order nonlinear contribution on the TACs,
ccording to Eq. (18) (See Fig. 3b).

Fig. 7 shows the effect of potential depth of the Mathieu quantum
ot on the TRICs and TACs as a function of incident photon energy.
t can be seen in Fig. 7a that the increment of the potential depth (𝑥)
eads to blue shift in the TRICs resonant frequencies. The blueshift of
he resonant peaks is due to the fact that the increased potential depth
rising from 𝐼𝑛 concentration (𝑥) results in an increase in the difference
etween the energy levels (See Fig. 1c and Fig. 2c). The reason of the
owering in the TRICs amplitudes because of the increase of potential
epth is that the matrix elements decreases as 𝑥 increases, as can be
een in Fig. 3c. Fig. 7b introduces the TACs of the Mathieu quantum
ot versus the different values of 𝐼𝑛−concentration as a function of
he incident photon energy. The increase of 𝑥 deepens the potential
rofile and increases the difference between the relevant energy levels,
s can be seen in Fig. 1c and Fig. 2c, in which result affects on the TACs
esonant frequencies and the relevant operation ends in a blue shift in
ACs resonant frequencies. As seen in Fig. 7b, as mentioned earlier in
similar way, the augment of the 𝐼𝑛−concentration increases the TACs
mplitudes in contrast to the behavior of TRICs amplitudes. Although
he increase of the 𝐼𝑛-concentration decreases the matrix elements,
he enhancement of the TACs amplitudes is due to the mathematical
ominance between the linear-nonlinear contribution in ACs.

Fig. 8 shows the behavior of the TRICs and TACs for different values
f the 𝜂 parameter as a function of incident photon energy. Fig. 8a
hows the effect of 𝜂 on the TRICs. Since the increment of 𝜂 increases
he confinement effect, the respective energy gaps increase and then

blue shift in the TRICs resonant frequencies forms drastically (See
ig. 1d, Fig. 2d and Fig. 8a). In addition, increasing 𝜂 decreases the
RICs amplitudes due to decreasing the matrix elements, as can be con-
irmed by considering Fig. 8a and Fig. 3d. As seen in Fig. 8b, the TACs
esonant frequencies display a blueshift as a result of increasing 𝜂. It is
mportant to note that the blue-shifting factors in the TRICs operate in
he TACs. However, as with the other three parameters, the behavior of
esonant amplitudes for the TACs is the opposite of the TRICs here too.
s can be seen in Fig. 8b, the increment of the 𝜂 parameter increases the

amplitudes of the TACs, moreover, most strongly compared to the other
three parameters. The reason for this case is related to the superiority
of the linear and nonlinear contributions of the absorption coefficients
7

to each other.
4. Conclusion

In the present work, the quantum dot with the Mathieu potential
confinement, formed by the In𝑥Ga1−𝑥As/GaAs heterostructure, under
the influence of the external electric and magnetic fields, has been
considered. In this theoretical study, as well as the external field
effects, the effects of structural parameters such as In-concentration and
quantum dot width have been examined. In this manner, the effects of
𝐹 , 𝐵, 𝜂 and 𝑥 parameters on the TRICs and TACs have been probed.
The important results of the work can be highlighted as follows: (i)
The usability of the electric and magnetic fields for the purpose is an
important advantage, as they are external influences. Both external
fields blueshift the resonant frequencies of the TRICs and TACs of
the Mathieu quantum dot. In this respect, the external electric and
magnetic field can be alternative to each other. The increment of these
external fields reduces the TRICs amplitudes, so these external fields
can also be an important argument in the optimization of the quantum
dot for the TRICs. However, the external electric and magnetic field
has almost no effect on the TACs amplitudes. (ii) As in the external
fields, increasing the 𝐼𝑛−concentration is the reason of the blueshift
in the resonant frequencies of the TRICs and TACs. The augment of
this concentration decreases the TRICs amplitudes while increasing the
TACs amplitudes. Therefore, the concentration increase has adverse
effects on the optimality of the structure in terms of the TRICs and
TACs. It should be emphasized that the concentration increase is more
functional on the optimality of the TRICs character compared to that
of the TACs. In addition, the following is an important point to be
mentioned that as the concentration increase is an alternative to exter-
nal fields in terms of resonant frequencies, it is also an alternative to
external magnetic field in terms of character optimum. (iii) Increasing
the width parameter of the Mathieu quantum dot leads to blueshift
of the TRICs and TACs resonant frequencies, as in the other three
effects. However, increasing the width parameter of the quantum dot
decreases the TRICs amplitudes while increasing the TACs amplitudes.
The important point here is that how to set the optimality of the dot
width parameter in the consideration of the TRICs and TACs characters
has been determined. (iv) When considering the characters of the TRICs
and TACs, it is clear that the most dominant effect is the quantum
dot width, followed by the concentration. In this manner, there is the
predominance of structural parameters. However, the practicality of the
external fields can also be evaluated as an advantage. (v) The values of
the structure parameters and external fields given in the present work
are achievable physical values. In this respect, the determination of the
limit values of the carrier density of the Mathieu quantum dot and the
relevant incident optical intensity is also remarkable in terms of exper-
imental applications. (vi) Throughout the study, the spatial boundary
has been taken as 𝑅𝑑𝑜𝑡 = 6𝑎0. However, the considered theoretical
model and employed computational method can also be easily used
for arbitrary spatial constraints under reasonable physical conditions.
Since the Mathieu quantum dot is a periodically repeating potential at
larger spatial boundaries, it can also be used in the application areas of
multiple quantum wells, which is an advantage that can be considered
in terms of the functionality of the Mathieu quantum dot. This work
can be evaluated as a manual of the Mathieu quantum dot, which is
considered for the first time in the related literature, which in turn this
manuel also contains remarkable informations for both theoretical and
experimental research.
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