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A B S T R A C T   

In this work, the total refractive index (TRICs) and total absorption coefficients (TACs) of a 
spherical quantum dot with the Mathieu potential encompassement, generated by using 
InxGa1− xAs/GaAs heterostructure, and including hydrogenic impurity in its center, under the 
influence of the temperature, hydrostatic pressure and external electric field are investigated. The 
compact density matrix formalism and the iterative method are employed to compute the 
nonlinear optical features. The relevant eigenvalue equation of the Mathieu quantum dot (MQD) 
is solved by constructing a tridiagonal matrix formalism, within the effective mass approach. As 
well as the response of TRICs and TACs to external parameters, the alterations concerning 
structure parameters such as doping concentration and restriction width are also examined. To 
the best of our knowledge, the external influences and structural parameters on the optical 
specifications of MQD containing the central impurity are theoretically taken into consideration, 
for the first time, in the present work. Determining the optimality of optical properties arising 
from structural and external parameter changes is crucial in terms of providing a theoretical basis 
for the experimental production and practical use of MQD.   

1. Introduction 

In paralel with the development of well-experienced and current crystal growth techniques, the manufacturation of low- 
dimensional structures that constrain the movement of carriers is possible [1,2]. Quantum dots are still of great interest theoreti-
cally and experimentally, as they display outstanding results in terms of optical and electronic properties compared to other 
low-dimensional systems [3]. Moreover, these structures are very advantageous in optoelectronic technology as they have a very wide 
and tunable absorption spectrum ranging from the ultraviolet to the visible spectrum wavelength. Therefore, the devices including 
quantum dot are effectively utilized in many areas such as medical and military imaging [4], various electronic and optoelectronic 
applications [5–9]. Quantum dots can be evaluated as artificial atoms, and their geometrical modifications enables to readily tune the 
band gap of system. Absorption and radiation features can be determined by size or by size-independent considering material 
structure, for the alloy semiconductor InxGa1− xAs/GaAs quantum dots [10]. One of the most striking features of quantum dots is their 
adjustability geometrically. Determining the form of the encompassing potential is essential in formulating any theory of quantum 
dots. Some experimental studies suggest that the optimal quantum dot profiles to encompass electrons should be of the well-like [11]. 
Because of this experimental prediction, this work focuses on the quantum dot profile, which exhibits a well-type, that is, a 
parabolic-type encompassement. The Mathieu potential provides such a motivation. Also, the Mathieu potential has both depth (V0) 
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and width parameter (η). In this way, the results arising from the width and depth of the quantum dot to be produced experimentally 
are examined theoretically in a more realistic way and presented to the use of experimental researchers. Moreover, such a quantum dot 
can be easily produced by advanced experimental techniques [12]. The Mathieu potential is a periodically recurring potential for 
wider spatial boundaries, which is an important model for possible applications of multiple quantum nanostructures. On the other 
hand, there are exact analytical solutions of the Mathieu potential, and thanks to these solutions, the statistical properties of the 
Mathieu quantum dot can also be examined. In fact, relativistic solutions for the Mathieu potential have also been explored. The 
Mathieu potential is an important potential in the materials physics area. All these realities provide a strong motivation for us to 
consider the quantum dot (MQD) modeled by the Mathieu potential. The optical properties of MQD which has aforementioned 
important advantages provide a different motivation factor due to their importance, and it is realized by us, for the first time, to the 
best of our knowledge. Many researches have been performed on parabolic quantum dots [13–17]. In this study, we investigate the 
nonlinear optical properties of MQD, including a hydrogenic impurity in its center, formed by InxGa1− xAs/GaAs, which in turn has 
never been considered before, to the best of our knowledge. The Mathieu potential is taken into consideration in the literature to be 
able to elucidate the physical properties of solid-state materials and in their surface state calculations. Some studies have performed 
photoemission computations for the free electron by regarding the Mathieu potential [18]. In this manner, it is shown that the exact 
solutions of the one-dimensional Schrödinger equation involving the Mathieu potential are given by combined Heun functions [19]. In 
addition, in some theoretical studies, considering the Dirac equation involving scalar and vector potentials, the relativistic wave 
equation with Mathieu potential is solved within the spin symmetry [20]. 

In this work, the preference of InxGa1− xAs/GaAs heterostructure is because this structure allows remarkable electronic, optical and 
optoelectronical applications. InxGa1− xAs has the essential function in a photodetector application with high-speed and high- 
sensitivity, which makes it important for fiber optic telecommunications [21]. Only lattice-matched low-dimensional hetero-
structures or ones including pseudomorphic strain-layer, on suitable substrate, by employing conventional semiconductors (GaA-
lAs/GaAs) preferred in laser applications, can be obtained. Therefore, the limited wavelengths in these structures preclude further 
advanced heterostructure designs [22]. Whereas, heterostructures obtained by using InGaAs have a wider wavelength range than 
lattice-matched semiconductors, and if there is strain in these structures, modification of the energy band structure reduces greatly the 
current densities [22]. The band gap energy of InxGa1− xAs (for x=0.47) at room temperature is 0.75 eV, which is advantageous for 
fiberoptic communication. Also, the low effective mass of InxGa1− xAs results in high mobility. Device efficiency increases as high 
mobility reduces series resistance. Mobility and band gap can be changed depending on the In concentration in InGaAs, which is very 
useful for tuning the respective device performances [23]. In summary, InxGa1− xAs are semiconductors that provide important 
application possibilities for photodetectors, lasers, photovoltaics and transistors [24–26]. The above-mentioned advantages of 
InxGa1− xAs were sufficiently focused in considering the InxGa1− xAs/GaAs heterostructure in this work. These materials have many 
essential microelectronic applications such as high speed electron mobility transistors [27–30]. External factors such as the pressure 
and temperature exerted on semiconductors are substantial thermodynamic variables that provide an operational argument for tuning 
and optimizing their electronic and optical properties. Some special specifications such as hole energies, can be tuned systematically 
without the need to modificate the sample, thanks to the applied hydrostatic pressure, provided that structural phase transformations 
do not occur. The pressure and temperature alter the confinement effects of the particles and the energy gap of the material. It is seen 
that while the energy gap of the material increases as the pressure effect increases, it decreases as the temperature increases. For 
example, at room temperature, when increasing from P = 5 GPa to P = 15 GPa, the energy gap Eg(In0.15Ga0.75As) increases from Eg =

1.80eV to Eg = 2.99eV. Whereas, when the temperature is increased from T = 0K to T = 300K in the case of P = 0 GPa, Eg(In0.15-

Ga0.75As) decreases from Eg = 1.28eV to Eg = 1.21eV. The pressure and temperature, because of these remarkable changes, modify the 
optical and electronic features of the material. There are many experimental and theoretical investigations probing the influences of 
the pressure and temperature on the electronic-optical features of III-V semiconductor compounds [31–36]. In order to design and 
optimize many optoelectronic devices exploiting these semiconductors and set the appropriate band gap, it is crucial to determine the 
operational character of the band gap change depending on pressure and temperature. The impression of factors such as the hydro-
static pressure and temperature in consideration of nonlinear optical properties of low-dimensional systems is particular. In the 
GaAs-Ga1− xAlxAs asymmetric double quantum well, the change of nonlinear optical absorption and nonlinear optical rectifications 
with hydrostatic pressure as well as applied electric and magnetic fields have been examined, and it has been presented that nonlinear 
optical absorption can be altered depending on the pressure [37]. Also, it has been analyzed how to change the linear, nonlinear and 
total optical features of the AlGaAs/GaAs semi-parabolic quantum well in the presence of the temperature, hydrostatic pressure, and 
external magnetic field, and it has been observed that the TRIC amplitudes monotonically decrease as a result of increasing in the 
hydrostatic pressure [38]. In Ref. [38], it has also been determined that TRICs are strongly dependent on the temperature T. Because, 
the resonant peaks enhance and shift towards higher energy spectrum as the temperature increases. As expected, there are blatant 
results of the temperature and pressure effect on TACs. When the temperature is increased as T = 0K, T = 200K and T = 400K, while it 
is observed that the TACs amplitudes also rise, the changing as P = 0 kbar, P = 50 kbar and P = 100 kbar in the pressure leads to a 
reducing in TACs amplitudes [38]. The pressure and temperature affect other nonlinear optical features such as second-third harmonic 
generations (SHG-THG) and nonlinear optical rectification (NOR) as well as TACs and TRICs. When the influences of the magnetic 
field, hydrostatic pressure and temperature on the NOR and SHG in an asymmetric Gaussian quantum well are examined theoretically, 
it is confirmed that the hydrostatic pressure and temperature redshift the SHG resonant peaks, and the NOR resonant peaks decrease 
with increasing hydrostatic pressure and temperature [39]. In the SHG analysis of GaAs/Ga1− xAlxAs asymmetric double 
semi-parabolic quantum well, it has been shown that while the resonant peaks shift to blue as the temperature increases, they shift to 
red because of increasing pressure [40]. 

Impurity states in low-dimensional systems have marked effects in semiconductor physics due to their spectacular modification 
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impacts on the electronic and optical properties of the system. These properties provide a very practical application in optoelectronic 
devices technology because they become tunable the radiation and conduction properties of the material. In addition to the impurity 
states, the energy spectrum of the systems can be changed significantly though the external electric field applied on the system. Many 
theoretical studies have been carried out to review the electric field effect on quantum dots with and without hydrogen impurities 
[41–44]. The motivation for such studies is that the electric field elicits the well-known quantum confinement Stark effect in the 
literature, which is characterized by a much more vivid redshift than the electron-hole binding energy. Both experimental and 
theoretical investigations that consider the results of the applied electric field on the encompassed carriers show that two substantial 
situations can arise simultaneously: One of them is the redshift of the excitonic absorption, and the another is the expansion that occurs 
in the quantum constrained Stark effect. As expected, when an electric field is applied, band bending occurs, creating an inclined band 
structure that changes blatantly the localization probability. Thus, the electron subband energy level reduces and the hole subband 
energy level escalates, which leads to a red shift of the excitonic absorption. The another effect is the increment in the energy of the 
electron-hole pair, and also the decrement in the Coulomb interaction between them, due to the mobility of electron and hole in 
contrary directions resulting from this bending, as result of the polarization of the exciton, which causes to a blue shift. Both of these 
observed effects are urgent consequences of the electric field applied to the structure. In a nutshell, the aforementioned single particle 
confinement and related interaction produce the anomalous excitonic Stark shift [45]. Tuning the subband transition is very important 
to control the optical behavior under the electric field, and therefore many studies have been done to analyze the impact of the electric 
field on the optical features of the system [46–48]. It has been shown that TRICs and TACs are significantly affected due to the applied 
electric field on the bound state localizations. In this context, it has been shown that for a given quantum dot size and incident photon 
intensity, the interband optical nonlinearity can be properly tuned by acting an external electric field [47]. In some studies, it has been 
observed that optical absorption increases with augmenting electric field in the case of impurity in the center of the quantum dot [48]. 
In studies investigating parallel and vertical electric field effects on SiGe prolate and oblate quantum dots, the redshifted nonlinear 
optical properties due to increasing electric field have been confirmed [49]. 

In our work, the remarkable influences of external electric field, hydrostatic pressure and temperature on the electronic and optical 
features of MQD with the centrally located impurity-containing have been determined. In this context, the present work provides 
important data for studies on new device designs thanks to determination of the functional F, P and T range, and these external 
variables can be employed as alternatives to each other in applications. The Mathieu potential, as mentioned before, is used to depict 
the physical properties of condensed materials, in surface state calculations, and the crystal potential from that the initial state wave 
function for the surface state is obtained [50]. Due to the possibility of experimentally generating this potential in a well-like structure 
within the magnification restriction, the determined theoretical results may be striking for practical applications. In this work, the 
effects of external parameters such as hydrostatic pressure, temperature and electric field as well as structural parameters and 
centrally-located hydrogenic impurity on electronic energies, TRICs and TACs are investigated. The results show that TRICs and TACs 
are sensitive to quantum dot’s spatial restrictions and confinement. In this sensitivity, the external and structural parameters can be 
evaluated as alternatives to each other in consideration of situations such as resonant shifting and optimality. Also, the diversity of the 
variable number is crucial for device designs, and then with this motivation, the MQD’s TRICs and TACs have been probed. 

The article is promoted as follows: In Section II, the theoretical model considered in the study is elucidated. In Section III, the 
findings and comments are represented. In Section IV, the important results highlight. 

2. Theoretical model 

For a hydrogenic impurity at the center of MQD in the presence of the external electric field, hydrostatic pressure, and temperature, 
the Hamiltonian is furnished by 

H = −
ℏ2∇2

2m⋆(P, T)
+ Vdot(r) + |e|ξrcos(θ) −

Ze2

4πϵ0ϵ(P, T)r
(1)  

with 

m⋆(P,T) =

[

1 + EΓ
P

(
2

EΓ
g (P,T)

+
1

EΓ
g (P,T) + 0.341

)]− 1

m0, (2)  

where m0 is the free electron mass, ϵ(P, T) is the static dielectric constant as function of the pressure and temperature [53], stating as 

ϵ(P,T) =
{

12.74exp
(
− 1.67 × 10− 2P

)
exp
(
9.4 × 10− 5(T − 75.6)

)
, if T ≤ 200K

13.18exp
(
− 1.73 × 10− 2P

)
exp
(
20.4 × 10− 5(T − 300)

)
, if T > 200K.

(3)  

Also, for GaAs(InGaAs), EΓ
g (P,T) including EΓ

P(P,T) = 7.51eV is the energy gap as function of the pressure and temperature, in units of 
eV, and in the following form: 

EΓ
g (P,T) = E0

g + αP − βT2(T + c)− 1
, (4)  

where, being α = 10.8 × 10− 2 eV/GPa(α = 7.7 × 10− 2 eV/GPa) the pressure coefficient, β = 5.405 × 10− 4 eV/K (β = 4.19 × 10− 4 eV/K) 
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and c = 204K (c = 271K) temperature coefficients, respectively, for GaAs (and InAs), E0
g = 1.52eV(E0

g = 0.42eV) is the energy gap 
when P = 0 GPa and T = 0K [53,54]. Eg(P, T) may be stated for GaxIn1− xAs depending on x (In-concentration), P and T as follows [54]: 

EGaInAs
g (P,T) = EGaAs

g (P,T) +
[
EInAs

g (P, T) − EInAs
g (P,T)

]
x − 0.475x(1 − x). (5)  

MQD depth (V0) is given as function of the pressure and temperature in the following form [55,56]: 

V0(P,T) =

{(
EGaAs

g (P, T) − EGaInAs
g (P,T)

)
× 0.7, if r⩾Rdot(P)

0, if r < Rdot(P).
(6)  

The quantum dot radius (Rdot(P)) should be modified due to the hydrostatic pressure as follows [57]; 

Rdot(P) = R(0)(1 − 3(S11 + 2S12)P)(1/3) (7)  

with 

C11 = (8.34 + 3.56x)10,
C12 = (4.54 + 0.8x)10,
S11 = (C11 + C12)/((C11 − C12)(C11 + 2C12) ),

S12 = − C12/((C11 − C12)(C11 + 2C12) ).

(8)  

In Eq. (1), ξ is the external electric field strength, θ is the angle between the electric field vector and radial distance vector. Vdot(r) is 
MQD potential, expressing as 

Vdot(r) = V0(P,T)
(
sin2(ηr) − cos(ηr)

)
(9)  

with the potential depth parameter V0, the potential width parameter η. Since the angular solutions of the wave equation Hψ(r, θ, φ) =
Eψ(r, θ, φ) of the system are well-known as the spherical harmonics Ym

ℓ (θ,φ), it can be suggested as ψ(r, θ,φ) = R(r)Ym
ℓ (θ,φ). Then, 

considering R(r) = P(r)r− 1, the radial Schrödinger equation is written in the following form: 

d2P(r)
dr2

[
2m⋆(P, T)

ℏ2

(
E − Veff (r,P,T, ξ)

)
]

P(r) = 0 (10)  

with 

Veff (r,P, T, ξ) = Vdot(r) + |e|ξr −
Ze2

4πϵ0ϵ(P, T)r
+

ℏ2

2m⋆(P,T)
ℓ(ℓ + 1)

r2 . (11)  

The Eq. (11) is solved though tridiagonal matrix method [58]. For detail, please refer [58]. 
The linear and nonlinear susceptibilities are procured though the density-matrix approach, they are expressed in closed analytical 

form as follows [59]. 

ϵ0χ(1)(ω) =
σν
⃒
⃒Mfi|

2

E21 − ℏω − iℏΓif
, (12)  

ϵ0χ(3)(ω) = −
σν

⃒
⃒
⃒Mfi|

2
⃒
⃒
⃒Ẽ|2

Efi − ℏω − iℏΓif
×

[
4
⃒
⃒Mfi|

2

(
Efi − ℏω

)2
+
(
ℏΓif

)2 −

(
Mff − Mii

)2

(
Efi − iℏΓif

)(
Efi − ℏω − iℏΓif

)

] (13)  

with σν (the carrier density), Ei,f (the initial (i) and final (f) energy state), Mfi (being f, i the final and initial state, respectively, the dipole 
matrix elements ensured using Mfi = < f | r→|i >), Γ = 1/τ is the relaxation rate for i, f states, ω is the incident photon energy, Ẽ is the 
electromagnetic field amplitude. Also, in computations of Mif, the following property of the spherical harmonics is taken into 
consideration [60], 

cosθYℓm(θ,φ) = Qℓ− 1,mYℓ− 1,m(θ,φ) + Qℓ,mYℓ+1,m(θ,φ), (14)  

where 

Qℓ,m =

[
(ℓ + 1)2

− m2

(2ℓ + 1)(2ℓ + 3)

]1/2

. (15)  
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Considering Eq. (14) and Eq. (15), it is found that [60]. 

< n
′ ℓ

′

m
′ ∣ rcosθ ∣ nℓm >=

(
Qℓ− 1,mδℓ′

,ℓ− 1 +Qℓ,mδℓ′
,ℓ+1

)
I
′

nℓn′ ℓ′ δm′
,m, (16)  

where 

I ′

nℓn′ ℓ′ =

∫ Rdot(P)

0
QnℓQn′ ℓ′ rdr. (17)  

The dipole matrix elements are procured though Eq. (16) by regarding ▵ ℓ = ±1. The linear and the third-order nonlinear RICs are 
expressed as [59]. 

Δn(1)(ω)

nr
=

σν
⃒
⃒Mfi|

2

2n2
r ϵ0

[
Efi − ℏω

(
Efi − ℏω

)2
+
(
ℏΓif

)2

]

, (18)  

Δn(3)(ω, I)
nr

= −
μc
⃒
⃒Mfi|

2

4n3
r ϵ0

σνI
[(

Efi − ℏω
)2

+
(
ℏΓif

)2
]2

×

[

4
(
Efi − ℏω

)
⃒
⃒
⃒
⃒
⃒
Mfi|

2
−

(
Mff − Mii

)2

(
Efi
)2

+
(
ℏΓif

)2

{(
Efi − ℏω

)

×
[(

Efi
)(

Efi − ℏω
)
−
(
ℏΓif

)2
]
−
(
ℏΓif

)2( 2
(
Efi
)
− ℏω

)} ]
,

(19)  

where μ, c, and I are, respectively, the system permeability, the light speed in vacuum, and the incident optical intensity. The TRIC is 
presented by adding the linear and nonlinear contributions [59]: 

Δn(ω, I)
nr

=
Δn(1)(ω)

nr
+

Δn(3)(ω, I)
nr

. (20)  

The linear and the third-order nonlinear ACs are expressed as 

α(1)(ω) = ω
̅̅̅̅
μ
ϵr

√ ⃒
⃒Mfi|

2σνℏΓif
(
Efi − ℏω

)2
+
(
ℏΓif

)2, (21)  

α(3)(ω, I) = − 2ω
̅̅̅̅̅μ
ϵR

√ (
I

ϵ0nrc

)

×

⃒
⃒Mfi|

4σνℏΓif
[(

Efi − ℏω
)2

+
(
ℏΓif

)2
]2

(

1 −

⃒
⃒Mff − Mii|

2

⃒
⃒2Mfi|

2

×

(
Efi − ℏω

)2
−
(
ℏΓif

)2
+ 2
(
Efi
)(

Efi − ℏω
)

(
Efi
)2

+
(
ℏΓif

)2

)

.

(22)  

The TAC is represented by adding the linear and nonlinear contributions [59]: 

α(ω, I) = α(1)(ω) + α(3)(ω, I). (23)  

For detail, please refer [59,61]. It is important to note that the selection rules ▵ ℓ = ±1(m = 0) are taken into consideration in the 
present work. In addition, some parameter values are considered as mGaAs = 0.067m0 (m0 is mass of the free electron), Rdot(P = 0) =
6a0, ϵGaAs = 13.18, nr = 3.2 and τ = 0.2 ps. In this case, the effective Rydberg energy and Bohr radius are computed as R∗

y ≅ 5.28 meV 

and a0 = 103.7 A
̊
, respectively [51,52]. 

Fig. 1. The effective potential profile of the MQD system with x = 0.15, η = 0.35/a0, P = 3 GPa and F = 1 kV/cm, (a) as function of the radial 
distance (r(a0)) and temperature (T(K)), (b) as function of the radial distance (r(a0)) and hydrostatic pressure (P(GPa))). Note:ℓ = 1 and m = 0. 
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3. Result and discussions 

The influences of the structure parameters such as the Mathieu potential width parameter (η) and In − concentration (x) as well as 
the external effects such as the hydrostatic pressure, temperature and electric field on TRICs and TACs of InxGa1− xAs/GaAs spherical 
MQD are also taken into account. In this manner, the influences of different five parameters in the effective potential are probed. In 
Fig. 1, the profiles of the effective potential, including the MQD encompassement potential, are presented as function of the potential 
parameters and the radial distance (r). Panel − a in Fig. 1 is for the temperature (T), panel − b is for the hydrostatic pressure (P). In 
Fig. 2, the quantum dot potential is shown as function of radial distance, and with which panel − a, panel − b, panel − c are, 
respectively, for the potential depth (V0), MQD width (η), and electric field strength ξ. In Fig. 3a and c, the optical intensity effect on the 
TRICs of MQD, respectively, as I = 0.05 × 1010, 0.2 × 1010 and 0.3 × 1010W/m2, and the effect of electron density as σν = 4 × 1023, 6 ×
1023, and 8 × 1023m− 3 are introduced for the incident photon energy. In Fig. 3b and d, the optical intensity effect on the TACs of MQD, 
respectively, as I = 0.05 × 1010, 0.1 × 1010 and 0.2 × 1010W/m2, and the effect of electron density as σν = 4 × 1023, 6 × 1023, and 8 ×
1023m− 3 are represented for the incident photon energy. In Fig. 3a, the TRICs resonant amplitudes decrease due to the increment in 
nonlinear contribution based on the increasing optical intensity. Further increase in optical intensity, where I = 0.3 × 1010W/m2, 
elicits unstable the TRICs character as it causes structural distortions in the quantum dot. Therefore, it can be said that the upper limit 
of the incoming optical density for the TRICs under the relevant conditions is around I = 0.3 × 1010W/m2. As expected in Fig. 3b, it is 
monitored that the TACs resonant amplitudes decrease prominently because of the enhancement of I. Structural instabilities observed 
for I = 0.3 × 1010W/m2 in the TRICs characteristic are emerged for I = 0.2 × 1010W/m2 in consideration of the TACs. Thus, it can be 
said that for the TRICs and TACs, under the respective conditions, unstable states resulting from structural deterioration occur at 
different I − values. These results, caused by the structural distortions observed in the properties of the TRICs and TACs, allow us to 
determine the maximum and optimal I for TRICs and TACs. In Fig. 3c and d, it is seen that the TRICs and TACs resonant peaks increase 
as the electron density increases, which is an expected case. 

In Fig. 4, the TRICs and TACs characteristics are furnished for some temperature values as a function of the incident photon energy. 
The augmentation of the temperature has a slight impact on encompassement effects, and due to this slight effect, the bound state 
localizations hardly alter, as can be seen in Fig. 1a. This slight response is also reflected on the energy gaps between the subbands, and 
matrix elements. In this case, as can be seen in Fig. 4, it can be noted that the temperature change does not have remarkable effects on 
the TRICs and TACs characters. 

In Fig. 5a and b, respectively, the TRICs and TACs of MQD are shown for some hydrostatic pressure values as P = 0, 3, 9, 15 GPa, as a 
function of the incident photon energy. The TRICs and TACs are impressed markedly from the change in hydrostatic pressure. As seen 
in Fig. 5a and b, the resonant frequency of TRICs and TACs shifts to lower range as hydrostatic pressure increases. As seen in Fig. 1b, the 
strength of the confinement effect increases dependently to enhancing the pressure, which causes to reduce the energy differences 
between the subbands of the MQD (See Fig. 5a, b insets). However, both the TRICs and TACs amplitudes decrease due to the reduction 
in matrix elements resulting from increasing the hydrostatic pressure (See Fig. 5a, b insets). 

In Fig. 6a and b, the TRICs and TACs of MQD versus four different values of In − concentration are presented for the incident photon 
energy. Increasing x, hence increasing potential depth (See Fig. 2a), causes a blueshifted the TRICs and TACs resonant frequencies (See 
Fig. 6). Because the increase in the potential depth as well as the narrowing of the potential width causes an increment in the energy 
gap between localizations, as can be seen in the insets of Fig. 6. The TRICs amplitudes decrease with increasing potential depth, due to 
matrix elements decrease as x increases, as shown in Fig. 6a inset. As seen in Fig. 6b, the augmentation of In − concentration enhances 
the TACs amplitudes, in contrast to the behavior of the TRICs amplitudes. Although the augment of In − concentration reduces the 
matrix elements, the increase in the TACs amplitudes emerges from the mathematical prepotency between linear-nonlinear contri-
bution that makes up the TACs. 

Fig. 7a and b shows the TRICs and TACs characteristics as a function of some values of the parameter η for the incident photon 
energy. Since the enhancement of η increases the encompassement effect (See Fig. 2b), the difference between the subband energies 
increases, as can be seen from the energy gap change in the insets given in Fig. 7, and thus blatant blueshifted resonant frequencies 
occur. Also, in Fig. 7a, it is seen that the TRICs amplitudes decrease as a result of decreasing matrix elements due to increasing η (See 

Fig. 2. The effective potential profile of the MQD system, (a) as function of the radial distance (r(a0)) and potential depth (V0) when η = 0.35/a0, T 
= 300K, P = 3 GPa and F = 1 kV/cm, (b) as function of the radial distance (r(a0)) and potential width (η(a− 1

0 ))) when x = 0.15, T = 300K, P = 3 GPa 
and F = 1 kV/cm, (c) as function of the radial distance (r(a0)) and external electric field (F(kV/cm)) when x = 0.15, η = 0.35/a0, T = 300K, P = 3 
GPa. Note:ℓ = 1 and m = 0. 
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Fig. 7a inset). It is great to mention that the blue-shifting considerations in the TRICs are also true in the TACs. However, the behavior 
of resonant amplitudes for the TACs as a result of increasing this parameter is the opposite of that for the TRICs. As seen in Fig. 7b, 
increasing the η parameter considerably escalates the TACs amplitudes. The reason for this is the precedence of the linear and 
nonlinear contribution to each other to form the absorption coefficients. 

In Fig. 8a and b, the TRICs and TACs are presented for some external electric field values as a function of the incident photon 
energy. As seen in Fig. 8a, increasing ξ creates blueshifted resonant frequencies in terms of both the TRICs and TACs. Because, as it is 
clearly seen in Fig. 2c, when the electric field is acted in the growth direction, the trapping effect of the electron enhances, that is, the 
increasing electric field boosts the repulsion of the potential. As a more repulsive potential, as here, creates bound state localizations 
with greater energy gaps, an explicit blueshift occurs at the resonant frequencies of the TRICs and TACs This is clearly seen in Fig. 8a 
inset that presents the energy difference change depending on the electric field. Similarly, the TRICs amplitudes decrease due to the 
decrement in matrix elements as the external electric field strength increases (See Fig. 8a and its inset). The TACs have a similar 
character to the TRICs, due to altering electric field strength, except for the amplitudes. The behavior of the TACs resonant amplitudes 

Fig. 3. For the MQD system with x = 0.15, η = 0.35/a0, T = 300K, P = 3 GPa and F = 1 kV/cm, (a) the TRICs for I = 0.05 − 0.2–0.3 × 1010W/m2 

when σν = 6 × 1023m− 3, (b) the same of (a) but the TACs for I = 0.05 − 0.1–0.2 × 1010W/m2, (c) the TRICs for σν = 4–6–8 × 1023m− 3 when I = 0.1 
× 1010W/m2, (d) the same of (c) but the TACs. 

Fig. 4. When I = 0.1 × 1010W/m2 and σν = 6 × 1023m− 3, the TRICs (panel (a)) and TACs (panel (b)) of the MQD system with x = 0.15, η = 0.35/a0, 
T = 0–50 − 150 − 300K, P = 3 GPa and ξ = 1 kV/cm. The insets show the relevant energy differences and matrix elements, respectively, as ΔE = Ef 
− Ei, |M|+ = |Mif|2, |M|x = |Mii − Mff|2. 
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is contrary character that of the TRICs, depending to the increment in electric field strength. As seen in Fig. 8b, the enhancement of the 
parameter ξ dramatically increases the TACs amplitudes. This is due to the predominance of the linear and nonlinear contributions of 
the absorption coefficients to each other, similar to the results of the other parameters. 

The optical properties of the MQD have been also studied without the effect of the hydrogenic impurity atom at its center. It has 
been observed that the effective potential of the system changes very faintly in the absence of hydrogen impurity. For more detail, 
when the bound state energy levels are also probed, the hydrogenic impurity effect is again found to be very feeble, as expected. 
Therefore, it cannot be said that the hydrogenic impurity has an observable effect on optical properties in consideration of this 
quantum dot structure, and under related conditions. However, if impurities with larger atomic number can be employed instead of the 

Fig. 5. When I = 0.1 × 1010W/m2 and σν = 6 × 1023m− 3, the TRICs (panel (a)) and TACs (panel (b)) of the MQD system with x = 0.15, η = 0.35/a0, 
T = 300K, P = 0–3 − 9 − 15 GPa and ξ = 1 kV/cm. The insets show the relevant energy differences and matrix elements, respectively, as ΔE = Ef −

Ei, |M|+ = |Mif|2, |M|x = |Mii − Mff|2. 

Fig. 6. When I = 0.1 × 1010W/m2 and σν = 6 × 1023m− 3, the TRICs (panel (a)) and TACs (panel (b)) of the MQD system with x = 0.15 − 0.25 −
0.35 − 0.45, η = 0.35/a0, T = 300K, P = 3 GPa and ξ = 1 kV/cm. The insets show the relevant energy differences and matrix elements, respectively, 
as ΔE = Ef − Ei, |M|+ = |Mif|2, |M|x = |Mii − Mff|2. 

Fig. 7. When I = 0.1 × 1010W/m2 and σν = 6 × 1023m− 3, the TRICs (panel (a)) and TACs (panel (b)) of the MQD system with x = 0.15, η = (0.25 −
0.3 − 0.35 − 0.5)/a0, T = 300K, P = 3 GPa and ξ = 1 kV/cm. The insets show the relevant energy differences and matrix elements, respectively, as 
ΔE = Ef − Ei, |M|+ = |Mif|2, |M|x = |Mii − Mff|2. 
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hydrogenic impurity, measurable quantities may result, which case is an expected case, because the Coulomb potential of the 
hydrogenic impurity is faint compared to other effects that make up the effective potential. 

4. Conclusion 

In this study, the TRICs and TACs of the MQD generated by the InxGa1− xAs/GaAs heterostructure, including the effects of the 
temperature, hydrostatic pressure, external electric field, and a centrally located donor impurity, have been theoretically probed. As 
well as the analysis of external parameters, it has been investigated that how to affect optical specifications structural parameters as In- 
concentration and MQD width. The notable results can be outlined as follows: i)The temperature has a slight weak influence on the 
TRICs and TACs. Because the response of the subband energies to temperature is too weak to be ignored. Therefore, the temperature is 
not an operational argument in optical sense either. ii)A decrement, resulting from augmenting hydrostatic pressure, in the TRICs and 
TACs amplitudes, and a redshift in relevant resonant frequencies are observed. The increment of the parameters x, η, and ξ are al-
ternatives to each other in terms of their blue-shifting effects on the resonant frequencies. However, these parameters are also 
alternative to each other in terms of the TRICs and TACs amplitudes. In this manner, the hydrostatic pressure effect should be 
considered as a different external effect in terms of its effect on both the amplitude and resonant frequencies of the TRICs and TACs. iii) 
Increasing the optical intensity within special restrictions does not create instability in the system. Under the physical conditions in the 
present work, the optimal operating range of MQD for optical intensity has been determined, which is a notable gain for application 
studies. Here it should be pointed out that the ranges of all parameters in the work for optimal operations have been determined, and 
they are also achievable experimentally. This case has been very motivating for us in the sense that the present work overlaps with the 
implementation researches. As the MQD is a periodically repeating potential when considering a wider spatial limits, it can also be 
evaluated in the possible applications of multiple quantum wells, which is a remarkable point on the functionality of the MQD. 
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