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BEST PROXIMITY POINT RESULTS FOR I' CLASS OF
MAPPINGS

RAMALINGAM SAKTHI, SELMA GULYAZ-OZYURT, AND SARAVANAN KARPAGAM

ABSTRACT. In this manuscript, we define the class of T' consist of p-cyclic map-
ping with certain assumptions. We investigate the existence and unigueness of a
best proximity point in the setting of a metric space with an additional condition
p-completeness. Further, we examine the both existence and uniqueness a best
proximity point for the mapping that lies in this class in the context of strictly
convex normed linear space.

1. INTRODUCTION

In nonlinear functional analysis, best proximity point theory is a crucial tool
with dealing with the approximate solutions. Indeed, fixed point theory and best
proximity point theory are like two halves of a whole and the same time, they are
complements of the each other. In case the equation Fx = x has an exact solution,
we deal with the fixed point theory. On the other hand, if there is no exact solution
of the equation Fo = x, the best point of proximity theory enters the discussion.
Roughly speaking, for a self-mapping F' on a metric space (X, d), existence of a fixed
point theory is the equivalent of the equation d(x, Fx) = 0. In the case d(x, Fx) > 0
we 1nvestigate the best approximation. This problem turns into more interesting
if consider two subsets A, B of a metric space in a way that /7 : A — B, In this
case, the best approximation is equivalent to the solution of the following equation
d(z, Fz) = d(A, B) where d(A, B) := inf{d(a,b) : a € A and b € B}. The solution
of the last equality is called best proximity point of non-selfinapping F. It should
be noted that almost all real world problems can be expressed as Fx = x, as fixed
point problem. As it is expected, not all equations have an exact solution and that
express the necessity of the best proximity point theory [1,9,12,13,18].

In what follows, we shall recall the cyclic mapping and cyclic contractions. For
non-empty subset A, B of a metric space (X,d), a selfmapping T on A U B is
called cyclic if T(A) € B and T(B) C A. In 2003, Kirk-Srinivasan-Veeramani
26] proposed a new contraction, namely cyclic contraction, based on the cyclic
mappings. After this initial paper, existence and uniqueness of a cyclic mapping
has been investigate heavily by many authors, see e.g. (2-7,11,14,15,19-23] and
the related reference therein.

2. PRELIMINARIES

Definition 2.1. Let (X,d) be a metric space. Let Ay, As,..., A,(p > 2) be non
empty subsets of X.
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(1) Amap T : UY_ | A; — UP_ A, is called a p-cyclic map if T(4;) C A+
where A, = A; ([24]).

(2) A point z € A; is said to be a best proximity point of 7" in A;, if
d(z, Tx) = dist(A;, Aiy1) ([24)).

(3) Let T: UF_, A; — UL A, be a p-cyclic map. T is said to be a p-cyclic non
expansive map if for x € A;, y € A;yq, d(Tz, Ty) < d(z,y) ([24]).

(4) A p-cyclic map T is said to be p-cyclic strict contraction([17]) if, for all
r€A,ye Ay, 1 <1<

(1) plz,y) > dist(A;, Aip1) = p(Tz, Ty) < p(z,y); and

(il) p(x,y) = dist(A;, Aiy1) = p(Tz, Ty) = p(z,y).

(5) A sequence {r,}22, C U _| A, is called a p—cyclic sequence([17]) if zpn4i €
Aj, foralln € Ngand i = 1,2, ... p.

(6) We say that {z,}72, is a p—cyclic Cauchy sequence([17]), if for given
¢ > 0 there exists an Ny € N such that for somei € {1,2,...,p}, we have

(21) ,{J(ﬂ}‘}m.H'T &?}rm;+;'+1} < di&t(ﬂh 4"1,;4.1} T £, v m, n = J""u'r[}..

(T) Let {zn}2°, be a p-cyclic sequence in UP_, B;. If for some j € {1,2,...,p}
the subsequence {xp,.;} of {z,};2, converges in A;, then we say that
{rn}%, is p—cyclic convergent ([17]).

(8) We say that UY_ A, is p-cyclic complete if every p-cyclic Cauchy sequence

in UT_, B; is p-cyelic convergent ([17]).

Proposition 2.2 ([17]). Let Ay, A, ..., Ay, (p = 2) be non-empty convex subsets of a
strictly convez normed linear space X such that dist(A4;, A;1) >0, i € {1,2,...,p}.

Let T : UP_ A, — UP_|A; be a p-cyclic map. Then, T has at most one best
prozimity point in A;, 1 <i < p.

Definition 2.3 ([17]). For a non-empty set M, suppose p: M x M — [0, oc) forms
a metric and By, By, ..., By (p = 2) are non-empty subsets of M. A p-cyclic map
T : B, — Ul_| B, is said to belong to the class € if

(1) T is p-cyclic strict contraction.

(2) If 2,y € B;, then lim, o p(TP"z, TP y) = dist(B;, Biy1),1 <i < p.

Definition 2.4 ([25]). Let (X, d) be a metric space. Let A;, Ay, ..., A, be non
empty subsets of X. Let T : UY_, A; — UY_, A; be a p-cyclic map such that for some
xz € A;, (1 <17 < p),the following inequality holds for each k¥ =0,1,2,...,(p — 1)

(2.2) d(TP"*z, T y) < d(TPH* 1z, T*y), for all y € A; and for all n € N.
Then the map T is called p-cyclic orbital non expansive map.
Definition 2.5 ([29]). Let (X,d) be a metric space. Let A;, Ay, ..., A, be non

empty subsets of X. Let T : UP_, A; — UP_, A; be a p-cyclic map such that for some
x e Ay, (1 <i<p), forall y € 4; and for all n € N, the following inequality holds:

d[:TPﬂ+k$]Tk+ly} “'“_':ﬂ'[d(Tm+k_]‘;I?,Tky:}:d{ir-pn-'_k_l;ﬂ,Tk’y'::l

(2.3) +[1 — a(d(TPHE 1z, Thy))dist (A1, Airk)]
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where «« € 5. Then T' is called, p-cyclic orbital Geraghty type map.

Proposition 2.6 ([29, Proposition 2.1|). Let (X,d) be a melric space and
Ay, Az, ..., Ap be non empty subsets of X. Let T : UY_ A, — UY_ A; be a p-cyclic
orbital Geraghty type map with an x € A;, 1 < i < p, satisfying (2.6). Then the
following hold:
a) T is a p - cyclic orbital non expansive map.
b) limy—yoo d(TP g, TPHEYlYY — dist(Asik, Aizky1), ¥ € A;, for each k €
{0,1,2,...,p}

Definition 2.7 ([25]). Let (X,d) be a metric space. Let A;, 1 = 1,...,p be non
empty subsets of X.Let T : UY_, A; — UP_| A; be a p-cyclic map. Then T is called a
p-cyclic orbital Meir-Keeler contraction map, if for some x € A; (1 <4 < p),
and for each k = 0,1,2, ..., (p— 1), the following holds: For every € > 0, there exists

a & > 0 such that

if there holds d(TP* ™+~ 1z, T*y) < dist(A;ik_1, Airx) + €+ 4
then there holds d(TP" %z, T 1y) < dist(Airk, Aivky1) + €,

for all n € N, for all y € A;.

(2.4)

Lemma 2.8 ([25]). Let (X,d) be a metric space. Let A;, i = 1,...,p be non empty
subsets of X. Let T : UY_|A; — UY_| A; be a p—cyclic orbital Meir—Keeler contrac-
tion map. Then there exists an L-function ¢ such that for an x € A; satisfying
(2.4), the following hold:

(2.5) if there holds d(TP"tE— g, TFy) > dist(Aipr—1, Aivk)
" then there holds Ay, (2, y) < d(Apnk—1(x,v)),
where we use the notation Ay k(x,y) = d(TP"Ex, T y) — dist(A; 4 x, Aigrs1) and

if there holds d(TP"T*"1x, T*y) = dist(A; g1, Airk)
then there holds d(TP™ ez, T*+1y) = dist(A;rx, Aigrs1),

for each k =1,2,....p, for all n € N and for all y € A;.

(2.6)

Remark 2.9 ([25]). From Lemma 5.1, it follows that a p-cyclic orbital Meir-Keeler
contraction map is p—cyclic orbital non expansive map.

Lemma 2.10 ([25]). Let (X,d) be a metric space. Let A;, © = 1,...,p be non
empty subsets of X. Let T : Y | A; — UP_ | A; be a p-cyclic orbital Meir-Keeler
contraction map with an x € A; satisfying (2.4). Then for all y € A; and for
each k € {0,1,2,...,(p — 1)}, the sequence {d(TP" ¥z, TP T5+1y)1%0 | converges to
dist(Aiyx, Aizry1)-

Definition 2.11 ([10]). Let (X,d) be a metric space. Let Ay, Ag,..., A, be non
empty subsets of X, Let T : UT_, A; — UP_| A; be a p-cyclic map such that for some
red;, (1<i<p), forall ye A; and for all n € N, the following inequality holds:
A(TP e, T y) < Pld(TP =g, Thy) — dist(Aipk_1, Aiss)]

(2.7) |
Fdist(Ajik_1, Aigx)
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where ¥ : [, 0c) — [0, 0¢) is upper semi continuous from the right and satisfies
P(t) < tfor t > 0 and ¢(0) = 0. Then T is called p-cyclic orbital contraction
of Boyd-Wong type.

Proposition 2.12 ([10, Proposition 11]). Let (X,d) be a metric space and
Ay, Ag, o, Ay be non emply subsets of X. Let T - \J_ | A; — UT_ | A; be a p-cyclic
orbital contraction map of Boyd-Wong type, with an x € A;, 1 <1 < p, satisfying
(2.6). Then the following hold:
a) T is a p - cyclic orbital non expansive map.
b) lim,, oo d(TP ey TPHE+Ly) — dist( Ak, Aiirs1), ¥ € Aj, for each k €
{0,1,2,...,p}

Definition 2.13 ([16]). Let A;, Ag,..., Ay(p € N, p > 2) be non empty subsets of
a metric space X and ¢ : [0,00) — [0, 00) be a strictly increasing map. We say
that a p-cyclic map T : | Jf_; A; — [J_, A; is p-cyclic orbital ¢-contraction
if for each k = 0,1,2,...,(p — 1) and for some z € A; (1 < i < p), the following
inequality holds:

23)

TPz, T y) < (TP 1, Thy) — (TP 2, TRy)) + d(d( Aisk-1, Aisk))

forally € A; and n € M.

Proposition 2.14 (|16, Proposition 2.2]). Every p-cyclic orbital ¢-contraction map
s p-cyclic orbital non-expansive.

Proposition 2.15 ([16, Proposition 2.3]). Let A1, As,..., Ap(p € N,p > 2) be non
empty subsets of a metric space X. Let ¢ : [0,00) — [0, 0¢) be a strictly increasing
map. If T : | ', Ai — U, A; is a p-cyelic orbital ¢-contraction map such that
equation(2.8) holds for some x € A;, (1 < i < p), then

lim d(TP*tee, TPHR+Lly) — dist( ik, Aivrsr)

—00 '
for everyy € A; and k € {0,1,2,...,p}.
B be non emply, closed and convex subsets of X. Let {x,} and {y,} be sequences
in A and {z,} be a sequence in B such that the following holds:
e lim,, o ||z — zn|| = dist(A, B)
o lim, .o ||Un — 2znl|| = dist(A, B)

Lemma 2.16 ([8]). Let (X, |.||) be a uniformly conver Banach space. Let A and

then lim,, o ||zn — yn|| = 0.

3. I’ CLASS OF MAPPINGS

Definition 3.1. Let (X,d) be a metric space and Aj, Ao, ..., A, be non empty
subsets of X. A p-cyclicmap T : \UP_ A; — _szlA,- 1s said to belong to class I' if T'

satisfies the following conditions:

(C1) T is p-cyclic orbital non expansive map.
(C2) For each x € A; (1 <1 < p) satisfying (2.2),

Lty o d(TP" o, TP Ly) = dist(Aiik, Aitkgr)

foralln € N, for all y € A; and k € {0,1,2,...,p}
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If T € I' then T entails the distances between the adjacent sets to be equal. This
is proved in the following proposition.

Proposition 3.2. Let X, Ay, Aa, ..., Ap, T be as in definition 3.1. Let T € I'. Then
dist(A1, Az) = dist(Az, Az) = .... = dist(Ap, Ay).
Proof. Without loss of generality, let x € A, satisfy 2.2. Then
dist(Ag, Agy1) < d(TPVTEg, TPTETLY) < g(TPtk—1y TPTRY),
foralln ¢ N, for all y € A; and k € {0,1,2, ..., p}. Taking limit as n — oo and hy
condition (C2),
dist(Ag, Ags1) < lim d(TPPHE=1g TPrrRy) — dist(Ag-1, Ar).

=0

Since this is true for each k € {0,1,2, ..., p} we have
d?:Sﬁ(A]_,“-‘lg} = di.ﬂt(“—‘lp+lrﬂp_._g) i: f,'fl.'.’:Sf{APrAp_._lj "1_': e = d?:St(AQ:, “-‘ll}.
Hence the proof. O

Remark 3.3. If T € ) then T is p-cyclic non expansive and this condition alone
is enough for the distances between the adjacent sets to be equal. But if T € T
then both the conditions (C1) and (C2) are needed for the distances between the
adjacent sets to be equal.

4. SOME KNOWN MAPS WHICH BELONG TO CLASS [

Some p-cyclic maps which satisfy various orbital contractive conditions fall under
class I'.

Example 4.1. Let (X, d) be a metric space and Ay, Ay, ..., A, be non empty subsets
of X. Let T : UY_JA; — WY | A; be a p-cyclic orbital Meir—Keeler contraction
(definition 2.7). Then T € T".

Proof. By remark O

Example 4.2. Let (X, d) be a metric space and Ay, A, ..., A, be non empty subsets
of X. Let T: U¥ A, — UY_| A; be a p-cyclic orbital contraction of Boyd-Wong
type (definition 2.11). By proposition 2.12 (a) and (b), conditions (C1) and (C2)
are satisfied respectively. Therefore T € I

Example 4.3. Let (X, d) be a metric space and Ay, Az, ..., A, be non empty subsets
of X. Let T : Ul_;A; = U"_| A; be a p-cyclic orbital Geraghty type map (defini-
tion 2.5). By proposition 2.6 (a) and (b), conditions (C1) and (C2) are satisfied
respectively, Therefore T' € T'.

Example 4.4. Let (X, d) be a metric space and A;, Ag, ..., A, be non empty subsets
of X. Let T : UF_, A; — UP_, A; be a p-cyclic orbital ¢-contraction (definition 2.13).
By propositions 2.14 and 2.15, conditions (C1l) and (C2) are satisfied respectively.
Therefore T € I

Remark 4.5. Let T € I" and = = ¢ € A4, satisfy (Cl) and (C2). Set z, = T"x.
Then we see that the sequence of orbit of z € A; is a p-cyclic sequence.
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Lemma 5.1. Let (X,d) be a metric space and Ay, Az, ..., Ay be non empty and
closed subsets of X. Let T : U2 | A; — X A; be a p-cyclic map which belongs to
[. Assume that for some k € N and = € A; (1 < i < p), the sequence {TP" 5y}
converges to £ € A, then £ is a best promimity point of T in Ajyp.

Proof. Let 2 € A; satisfy conditions (C1) and (C2). By proposition 3.2,
d?:Sf:(.f’h ks Ai FE4 ]_} = dtﬁt(ﬂ.z k=1 ..’11; | Fs::]

d(TP"+*13 €), for each n € N

d(TPHE—ly TPrtky) 4 d(TP Ry, )

1A 1A

Since T € T,
lim {d(TP"* g TPRE) £ d(TP Vg €)) = dist(Ai 1, Aiyik).

TL=k 30
Now
dist(Aiik, Aipry1) <d(,TE) = lim d(TP"*z, TE)

< lim d(7P"HF 12, €)

Tk

= lim {d(TP" 1y, TP F )}

= dist(Ajip_1, Airk)

= dist(Aisr, Aitrt1)
Therefore d(£,TE) = dist(A; p, Aixry1). Hence the proof. O
Lemma 5.2. Let (X,d) be a metric space and Ay, Az, ..., A, be non empty subsets
of X. Let T : U Ay — U | A; be a p-cyclic map which belongs to I' such that
xz € Ay satisfies conditions (C1) and (C2). If for every € > 0 there exists an ng € N
such that for some j € {0,1,2, ..., p},

d(TP" 7, TP ) < dist(Aj41, Ajpe) + € myn >ng

then for given epsilon > 0 there exists an nqy € N such that for every k =1,2,...,p
there holds

d(TPrtatky ppmtithtlyy dist(Ajrrt1, Ajpksz) +€mn>ng.

Proof. Let ¢ > 0 be given. Applying p-cyclic orbital non expansive condition for
cach k=1,2,...,p we get

d{Tpﬂ,}j}kI:T;mHj~k{'lm} < d[TanI:Tprn}jl l$)
< dist(Aj11, Aj42) + €, m,n = ng.
df.‘it(ﬂj Fh41) AJ .k.g] +em,n = ng.

Hence the proof. |

Theorem 5.3. Let (X,d) be a metric space and Ay, Ay, ..., A, be non emply and
closed subsets of X such that X = UP_  A;. Let T : UP_ | A; — UP_A; be a p-cyclic
map which belongs to ' such that x € A; (1 < i < p) satisfies conditions (C1) and
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(C2). Let X be p-cyclic complete. Then the sequence {TP"*z} converges to &
which is a best proximity point of T in A, ¢, for each k =0,1,2, ...p—1.

Proof. Let @ = xp € A; satisfy conditions (C1) and (C2). Define a sequence {x,}
in X such that z, = T"x,n € N.

Claim: {T™x} is a p-cyclic Cauchy sequence.

Let m,n € N such that m > n. Now

d(TP™z, TP g) = A(TPH g TP ) where m=n+r, r € N
=  d(T™y, TP 2), where y = TPz € A;
—  dist(A;, Aiy1) as n — oo by (C2).
This 1mplies that for every € > 0 there exists an ng € N such that
d(TPz, TP* ) < dist(A;, Aiy1) + €, m,n > ny.

By lemma 5.2, for a given € > 0 there exists an ny; € N such that

d(TP" ey, TPY,+le) < dist(Aiyk, Aipki1) + € myn > ng
for each k=10,1,2,...,p— L

Hence {TP"**z} are p-cyclic Cauchy sequences for each k = 0,1,2,...,p — 1. Since
X is p-cyclic complete, cach sequence converges to & in A; . By lemma 5.1 & &
is a best proximity point of T in A, . for each kK =0,1,2,...,p — 1. O

Even though there exists a best proximity point & in each set Ay, it is interesting
to ask whether £, = T&.7

Corollary 5.4. Let (X,d) be a metric space and Ay, Az, ..., Ap be non empty and
closed subsets of X such that X =\ F_ A;. Let T :\E_JA; — U _| A; be a p-cyclic
map which belongs to T' such that x € A; (1 < i < p) satisfies conditions (C1) and
(C2). Let X be p-cyclic complete and dist(A;, Aiy1) =0 (1 <i < p). Then there
exists a unique fived point £ of T such that {TP"z} converges to & which belongs to
Iﬁf:alfl-,;,

Proof. By proposition 3.2 dist(A;, Aj41) = 0 for all i = 1,2, ..., p. From theorem
5.3, there exists a £ € A; such that {TP"z} converges to £ and d(£,T¢) = 0. That
is £ = T¢. Since T is p-cyclic, £ € N?_, A; and is a fixed point of T. To prove that
rt is unique, let 7 be such that n = Tn. Then

d(¢,n) = lim d(TP"z,TP"*'n) =0,

=0

which implies n = £. [l

Theorem 5.5. Let X be a strictly conver normed linear space. Let Ay, A, ..., Ay
be non empty, closed and convex subsets such that X = UY_[A;. Let T : U2 (A —
L.f_l.r'l.,; be a p-cyclic map which belongs to I'. If X s p-cyclic complele, then there
erists a unique best prorimity point of T in each subset.

Proof. By theorem 5.3, there exists a best proximity point T; € A; for each j =
1,2,....,p. By proposition 2.2 the obtained bhest proximity point is unique in each

set Aj-. O
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Theorem 5.6. Let X be a uniformly convexr Banach space. Let Ay, Az, ..., Ap be
non empty, closed and convex subsets of X. Let T': UY_ | A; = \F_ | A; be a p-cyclic
map which belongs to class I' with an x € A;, (1 < i < p) satisfying conditions
(C1) and (C2). Then the sequence {TP"**x} converges to &, which is a unique best
prozimaty point of T' in each subset A; . for each k=0,1,2,...,p—1.

Proof. Let € A4;, (1 < ¢ < p) satisfy condition(C1). Let m > n, m,n € N. By
condition (C2) we have

lim ||[TP™tey — TP+l = dist(Airk, Aivkr1)-

T— 00

lim || TP Heg — TPmtEly| = lim |77y — TPy y = TPz r €N

T TR TL—r i3

= dist(Aik, Aivkr1)-

By Lemma 2.16, lim,;; o0 || TP™ ky Tentk z|| = 0. This implies sequence {77"" kr}
is a Cauchy sequence in A;; for each £ = 0,1,2,...,p — 1. Since X is complete,
each sequence converge to a & in A;yx. By Lemma 5.1, £ is a best proximity
point of T in cach A, ;. By Proposition 2.2, the obtained best proximity points arc
unique. O]
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