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Abstract In this study, for the first time, the effect of externally applied static electric, magnetic, and non-resonant THz intense
laser fields on nonlinear optical properties such as the total optical absorption coefficients (TOACs) and relative refractive index
changes (RRICs) in a GaAs/AlGaAs Mathieu quantum well are theoretically investigated in detail. Moreover, the influence of the
adjustable physical parameters, linked to the potential shape of the structure, on the nonlinear optical properties of the system
is also investigated. For this, firstly, the electronic subband energy levels of the Mathieu quantum well, and their envelope wave
functions, are calculated using the diagonalization method within the framework of the effective mass and parabolic single-band
approximations. Then, the outcome of the iterative solution of compact-density-matrix formalism is used to obtain the nonlinear
optical properties of the structure. The obtained numerical results show that the increase in both the structure parameters and the
value of the electric and magnetic field shifted the positions of the TOACs and RRICs peaks towards higher energies (blue-shift).
On the other hand, the increase in the value of the intense laser field shifted the peak positions to lower energy levels (red-shift). The
determination of the functional range for the optical properties of the Mathieu quantum well, using both the structure parameters
and the external fields, is an important gain in terms of providing the initial parameters for experimental studies.

1 Introduction

Nowadays, low-dimensional semiconductor quantum systems such as quantum wells (QWs), wires, and dots have attracted the
attention of many scientific communities due to their unique electronic and optical properties [1–10]. For instance, QWs were
largely employed in the fabrication of quantum devices such as the field-effect transistor (FET), resonant tunneling diodes (RTD),
quantum cascade lasers, as well as a large variety of new generations of optoelectronic devices [11–16]. The electronic energy levels
in QW systems are very sensitive to structure geometry and other physical parameters (hydrostatic pressure, temperature, quantum
size, etc.), including applied external fields. In addition, the doping process is still a very promising technique that is largely used
by researchers to modify the subband energy levels and consequently the optical properties of various QW systems [17–25].

The investigation of QW structures is relevant given their possible applications in technological devices. As mentioned, the shape
of the QW profile affects the physical properties of the systems. Besides, understanding the linear and nonlinear optical properties
of the QW systems is critical because the optical properties of the structure are strongly affected by the structure parameters and the
applied external fields. For this reason, theoretical and experimental research has been carried out to obtain the linear and nonlinear
properties of this structure at different structure parameters and the applied external fields [26–32]. Some of the main studies are as
follows: the effect of the electric field on the nonlinear optical properties of QWs [33], the optical absorption in symmetric double
parabolic QWs [34], TOACs with Rosen–Morse confinement potential [35], the effect of impurities and optical intensities on the
linear and nonlinear optical absorption coefficients (OACs), the RRICs in low-dimensional systems [36], and the OACs and the RICs
of the superlattice [37]. The optical properties in double and triple-delta doped GaAs QW were analysed by Dakhlaoui et al. [38].
They showed the impact of external fields on the optical properties of symmetric and asymmetric doping concentrations, especially
in controlling the blue- and red-shifts of the total optical absorption. Ungan et al. [17] computed the nonlinear optical properties of
a triple-delta doped QW (TDDQW). They demonstrated that the central doped layer plays a crucial role in tuning the amplitude and
abscissa of the optical absorption coefficients. In their works, the asymmetricity of the three doped layers constituted an important
key to obtaining the red- and blue-shifts.
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Despite the diversity of the results obtained in the works mentioned throughout this introduction, a rigorous study of optical
properties in a Mathieu QW is still lacking. For this reason, in the present paper, we aim to discuss the optical properties such as
the TOACs and RRICs produced by the Mathieu QW system under the impact of external fields. Our paper is organized as follows:
theoretical background constitutes in Sect. 2. The discussions and comments on the obtained results are summarized in Sect. 3. And
finally, the important conclusions are presented in Sect. 4.

2 Theory

We consider an electron confined in a Mathieu QW, which is exposed to static electric and magnetic fields in the presence of a
high-frequency, monochromatic intense laser field (ILF) with polarization parallel to the growth direction-̂z of the structure. Also,

we assume that the static electric field is applied parallel to the growth direction of the structure (
−→
F � Fẑ), while the static

magnetic field is applied perpendicular to this electric field (
−→
B � Bx̂). For this particular configuration, the vector potential is

−→
A

(−→r ) � −Bz ŷ in the Landau gauge. Within the framework of the effective mass and parabolic band approximations, the Hamiltonian
of an electron confined in a Mathieu QW structure under the effects of these externally applied fields can be expressed as [39].

H � 1

2m∗
e

[

�pe +
e

c
�A
]2

+ 〈VM (z, α0)〉 + e �F · �z (1)

where m∗
e is the effective mass of the electron in the GaAs material, −→p e is the momentum operator of the electron, e is the absolute

value of the elementary charge of the electron, c is the speed of light in free space and VM (z, α0) is the laser dressed confinement
potential given by the following expression [40]

〈VM (z, α0)〉 � �

2π

2π/�

∫
0

VM (z + α0 sin �t)dt (2)

where, α0 � eA0
m∗
e�

is the laser dressing density parameter, A0 is the optical laser field strength, � is the non-resonant frequency of
the laser field, and VM (z) is the Mathieu confinement potential in the absence of high-frequency ILF and it is given by [41]

VM (z) � V0
[

sin2(ηz) − cos(ηz)
]

(3)

where, V0 represents the potential depth and η is the potential width parameter.
The electron wave function corresponding to the Hamiltonian in Eq. (1) can be written as

ψ(r ) � e
�k⊥· �ρϕ(z) (4)

where k⊥ � (

kx , ky
)

and ϕ(z) satisfies the following one-dimensional Schrödinger equation:
[

−�
2

2m∗
e

d2

dz2 +
e2B2

2m∗
ec

2

(

z +
c�kx
eB

)2

+ 〈VM (z, α0)〉 + e �F · �z
]

ϕ(z) �
[

Ez − �
2k2

y

2m∗
e

]

ϕ(z) (5)

Under the constraint k⊥ � 0, Eq. (5) becomes:
[−�

2

2m∗
e

d2

dz2 +
e2B2Z2

2m∗
ec

2 + 〈VM (z, α0)〉 + e �F · �z
]

ϕ(z) � Ezϕ(z) (6)

where Ez and ϕ(z) are the energy eigenvalue and eigenfunction of the structure under applied external perturbations, respectively.
Using the diagonalization method proposed by Xia and Fan [42], the lower band energy levels of the system and the envelope wave
functions corresponding to these energies are obtained numerically by solving Eq. (6). To solve this equation, the eigenfunction of
an infinite potential well of width L∞ is taken as the basis. These functions are as follows [43]:

ϕn(z) �
√

2

L∞
cos

(

nπ z

L∞
− δn

)

(7)

where δn is

δn �
{

0, n is odd
π
2 , n is even

(8)

so that the wave functions describing the structure under consideration consist of a complete set:

ϕ(z) �
n p
∑

n�1

cnϕn(z) (9)
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where cn are the expansion coefficients. However, for a practical application of the method, we must limit the sum to a finite value
(n p). This means that choosing an appropriate base also plays a role in reducing the number of terms included. In this particular
calculation, we used the convergent values of n p � 200 and L∞ � 100nm for the calculated energy levels, which appear as the
eigenvalues of the Hamiltonian matrix.

After obtaining the bound state energies and associated wave functions for the Mathieu QW, we use the outcome of compact
density matrix approximation, obtained by the iterative procedure [44–46] to calculate the changes of RRICs and OACs corresponding
to transitions between the two subband energy states in the system. For that purpose, we assume that a polarized monochromatic
electromagnetic field interacts with a QW. The electric field vector of this optical wave is [47]

�E(t) � 2 �E0 cos(ωt) � �E0

(

e−iωt + eiωt
)

(10)

where, ω is the angular frequency of the incident electromagnetic field.
The variation of the matrix elements of the one-electron density operator-ρ̂ due to the time-dependent interaction is given by the

Liouville–von Neumann equation [48]:

∂ρ̂i j (t)

∂t
� 1

i�

[

Ĥ0 − �M · �E(t), ρ̂(t)
]

i j
− �i j

[

ρ̂(t) − ρ̂(0)
]

i j
(11)

where ̂H0 is the Hamiltonian of the system in the absence of electromagnetic field-E(t),
−→
M is the electric dipole moment operator

and �i j � 1/Ti j (Ti j is the intersubband relaxation time) represents the relaxation ratio, which phenomenologically explains the
damping caused by electron–phonon, electron–electron and other collision processes. Also, ρ̂(0) is the unperturbed density operator.
Equation (11) can be solved using the standard iterative method

ρ̂(t) �
∑

n

ρ̂(n)(t) (12)

with

∂ρ̂
(n+1)
i j (t)

∂t
� 1

i�

{

[

Ĥ0, ρ̂
(n+1)(t)

]

i j
− i��i j ρ̂

(n+1)
i j (t)

}

− 1

i�

[ �M, ρ̂(n)(t)
]

i j
· �E(t) (13)

Furthermore, the electronic polarization of the system due to the electric field can be written up to the third order of E as

P(t) � E0

(

χ(1)
ω Eeiωt + χ

(2)
0 E2 + χ

(2)
2ω E2e2iωt + χ(3)

ω E3eiωt + χ
(3)
3ω E3e3iωt + . . .

)

(14)

where E0 is the dielectric constant of the vacuum, χ
(1)
ω , χ

(2)
0 , χ

(2)
2ω , χ

(3)
ω and χ

(3)
3ω are linear, optical rectification, second harmonic

generation, third order and third harmonic generation susceptibilities, respectively.
Linear and nonlinear susceptibilities are determined using the same density matrix formalism, and then the corresponding

analytical expressions are given as [49]

χ(1)
ω (ω) � σs

∣

∣Mi j
∣

∣

2
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(
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∣

∣

2

(
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)(
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]

(16)

where, σs is the electron density in the QW, Ei j � Ei − E j is the energy difference between the initial and final energy states,
∣

∣Mi j
∣

∣ � ∣

∣〈ϕi |ez|ϕ j 〉
∣

∣ represents the absolute value of the off-diagonal matrix elements of the electric dipole moment operator for
the z polarization of light and ϕi (ϕ j ) is the eigenfunction of initial (final) state.

Linear and third-order nonlinear RRICs for intersubband transitions can be calculated from

�n(ω)

nr
� �

[

χ(ω)

2n2
r

]

(17)

where nr is the relative refractive index of the structure. Considering Eqs. (15–17), linear and third-order nonlinear RRICs are
provided with

�n(1)(ω)

nr
� σs

∣

∣Mi j
∣

∣

2

2n2
r ε0

Ei j − �ω
(

Ei j − �ω
)2 +

(

��i j
)2 (18)
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and

�n(3)(ω, I )
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(19)

where, μ is the permeability of the structure, I � 2ε0nr cE2 is the optical intensity of the incident electromagnetic wave.
TRRICs are calculated taking into account linear and nonlinear contributions:

�n(ω, I )

nr
� �n(1)(ω)

nr
+

�n(3)(ω, I )

nr
(20)

However, the OACs are expressed by

α(ω) � ω

√

μ

εr
I [ε0χ(ω)] (21)

where, εr is the real part of the dielectric permittivity. Linear and third-order nonlinear OACs are provided by
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TOACs is calculated considering linear and nonlinear contributions:

α(ω, I ) � α(1)(ω) + α(3)(ω, I ) (24)

3 Result and discussion

The physical values of simulation input parameters are listed as: m∗
e � 0.067m0 (m0 is the free electron mass), c � 3 × 108m/s,

e � 1.602×10−19 C, � � 1.056×10−34 Js, σv � 1×1023m−3, μ � 4π ×107Hm−1,ε � 12.58, ε0 � 8.854×10−12, I � 0.1 MW
cm2 ,

τ12 � 0.2ps, nr � 3.2, and the effective QW width is 20 nm. The influence of external perturbations such as ILF, static electric and
magnetic fields as well as structure parameters on the TOACs and RRICs of the Mathieu QW system is investigated in this section.

Figure 1 shows the first two subband energy levels, the square of the wavefunctions corresponding to these energy levels, and the
confining potential profile of the Mathieu QW in the absence of external perturbations. In Fig. 1a, we have presented these electronic
properties of the structure with a fixed barrier height as a function of position for two different potential width parameter values. The
black line represents the confinement potential, the red line refers to the ground state of the electron level, and the blue line represents
the first excited state electron level. In all the figures, the dotted line refers to the potential width parameter of 0.05 nm−1, whereas
the solid line represents the potential width parameter of 0.1 nm−1. It is observed that the confinement potential, the energies of
ground state electron level, and the first excited state level increase as the potential width parameter increases. Figure 1b presents
the variation of confined energies and confinement potential as a function of position for various barrier heights of Mathieu QW
with a fixed potential width parameter. As can be seen, a low barrier height when z is small, and a high barrier height when z is
large creates a greater confinement potential. This change in confinement potential oppositely affects the excited state energy, while
the ground state energy is larger for smaller barrier height for all z values. It is concluded that the subband energy levels and the
confinement potential can be modified by the potential width parameter and the barrier height.

Figure 2 shows the variations of subband energy levels and confinement potential of the Mathieu QW with a constant potential
width parameter and barrier height in the presence of external perturbations. In this figure, the black line represents the confinement
potential, the red line refers to the ground state of the electron level, and the blue line represents the first excited state of the electron
level. Figure 2a displays the variation of subband energy levels and confinement potential as a function of position in the presence of
an electric field without the application of magnetic field and ILF. It is observed that the confined energies and confinement potential
are found to increase with the electric field. The same observation is also noted when the magnetic field is applied in the system,
and it is shown in Fig. 2b. When we look at Fig. 2c, the ILF causes an increase in the confinement potential at small z values, while
it causes a decrease at large z values. While ILF also causes an increase in ground state energy for all z values, it affects the excited
state energy differently at different z values.

In Fig. 3, we present the variation of TOACs with the incident photon energy in the absence of external perturbations. This
coefficient results from the superposition of the linear (positive, Eq. (22)) and third-order nonlinear (negative, Eq. (23)) terms. This
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Fig. 1 Variation of subband
energy levels and confinement
potential as a function of position
in the absence of external
perturbations; Fig. 1a is for
various potential width parameter
values of Mathieu QW with a
fixed barrier height; Fig. 1b is for
various barrier heights of Mathieu
QW with a fixed potential width
parameter

means an overall reduction in value, compared to the sole linear contribution. Figure 3a brings out the variation of TOACs with
the photon energy for various potential width parameter values of Mathieu QW with a fixed barrier height. Here, the electric field,
magnetic field, and laser dressing parameters are kept at zero. It is observed that the peak value of the TOACs suffers a blue shift
when the structure value is increased. It is because increasing the potential width parameter enhances the energy difference between
the ground and the first excited states. It is also seen that the peak amplitude of TOAC increases when the potential width parameter
increases. This is entirely due to the fact that the f12 increases with increasing potential width parameter. The variation of TOACs
with the incident photon energy for various barrier heights of Mathieu QW with a fixed potential width parameter is shown in Fig. 3b.
The maximum value of TOACs increase with the increase in barrier height of the well. Moreover, it moves towards higher energies.
This trend of peak position shifting to high energy is due to the enhancement of energy difference between the ground state and first
excited state with the increase in potential barrier [50]. Table 1 can be checked for detailed review.

Figure 4 shows the variation of TOACs with the incident photon energy in the presence of external fields for a constant potential
width parameter and barrier height in Mathieu QW. It is found that the TOACs vary considerably with the inclusion of external
perturbations. Figure 4a shows the variation of TOACs as a function of photon energy in the presence of an electric field without a
magnetic field and ILF. The increase in electric field forms a blueshift in the resonance peaks, that is, its maximum position shifts
towards the higher energies. Further, it is noted that the amplitude of the TOACs diminishes with the enhancement of the electric
field. It is because of the increase of repulsion of effective potential and the difference in energies enhances with the increase in an
electric field. Figure 4b shows the variation of TOACs as a function of photon energy in the presence of a magnetic field without an
electric field and ILF. Increasing the magnetic field both shifts the peak position to blue and causes the peak amplitudes to increase.
Because with the increase of the magnetic field, both the difference between the energies and also f12 increases. Figure 4c shows
the change of TOAC as a function of photon energy for the laser dressing parameter, without a magnetic field and electric field. It
is found from the figure that the peak value of TOACs decreases with the increment of the laser dressing parameter. It is concluded
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Fig. 2 Variation of subband
energy levels and confinement
potential with a function of the
position for a constant potential
width parameter and barrier height
of Mathieu QW system; Fig. 2a
shows the variation in the
presence of electric field without
magnetic field and intense laser
field; Fig. 2b shows the variations
in the presence of magnetic field
without electric field and intense
laser field; Fig. 2c shows the
variation in the presence of intense
laser field without magnetic field
and electric field

that the peak position shifts towards the lower energies making the redshift. This is owing to the reduction of the energy difference
between the initial and the final levels with the increase in the laser dressing parameter.

In Fig. 5, we present the variation of RRICs with the photon energy in the absence of external perturbations. The RRICs are
associated with the intersubband transition energy, which is shown here. The RRICs and TOACs occur when the incident photon
energies are similar to the intersubband optical transition energies. It happens to owe to the greater values of dipole matrix elements
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Fig. 3 Variation of TOACs with
the photon energy in the absence
of external perturbations.
Figure 3a is for various potential
width parameter values of Mathieu
QW with a fixed barrier height.
Figure 3b is for various barrier
heights of Mathieu QW with a
fixed potential width parameter

Table 1 Variation of electron
subband energy differences and
dipole moment matrix elements
depending on the adjustable
physical parameters of the
Mathieu QW

η (nm)−1 �E � E2 − E1 (meV) M12 (nm) f12 � |M12|2�E(nm2 *meV)

0.05 50.9345 2.70631 373.05

0.085 82.8373 2.21025 404.677

0.1 91.5812 2.13446 417.237

V0 (meV) �E � E2 − E1(meV) M12 (nm) f12 � |M12|2�E (nm2 *meV)

80 78.771 2.2391 394.924

100 91.5812 2.13446 417.237

120 103.251 2.04819 433.146

and this case can be ascribed to the enhanced nonlinear optical properties of the semiconductor material. Figure 5a brings out the
variation of RRICs with the photon energy for various potential width parameter values of Mathieu QW with a fixed barrier height
in the absence of external perturbations. The difference between the subband energies increases, since the increase in the value of
the potential width parameter, increases the confinement effect. Hence, a blueshift occurs as the structure parameter increases, that
is, the peak position of RRICs moves towards the higher energies. Further, it is noticed that the peak value of the RRICs reduces
when the potential width parameter enhances [51]. Figure 5b displays the variation of RRICs with the photon energy for various
barrier heights of Mathieu QW with a fixed potential width parameter in the absence of external perturbations. It is found that the
position of the peak value of the RRICs shifts towards the higher photon energies and the peak value decreases when the values
of barrier height increase. This is because of the reduction of transition matrix elements and the enhancement of energy difference
between the energy levels with the increase in barrier height and it is shown in Table 2. The negative values of RRICs are achieved
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Fig. 4 Variation of TOACs with
the photon energy for a constant
potential width parameter and
barrier height in Mathieu QW.
Figure 4a shows the variation in
the presence of an electric field
without a magnetic field and ILF.
Figure 4b shows the variation in
the presence of a magnetic field
without an electric field and ILF.
Figure 4c shows the variation in
the presence of ILF without a
magnetic field and electric field

because the RRICs which are a combination of linear and nonlinear terms, decrease due to the negative contribution of the nonlinear
term [52].

Figure 6 shows the changes of RRICs with the photon energy for a constant potential width parameter and barrier height in
Mathieu QW. The change of RRICs as a function of photon energy in the presence of an electric field without a magnetic field and
ILF are shown in Fig. 6a. It is observed that the peak of the RRICs moves towards the higher photon energies when the electric field
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Fig. 5 Variation of RRICs with
the photon energy in the absence
of external perturbations.
Figure 5a is for various potential
width parameter values of Mathieu
QW with a fixed barrier height.
Figure 5b is for various barrier
heights of Mathieu QW with a
fixed potential width parameter

Table 2 Variation of electron
subband energy differences and
dipol moment matrix elements of
the Mathieu QW according to
externally applied static electric
(F), magnetic (B), and THz
intense laser field (α0)

F(kV/cm) �E � E2 − E1(meV) M12 (nm) f12 � |M12|2�E(nm2 *meV)

0 91.5812 2.13446 417.237

15 93.9732 2.06531 400.843

25 95.0229 1.8618 329.378

B(T) �E � E2 − E1(meV) M12 (nm) f12 � |M12|2�E(nm2 *meV)

0 91.5812 2.13446 417.237

10 99.6033 2.08473 432.886

20 119.33 1.96059 458.694

α0(nm) �E � E2 − E1(meV) M12 (nm) f12 � |M12|2�E(nm2 *meV)

0 91.5812 2.13446 417.237

2.5 89.0997 2.15659 414.392

5 81.9033 2.22622 405.917

increases, that is, it forms a blueshift in the resonant peak. It is due to the enhancement of repulsion of effective potential with the
increase in electric field and eventually, the potential becomes narrow on the left of the well. Thus, this new potential enlarges the
distance between bound state energies which causes the movement to higher photon energies [53]. Figure 6b shows the change of
RRICs as a function of photon energy in the presence of a magnetic field without an electric field and ILF. As can be seen from this
figure and the values in Table 2, the increase in the magnetic field causes the peak position to shift to high energy due to the increase
in the difference between the relevant energy levels, and the resonance peak to decrease due to the decrease in the transition matrix
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Fig. 6 Variation of RRICs with
the photon energy for a constant
potential width parameter and
barrier height in Mathieu QW.
Figure 6a shows the changes in the
presence of an electric field
without a magnetic field and ILF.
Figure 6b shows the changes in
the presence of a magnetic field
without an electric field and ILF.
Figure 6c shows the changes in the
presence of ILF without a
magnetic field and electric field

elements. Figure 6c shows the change of RRICs as a function of photon energy in the presence of ILF without magnetic field and
electric field. It is noted that resonance peaks of the RRICs shifts towards the lower energies and their magnitude increases with
the increase of laser field intensities. This is because the energy interval decreases, and the dipole matrix element increases with
increasing the laser dressing parameter.
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4 Conclusion

In conclusion, the effect of external perturbations such as electric, magnetic, and non-resonant THz intense laser fields on the total
optical absorption coefficients and the relative refractive index changes of Mathieu potential quantum wells have been theoretically
investigated. Further, the study on the influence of the adjustable physical parameters of the structure on the nonlinear optical
properties of the system has also been carried out. The quantum well electronic subband energy levels and their envelope wave
functions have been computed using the diagonalization method within the framework of the effective mass and parabolic single-
band approximation. Then, expressions derived within the compact-density-matrix formalism have been employed to evaluate
the optical properties of the Mathieu quantum well. The obtained numerical results show that the increase in both the structure
parameters and the value of the electric and magnetic field shift the positions of the total optical absorption coefficients and relative
refractive index changes towards higher energies (blue shift). On the other hand, the increase in the value of the intense laser field
pushes the resonant peak positions to lower energy levels (red shift). The proposed theoretical model, with the structural parameters
and employed approaches, can be applied to any arbitrary spatial constraints. The ranges of obtained parameters in the present study
could pave the way to further experimental research works on the subject.

Data Availability Statement This manuscript has associated data in a data repository. [Authors’ comment: The authors confirm that the data supporting
the findings of this study are available within the article].
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