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Abstract
The nonlinear optical rectification, the second harmonic generation coefficient, and the third
harmonic generation coefficient in parabolic-inverse parabolic-parabolic quantum wells
(PIPPQWs) and inverse parabolic-parabolic-inverse parabolic quantum wells (IPPIPQWs) are
calculated varying the intense laser field (ILF) parameter (α0). The modifications of the dipole
moment matrix elements and the energy levels are depending on the potential shape. The results
show that the ILF intensity exerts an active influence on the profile, height, and width of the
confinement potential of both PIPPQW and IPPIPQW. The potential profile of IPPIPQW has
been affected otherwise than PIPPQW for different ILF intensities. The nonlinear optical
rectification, the second harmonic generation, and the third harmonic generation coefficients of
PIPPQW and IPPIPQW could be altered in the energy range and the size of the resonance peak
by rising the ILF intensity. By changing the α0 parameter, it is conceivable to organize red or
blue shift at the resonance peak positions of the nonlinear optical rectification, the second
harmonic generation, and the third harmonic generation coefficients. The shift of the nonlinear
optical rectification coefficient occurs when the difference between the ground and the second
energy levels changes. According to the parameters used here, while for PIPPQW the spectrum
of the resonance peak of the nonlinear optical rectification displays a blue shift with increasing
ILF, this spectrum displays a red shift for IPPIPQW. The consequences can be valued in
investigating new ways of changing the optical and electronic properties of semiconductor
quantum wells.
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1. Introduction

The quantum wells, which contain largely non-homogeneous
parts rather than having a rectangular profile, have obtained
increasing attention due to their various applications. Such
structures provide the desired optical properties for device
design which can be used to modulate and control the intens-
ity output of semiconductor devices. By varying potential well
shape, both the energy levels and the wave function change,
and accordingly a large number of physical features modify.
For example, the parabolic quantum wells have been used as
a cascade barrier part of the quantum well lasers to develop
the optical limiting parameter and as a collection of carriers
to a thin quantum well to decrease the threshold current dens-
ity [1, 2]. The parabolic quantum wells exhibit unique phys-
ical properties that are of interest from theoretical and prac-
tical perspectives. The parabolic quantum wells are also used
to reflect infrared detectors with low leakage current [3] and
are used in resonance tunneling devices for potential claims in
high-speed circuits [4]. Theoretical and experimental research
on the influences of magnetic, electric, and laser fields and the
hydrostatic pressure in the parabolic quantumwells [5–13] and
the inverse parabolic quantum wells [12–15] have also been
the topic of attention in most investigates.

The linear and nonlinear optical developments connected
to the intersubband transitions in low-dimensional semicon-
ductor systems have enticed extensive consideration because
of the strong quantum confinement conclusion, leading to
minor energy separation between the energy levels, the great
importance of dipole moment matrix elements (DMMEs), and
the possibility of realizing resonance situations. Consequently,
the linear and nonlinear optical properties have been widely
investigated in low-dimensional semiconductor structures due
to device application potentials in the infrared region of the
electromagnetic spectrum. The DMMEs show that semicon-
ductor quantum wells have a large nonlinearity. For the non-
linear optical properties of low-dimensional semiconductor
structures, it is very important to investigate the second and
third-order nonlinearities. Recently, some authors have stud-
ied nonlinear optical rectification, the second harmonic gen-
eration, and the third harmonic generation coefficients in low-
dimensional semiconductors [16–21].

The intense laser field (ILF) effects on the confinement
potential and the corresponding energy levels play a vital role
in optoelectronic device demonstrating. The influence of ILF
with high-frequency also causes significant changes in the
form of the confinement quantum well potential [22–26], and
transition from the single quantum well potential to double
quantum well potential can be achieved by the ILF effect
[23]. As the potential profile of the system is strongly tuned
with the ILF parameter (α0), the optical characteristics, as
well as energy states change significantly. The rapid conver-
gence of exciting levels in GaAlAs/GaAs quantum well with
increasing ILF density allows improving population inversion
in the optical pumping scheme, which is important for the
design of powerful quantum well lasers. Therefore, we con-
sider that it is worth considering the effect of ILF on the non-
linear optical properties for different quantum well structures.

The non-resonant ILF intensity can be used as a way to util-
ize the electronic and optical properties of the quantum wells.
Since GaAlAs/GaAs structures are useful in modern photo-
electronic and high-speed electronic devices, pressure and
external field dependence of electrical and optical properties
in related systems have been widely considered [27–31].

We consider Ga1−xAlxAs/GaAs structure with parabolic-
inverse parabolic-parabolic quantum wells (PIPPQWs) and
inverse parabolic-parabolic-inverse parabolic quantum wells
(IPPIPQWs). In this study, theoretical studies of the nonlin-
ear optical rectification, the second harmonic generation, and
the third harmonic generation coefficients of PIPPQW and
IPPIPQW by rising ILF are emphasized. To the best of our
knowledge, this is the first research article, which compares
these nonlinear optical properties in PIPPQW and IPPIPQW
structures.

2. Theory

The wave functions and corresponding energy levels of
PIPPQW and IPPIPQW can be calculated by solving the
Schrödinger equation under effective mass approximation.(

− ℏ2

2m*

d2

dz2
+V(z)

)
Ψ(z) = EΨ(z) . (1)

Herein, V(z) symbolizes the confinement potential, and E and
Ψ(z) correspond to the eigenenergy and eigenfunction. The
confinement potential of PIPPQW and IPPIPQW (LL, LM, LR
are the left, middle, right quantum well widths) have
taken as

VPIPPQW (z)

= V0



2
L2L

(
z+

(
LL +LM

2

))2

−
(
LL +

LM
2

)
⩽ z⩽−LM

2

− 2
L2M

(
z2
)
+

1
2

−LM
2

⩽ z⩽ LM
2

2
L2R

(
z−

(
LM +LR

2

))2
LM
2

⩽ z⩽
(
LM
2

+LR

)
1 elsewhere

(2a)

VIPPIPQW (z)

= V0



−
2
L2L

(
z+

(
LL + LM

2

))2

+
1
2

−
(
LL +

LM
2

)
⩽ z⩽−

LM
2

2
L2M

(
z2
)

−
LM
2

⩽ z⩽ LM
2

−
2
L2R

(
z−

(
LM + LR

2

))2

+
1
2

LM
2 ⩽ z⩽

( LM
2 + LR

)
1 elsewhere

.

(2b)

The Floquet method has been used to combine the non-
resonant polarized ILF effect through the z-direction [32].
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Figure 1. For PIPPQW the confinement potential profile (black curve) and the squared wave functions related to the first four energy levels
for (a) α0 = 0, (b) α0 = 3 nm, (c) α0 = 5 nm, (d) α0 = 10 nm.

In the high-frequency regime [33, 34], a closed-form for
the dressed potential is offered. Hence, the second term at
the left-hand side in equation (1) should be recovered by
V(z)→ ⟨V(z,α0)⟩. The laser-dressed potentials are presented
by [34]:

⟨V(z,α0)⟩=
Ω

2π

2π/Ωˆ

0

V(z + α0 sinΩt)dt (3)

where α0 =
√

e28πIlaser
m*2 cΩ4

is the laser-dressing parameter [26, 35],

Ilaser is the mean intensity of the laser, c is the light velocity,
and Ω is the laser frequency.

After the wave functions and corresponding energy
levels are obtained, the nonlinear optical rectification
[17, 19], the second harmonic generation [18, 19], and the

third harmonic generation [18, 19] coefficients have been
given under the compact density matrix approach as in
equations (4)–(6);
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(5)
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Figure 2. For IPPIPQW the confinement potential profile (black curve) and the squared wave functions related to the first four energy levels
for (a) α0 = 0, (b) α0 = 3 nm, (c) α0 = 5 nm, (d) α0 = 10 nm.

χ
(3)
3ω =

e4σv

εo

M21M32M43M41

(ℏω−E21 − iℏΓ3)(2ℏω−E31 − iℏΓ3/2)(3ℏω−E41 − iℏΓ3/3)
. (6)

Mfi describes the DMMEs and it is given as

Mfi =

ˆ
Ψ*
f zΨidz , (i, f= 1,2,3,4) (7)

where the angular frequency of the photon is represented as ω,
(Efi = Ef−Ei = ℏωfi), Ef and Ei are the final and initial energy
states, δ21 =M22 −M11 is the intrasubband DMME, εo is the
vacuum permittivity, and σv is carrier density.

3. Results and discussion

We have investigated the nonlinear optical rectifica-
tion, the second harmonic generation, and the third har-
monic generation coefficients in PIPPQW and IPPIPQW
with and without ILF. In this study, m* = 0.067m0,
LL = 9 nm, LM = 10 nm,LR = 8 nm, V0 = 148 meV (V0 =
0.6
(
1.155x+ 0.37x2

)
(eV) , for x= 0.2), T1 = 1/Γ1 =

1 ps, T2 = 1/Γ2 = 0.5 ps,ℏ/T3 = ℏΓ3 = 0.5 meV, σv =
5 × 1022m−3.
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For several α0 intensities, the confined potential profiles
and the squared of the wave functions corresponding to the
bounded states of PIPPQW and IPPIPQW are presented in
figures 1 and 2, seriatim. It is seen that the shape, width, height
of the effective well, the energy levels, and the wave func-
tions in PIPPQW and IPPIPQW have changed strongly with
increasing α0 value. As the ILF intensity is applied, the bot-
tom of the potential profiles of PIPPQW and IPPIPQW shifts
upwards. When the ILF is increased more (α0 > L/2), the
shape of the whole potential profile changes. The energy levels
values in IPPIPQW have been obtained differently from PIP-
PQW, with and without the ILF. It is noticed from these figures
that both potential shape and energy levels of PIPPQW are
more sensitive to the α0 value. For α0 = 0(α0 = 5 nm), the
energy levels of PIPPQW occurs at 36, 42, 85, and 118 meV
(47, 63, 95, and 121 meV), respectively, whereas the energy
levels of IPPIPQW are observed at 31, 69, 90, and 120 meV
(40, 71, 102 and 129 meV), respectively. As seen obvi-
ously in figures, the most remarkable change happens in the
ground energy level of IPPIPQW. Also, the biggest change
in PIPPQW is seen in the ground and second energy levels.
These differences between the ground and second energy
levels are seen in figure 3(a) and table 1. When the ILF is
applied, we can say that the observed variation in the poten-
tial profiles and the energy levels crucially affect the nonlin-
ear optical properties of the structure based on intersubband
transitions.

Figures 3(a)–(c) shows three energy differences, several
DMMEs, and three DMME’s products as a function of α0 for
PIPPQW and IPPIPQW, separately. With the increase of α0

value, the E21 energy difference in PIPPQW varies greatly. As
seen from figures 3(b) and (c), the minimum and maximum of
both DMMEs and DMME’s products depend on the α0 para-
meter. The energy differences and the DMMEs are also heav-
ily dependent on the ILF intensity for many semiconductor
device applications.

For PIPPQW and IPPIPQW, figures 4(a) and (b) shows the
calculated nonlinear optical rectification coefficient versus the
photon energy for several α0 values. The shift of the nonlinear
optical rectification coefficient is attributed to the variation of
the E21 value for increasing ILF. Respectively, for PIPPQW
and IPPIPQW, the spectrum of the resonant peak displays a
blue shift up toα0 ⩽ 11 nm andα0 ⩽ 1 nm, and then a red shift
for α0 > 11 nm and α0 > 1 nm, which is related to the vari-
ation of E21 by rising α0 value (see figure 3(a)). Since the shift
of the resonance peak should be consistent with the change of
the interval energy E21, the position of the resonance peak is
at E21 ≈ ℏω. While the spectrum of the nonlinear optical rec-
tification in PIPPQW shows a blue shift with increasing ILF,
this spectrum displays a red shift for IPPIPQW. The maxima
of the nonlinear optical rectification coefficient are propor-
tional to the DMME’s product (

∣∣M2
21δ21

∣∣). |δ21| values, which
contribute to the size of the nonlinear optical rectification,
are due to the presence of asymmetry in the potential profile.
In figure 3(c), the DMME’s product (

∣∣M2
21δ21

∣∣) is the max-
imum at α0 = 0 and the minimum at α0 = 7 nm for both PIP-
PQW and IPPPQW. While the resonance peak of the nonlin-
ear optical rectification coefficient decreases with increasing

Figure 3. For PIPPQW and IPPIPQW, (a) three energy differences,
(b) numerous DMMEs, and (c) DMME’s product as a function of
the ILF value.

ILF for PIPPQW, the size of this coefficient at α0 = 10 nm is
greater than at α0 = 5 nm for IPPIPQW.

In figures 5(a) and (b), the plotted the second harmonic
generation coefficients as a function of the photon energy
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Table 1. For PIPPQW and IPPIPQW, the energy differences between the resonance peaks for different ILF values.

PIPPQW IPPIPQW

Energy difference (meV) Energy difference (meV)

0 −18.25 −2.81 −21.06 8.16 0.15 8.31
3 −14.89 −2.5 −17.39 4.44 0.53 4.97
5 −8.10 −0.69 −8.79 0.22 1.37 1.59
10 10.49 3.64 14.13 1.79 2.31 4.10

Figure 4. The nonlinear optical rectification coefficient as a function of photon energy for several ILF values for (a) PIPPQW and
(b) IPPIPQW.
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for PIPPQW and IPPIPQW are shown for several α0 values.
Two resonance peaks relate to each one of the resonance fre-
quencies. The corresponding position of resonance peak is at
E31/2≈ ℏω (dominant-major peak) and at E21 ≈ ℏω (weak-
minor peak). The energy difference between these two reson-
ance peaks is offered in table 1 for different α0 parameters.
The separation of the second harmonic generation coefficients
is the direct result of the asymmetrically spaced energy levels.
For PIPPQW, the E31/2 value remained almost constant up
to α0 < 6 nm and then increased, and the largest value has
been seen at α0 = 9 nm. Also, for IPPIPQW, the E31/2 value
remained almost constant up toα0 < 7 nm and then decreased,
and the smallest value has been seen at α0 = 12 nm. Thus, the
dominant peak at α0 = 10 nm shows the blue shift for PIP-
PQW and the red shift for IPPIPQW. The variations of E21

are the same as in the nonlinear optical rectification coef-
ficient. As seen from figure 5 and table 1, in PIPPQW for
0< α0 ⩽ 7 nm range, the minor resonance peak of the second
harmonic generation coefficient is to the left of the major res-
onance peak. Because E21 value is less than E31/2 in this
range. Also, for IPPIPQW the major of the resonance peak
appears as a single peak because the E21 and E31/2 values are
almost the same for α0 = 5 nm. For 6 nm⩽ α0 ⩽ 8 nm range,
E21 value is less than E31/2. Thus, according to the parameters
used here, the minor resonance peak of the second harmonic
generation coefficient is to the right of the major resonance
peak. The magnitude of the resonance peaks of the second
harmonic generation coefficient is consistent with the vari-
ations of the absolute DMME’s product (|M21M32M31|) and
the energy differences. These DMME’s product is minimum
at α0 = 7 nm for both PIPPQW and IPPIPQW. The physical
reason for these results is the change in the confinement of
electrons by rising α0 parameter.

For PIPPQW and IPPIPQW, the third harmonic generation
coefficient versus the photon energy is plotted in figures 6(a)
and (b) for different ILF values, separately. It is seen that three
resonance peaks are observed and these peaks are correspond-
ing to the resonance frequencies. The position of the resonance
peak is at E41/3≈ ℏω (dominant-major peak), E31/2≈ ℏω
(middle peak), and at E21 ≈ ℏω (very weak-minor peak). For
PIPPQW, all resonance peaks (except α0 = 10 nm) are sor-
ted from right to left according to energy differences, respect-
ively for E41/3, E31/2, and E21. (For α0 = 10 nm this order
is E21, E31/2, and E41/3). However, for IPPIPQW, the reson-
ance peaks are sorted from left to right according to energy
differences, respectively, E41/3, E31/2, and E21. The major
resonance peak appears as a single peak because E41/3 and
E31/2 (E21 and E31/2) values are close to each other at α0 = 0
(α0 = 5 nm). The energy differences between the resonance
peak s are also shown in table 1. As can be seen from this table,
the energy differences of PIPPQW and IPPIPQW are very dif-
ferent from each other. For PIPPQW, the resonance peak spec-
trum of E41/3 displays a red shift. Whereas for IPPIPQW,
the spectrum gives the blue shift up to α0 ⩽ 2 nm and the red
shift after α0 > 2 nm. The variations of the resonance peak
spectrum of E31/2 and E21 are the same as in the second
harmonic generation coefficient. For PIPPQW and IPPIPQW,
the variation of the DMME’s product (|M21M32M43M41|) is

Figure 5. The second harmonic generation coefficient versus
photon energy for several ILF values for (a) PIPPQW and
(b) IPPIPQW.

quite different from each other. While the multiplication of the
DMMEs (|M21M32M43M41|) is the minimum atα0 = 7 nm for
PIPPQW, this is theminimum atα0 = 5 nm andα0 = 9 nm for
IPPIPQW (see figure 3(c)). The results show that change in the
resonance peak of the third harmonic generation coefficient
not only directly results of the absolute product of the DMMEs
|M21M32M43M41|, but also in the energy interval E21,E31,E41

in the denominator, which introduces more asymmetry to the
system. The overlap between the wave functions varies due
to the dissimilarity of potential profile geometry changed by
the ILF parameter. Effects on the DMMEs are related to the
behavior of the electron wave function and the geometric con-
finement of electrons in quantum wells.
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Figure 6. The third harmonic generation coefficient as a function of
photon energy for several ILF values for (a) PIPPQW and
(b) IPPIPQW. (Blue (a) and black (b) curves were reduced by
3 times for PIPPQW and IPPIPQW, respectively.)

4. Conclusions

Herein, the effective mass approximation is applied to solve
the time-independent Schrödinger equation to obtain the wave
functions and the energy levels for the PIPPQW and IPPIPQW
under the ILF. For several ILF intensities, the nonlinear optical
rectification, the second harmonic generation, and the third
harmonic generation coefficients are calculated as a function
of the incident photon energy. The ILF parameters have a
huge impact on the nonlinear optical rectification, the second
harmonic generation, and the third harmonic generation coef-
ficients. The shape of the quantum wells is changed with

increasing ILF density, resulting in the variation of the energy
levels, the electron probability densities, and the DMMEs.
This development is a way of studying how to control the elec-
tron in these systems. It has been presented that the energy
separation among energy levels has varied with increasing ILF
value. As the ILF intensity changes, the DMMEs are revised
due to the overlap between the status wave function. We have
concluded that the position and size of the resonance peaks of
the nonlinear optical rectification, the second harmonic gen-
eration, and the third harmonic generation coefficients are
depending on the ILF because of the change in the DMMEs
and the energy difference. In a conclusion, we can say that it
is possible to tune the electronic and optical features of PIP-
PQW and IPPIPQW by adjusting ILF. To do that varying ILF
parameters is one of the ways. The obtained numerical results
are important to design PIPPQW and IPPIPQW based semi-
conductor devices.
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