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Abstract

The aim of this paper was to develop the summability literature by introducing the concept of 7 ,-convergence in the partial
metric space (X, p). First, we give some properties of Z,-convergence. Also, we introduce the concept of I;-convergence
in the partial metric space (X, p) and examine relations between newly defined concepts. Then, we present the concepts
of Z,-Cauchy and I;‘;—Cauchy sequence in the partial metric space (X, p) and investigate relations between these Cauchy

sequences.
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1 Introduction

In mathematical analysis, especially in summability theory,
the concept of convergence provides many applications and
extensions that shed light on researchers. Therefore, over
the years, many mathematicians have studied the concept of
convergence and developed it in different areas such as statis-
tical convergence, ideal convergence, fuzzy convergence and
power-series summability (Fast 1951; Kostyrko et al. 2000;
Baxhaku et al. 2022; Shukla et al. 2022).

Fast (1951) and Steinhaus (1951), independently, pre-
sented the idea of statistical convergence which is primarily
based on the concept of the natural density. This concept has
attracted the attention of many researchers, and many studies
have been done on this concept (see, Schoenberg 1959; Salat
1980; Fridy 1985). Then, the definition of Z-convergence,
generalizing the concept of statistical convergence, was pre-
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sented by Kostyrko et al. (2000). Also, this concept was
developed and explained in detail with examples by Kostyrko
etal. (2005). Besides, Nabiev et al. (2007) introduced the con-
cepts of Z-Cauchy and Z*-Cauchy sequences. The concept of
T-convergence was studied from different perspectives such
as for sequences of fuzzy numbers by Kumar and Kumar
(2008) and in 2-normed spaces by Arslan and Diindar (2018).

The concept of partial metric space was introduced by
Matthews (1994) as a generalization of the usual concept of
metric space. In this study, Matthews presented the concept
of partial metric space and gave some basic properties of
this concept. Also, the concepts of convergence and Cauchy
sequence were defined in this study. Recently, this concept
has become the focus of researchers, and many studies have
been done (see, Bukatin et al. 2009; Samet et al. 2013). In one
of these studies, Aldemir et al. (2020) investigated the rela-
tionships of partial metric space and fuzzy metric space with
partial fuzzy metric spaces. Also, Nuray (2022) presented the
concept of statistical convergence in the partial metric space.

In this paper, we discuss the concept of Z-convergence in
partial metric spaces.

2 Preliminaries

In this part, we remind some basic definitions, notations and
properties which form the background for this paper (see,
Matthews 1994; Kostyrko et al. 2000; Nabiev et al. 2007;
Nuray 2022).

@ Springer
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Let S be a set of positive integers. The natural density of
S is defined by

1
5(S)=n1Ln;O;|{keS:k§n}|.

A sequence (x,) is said to be statistically convergent to
L if for every ¢ > 0, the set S(¢) = {n e N: |x, — L| > ¢}
has natural density zero.

If (x,) is a sequence, which satisfies a property P for all
n except a set of natural density zero, then we say that (x,)
satisfies P for “almost all n”, and we abbreviate this by “a.a.

n”.
A family of sets Z € 2N is called an ideal if and only if

I. Ve,
I,. EyUEyeXforeach E, E; €T,
I5. foreach E| € 7 and each E» C E{, we have E; € 7.

An ideal is called non-trivial if N ¢ 7 and a non-trivial
ideal is called admissible if {n} € Z for eachn € N.

All ideals in this paper are assumed to be admissible.

An admissible ideal Z C 2V is said to satisfy the property
(A P) if for every countable family of mutually disjoint sets
{E1, E, ...} belonging to Z, there exists a countable family of
sets {1, [, ...} such that the symmetric difference E;AF;

is a finite set for j € Nand F = (U?‘;l Fj) el.
A family of sets 7 C 2N is called a filter if and only if

Fi. 0 ¢ F,
F,. E\NE; € Fforeach E, E; € F,
Fs3. foreach E| € F and each E> D E|, we have E; € F.

For any ideal 7, there is a corresponding filter F(Z)
defined by

F@) ={M cN:FE e I)(M =N\E)}.

A sequence (x,) is said to be Z-convergent to L if for
every ¢ > 0, the set A, = {n € N : |x, — L| > &} belongs
to Z. Itis denoted by Z — limx,, = L.

A sequence (x,) is said to be Z*-convergent to L if there
exists aset M = {m; < my < ..} € F(Z) such that
lim x,, = L.Itis denoted by Z* —limx, = L.

k— 00

Now, we recall the concept of partial metric and its proper-
ties. Then, we give the concepts of convergence and Cauchy
sequence in the partial metric space.

Let X be a non-empty set. A function p : X x X — Ris
said to be a partial metric provided that for each x, y,z € X

PM;. If p(x,x) = p(x,y) = p(y,y)thenx =y
PM;. 0 < p(x,x) < p(x,y)

@ Springer

PM3. p(x,y) = p(y,x)
PMy. p(x,y) < px,2)+pz,y) — pz2).

A partial metric space is a pair (X, p) where X is a non-
empty set and p is a partial metric on X.

It can be easily seen that if p(x, y) = 0O, then from the
conditions PM| and PM>, x = y. Butif x = y, p(x,y)
may not be 0.

Every partial metric space forms a metric space: A func-
tion p* : X x X — Ris a metric on X such that p*(x, y) =
2p(x,y) — p(x,x)— p(y,y), where p is a partial metric on
same space. So, a pair (X, p*) is a metric space.

For the partial metric p : X x X — R, 0, € X x X is
a binary relation provided that foreach x,y € X, x 0, y &
p(x,x) = p(x,y).

A sequence (x,) is said to be convergent to x in the partial
metric space (X, p) if nlingo p(xn, x) = p(x, x).

A sequence (x;) is said to be Cauchy sequence in the
partial metric space (X, p) if . nl}goo p(Xn, Xp) exists.

Finally, we give the concepts of statistical convergence
and statistical Cauchy sequence in the partial metric space.

A sequence (x,) is said to be statistically convergent to x
in the partial metric space (X, p) if for every ¢ > 0,

1
lim —|{k <n:|p(,x) = p(x,x)| > e} =0.
n—-oon
A sequence (x,) is said to be statistically Cauchy sequence
in the partial metric space (X, p) if for every ¢ > 0, there
exists a non-negative integer N and L > 0 such that

1
lim —|{k <n:|p(g xy) — L] = e} =0.
n—-oon

A point a € X is said to be proper statistical limit of a
sequence (x,) if this sequence is statistically convergent to
a in the metric space (X, p™*).

3 Main results

In this study, we introduce the concepts of Z,-convergence
and Z;—convergence in a partial metric space (X, p). Also, we
present the concepts of Z,-Cauchy and I;;—Cauchy sequence
in the partial metric space (X, p). Moreover, we investigate
relations between these concepts.

Definition 1 Let (X, p) be a partial metric space and (x,) be
a sequence in X.

i. The sequence (x,) is said to be Z,-convergent to x € X
if for every ¢ > 0

Ape)={n eN:|pQx,, x) — plx,x)| = e} €T
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The notation Z, — lim p(x,, x) = p(x,x) or x, ﬂ x Thus, from the condition /3, we get that
is used. ,
ii. We say that x € X is a proper Z,-limit of the sequence Ap(e) €I,
(xp) if 7 —limx, = x in (X, p*). The notation 7, — .
lim x,, = x (properly)isused. Ifasequence hasaproper  that is, x, —> x'. O

Z,-limit, then the sequence is said to be properly Z,-
convergent.

Theorem 1 Let (X, p) be a partial metric space and (xy)
be a sequence in X. 1, — limx, = x (properly) iff T, —
lim p(x,, x) = I, — lim p(x,, x,) = p(x, x).

Proof

1, —limx, = x (properly)
& p*(xy,x) <&, foraa. n

& 2p(xp, x) — p(xp, xp) — p(x,x)| < g, foraa.n
€
< [pxn, x) — p(x, x)| < 3
£
and | p(x, x,) — p(x, x)| < 3 for a.a. n
& I, —lim p(xy, x) =12, — lim p(x,, x,) = p(x, x).
O

Theorem 2 Let (X, p) be a partial metric space and (x,) be
a sequence in X. If the sequence (xy) is L,-convergent to x
and there exists an element x' € X such that x' o, x, then
this sequence is I ,-convergent to x'.

Proof To prove this theorem, it is sufficient to show that
Al(e) = {neN:|p(xnx)—p.x)I=¢e}el

Since the sequence (x,) is Z,-convergent to x, for every
e>0

Ap(e) = {n eN:|pxp,x)—px,x)| > 5} el.
Also, using the fact that

x/opx = p(x/,x/) =p(x/,x),

we have

1p (xn, x) = p (x'.X) |
<|p @, %)+ p (x,x") = px, x) — p (¥, x') |
= |p(xl’lv-x) - p(-xvx)l

and so,

A;(e) C Ap(e).

Theorem 3 Let (X, p) be a partial metric space and (x,) be
a sequence in X. If the sequence (x,) convergent to x, then
this sequence is T ,-convergent to same point.

Proof Assume that the sequence (x,) convergent to x in the
partial metric space (X, p). Then, for every ¢ > 0, there
exists a positive integer ng = ng(¢) such that for all n > no

|p(xn, x) — p(x, )| <é.

Hence, we get

Ap(e) = {n e N:|p(x,, x)—p(x, x)| = ¢}
c{l,2,---,no}.

Since Z is an admissible ideal and Zy = {A C N :
A s finite} C Z, {1,2,--- ,no} € . So, Ap(¢) € Z. Con-

sequently, we get that 7, — lim p(x,, x) = p(x, x), that is,
II’
Xy —> X. m]

Remark 1 In the partial metric space (X, p), the sequence

(x,) is Z,-convergent, but it not necessarily convergent. We
can explain this with the following example:

Example 1 Letustake Z = 75 = {A C N : §(A) = 0}. The
function p : R™ xR~ — R*, p(x, y) = —min{x, y}is the
partial metric and the pair (R™, p) is the partial metric space.
In this partial metric space (R™, p), let us take the sequence
(x,) as following:

—n;

Since

ifn = k?
if not.

T, —lim p(xy, —1) = I, — lim (= min{x,, —1})
=7, —lim1
=1= p(_lv _1)7

this sequence Z,-convergent to — 1. But, it is not convergent.

Theorem 4 Let (X, p) be a partial metric space and (x,),
(yn) and (zy,) be three sequences in X. If the following con-
ditions

i. (xp) < (yp) < (zn) for everyn € H where H € F(I)
and

@ Springer
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. Ip Ip
. x, — xand z, — x

T
are provided, then y;, = x.
Proof Assume that (x,) < (y;) < (z,) foreveryn € H
7, T )
where N D H € F(Z) and x,, —> x and z, —> x. Since

7, 7,
X, — x and z, —> x, for every ¢ > 0, we have

{neN:p(n,x) = pr,x)| 2 e} €T
and {n € N: |p(zy.x) — p(x,x)| = ¢} € T.

This implies that the sets

G = {n e N:|pxn, x) — p(x, x)| <8}
and K = {n € N: [p(zy, x) — p(x,x)| < &}

belong to F (7). Let
L= {n eN:|pyn, x) — pkx,x)| < 8}.

Itisclearthat GNKNH C L.Since GNKNH € F(Z)and
GNKNH C L, from the condition F3, we have L € F(7)
and so

{n eN:|p(yn,x) — plx,x)| > 8} eT.

I,
Therefore, we get that y, %, |

Definition 2 Let (X, p) be a partial metric space and (x;,)
be a sequence in X. The sequence (x,) is said to be -
convergent to x € X if there existaset M = {m| < my <
.-~} c Nand M € F(Z) such that

< my <

lim p(xp,. x) = p(x, x).
k— 00

The notation I;‘, — lim p(x, x,) = p(x,x) or x, 2 xis
used.

Theorem 5 Let (X, p) be a partial metric space and (x,) be
5 T
a sequence in X. Then, x,, L x implies that x,, = x.

Proof Assume that the sequence (x,,) is Z,,-convergent to x in
the partial metric space (X, p). Then, there existsaset K € 7
such that for M = N\K = {m| <mp < ---
we have

<mk<...},

li;n P Xmy» X) = p(x, x).

Thus, for every ¢ > 0, there exists a positive integer ko =
ko(g) such that for all k£ > kg

|p(xmk’x) _p(-x’x)| <ég,

@ Springer

for all k € M. So, we have

Ap(e) = {n e N:|pxy.x) — p(x.x)| = &}
CKU{m <my <+ <my,}.

Since 7 is an admissible ideal, we have K U {m| < my <
- < my,} € Z and so, A,(¢) € Z. Consequently, we get

7,
that x,, — x. O

Theorem 6 Let (X, p) be a partial metric space, (x,) be
a sequence in X and T be an admissible ideal having the

£

s
property (AP). Then, x, —> x implies that x, —> x.

Proof Assume that the sequence (x,) is Z,-convergent to x
in the partial metric space (X, p). Then, for every ¢ > 0,

Aye) = {n eN:|plxy, x)— plx,x)| > 8} el.
Now, let us take
Ay ={neN:|p(yx)— plx, x| =1}

and

1 1
A';,: {nGN:—S |p(xn, x) — p(x,x)| < —}
n n—1

for n > 2. It is clear that A}, N A; # () for s # t and
A}, € 1 for each s € N. By the property (AP), there exists
a sequence of sets { B, },en such that A;, A By are finite sets
and B = U2 | By € T. It is sufficient to prove that

lim p(x,, x) = p(x, x)
n—oo
neM

1
for M € N\ B.Let§ > 0. Choose m € N such that — < 4.

m
Then, we have

m
{n eN:|p(xy, x)— plx,x)| > 8} - UA;,.
s=1

Since Ai, A B, are finite sets fors = 1, 2, - - - , m, there exists
an ng such that

(LmJ BS)U{nGN : nZnM:(OAi,)U{neN tn>nol.
s=1

s=1

Ifn > ngandn ¢ B, then

m m
ngl| B = nel A,
s=1 s=1
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Hence, we have

1
[p(xp, x) — p(x, x)| < o< )
that is,

lim p(x,, x) = p(x, x).
n—oo
neM

s«

Therefore, we get that x,, %, |

Theorem 7 Let (X, p) be a partial metric space, (x,) be a
sequence in X and T be an admissible ideal having the prop-
erty (AP). Then, the following conditions are equivalent:

. IP
iLx, — x
ii. There existtwo sequences (y,) and (z,) in the partial met-
ric space (X, p) suchthat x,, = y,+2z,, lim p(y,, x) =
n—oo

p(x,x) and suppz € I, where suppz = {n e N: z, #
0}.

Proof (i) = (ii)

T
Let x, = x. Then, by Theorem (6), there exists a set
M={m <mp <---<my <---} € F(T) such that
li/?l P(Xpmy, X) = p(x, x).
Let us define a sequence (y,) as following:

ifneM

) Xns
yn'_{x; ifne N\ M. M
Itis clear that lim p(y,, x) = p(x, x). Also, let
n— o0
Zn = Xp — Yn, n € N. 2)

Since

neN:x, Ay} CN\M e,

we have

{neN:z, #0} €T.

So, suppz € Z and by (1) and (2), we get that x,, = y, + z,.
(i1) = (i) Assume that there exist the sequences (y,) and

(zn) in the partial metric space (X, p) such that

Xp = Yn + Zn, nli)néop()’n, x) = p(x,x) and suppz € I.

Define a set M = {m;} C N such that
M ={meN:z, =0} =N\suppz.

Since suppz € I, we have M € F(Z), hence x,, = y, if
n € M. Thus, we conclude that there exists the set M =
---} € F(ZT) such that

my<mp <---<my <

1i/1<n P (Xpmy, X) = p(x, x).

*

> 7,
So, we get that x,, — x,and by Theorem (6), x, I x.o

Definition 3 Let (X, p) be a partial metric space and (x,) be
a sequence in X.

i. The sequence (x;) is said to be Z,-Cauchy sequence if
forevery ¢ > 0, there exists a positive integer N = N (¢)
and L > 0 such that

{n e N:|plxn, xy)— L| 28} el.

ii. The sequence (x;) is said to be I;—Cauchy sequence if
there exists a set M = {m; < my < --- < m <
---} € Nand M € F(Z) such that the subsequence
(xpm) = (xp,) 1s Cauchy sequence, that is,

hm p(-xI’nk ’ xmj)
exists.

Remark 2 Unlike the metric space, in the partial metric space
(X, p), the sequence (x,), which is 7 ,-convergent, need not
be 7,-Cauchy sequence. We can explain this with the fol-
lowing example.

Example2 Lettake 7 = 73 = {A C N : §(A) = 0}. The
function p : RT x Rt — R*, p(x,y) = max{x, y} is the
partial metric and the pair (R*, p) is the partial metric space.
In this partial metric space (R, p), let us take the sequence
(xy) as following:

n, ifn=k?
if n # k% and n is an even integer
1; ifn # k2 and n is an odd integer.

Since

T, — lim p(x,, 1) = 7, — lim (max{x,, 1})
=7, —liml
=1=p(,1),

@ Springer
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this sequence is Z,-convergent to 1. But, since x, = 0 or
xp, = 1 forn # k%, 7 —lim p(xXn, x;,) does not exist. Con-
sequently, the sequence (x,) is Z,-convergent, but it is not
Z,-Cauchy sequence.

Theorem 8 Let (X, p) be a partial metric space and (x,) be
a sequencein X. If the sequence (x;,) is I:‘,—Cauchy sequence,
then it is Z,-Cauchy sequence.

Proof Assume that the sequence (x,) is an Zj-Cauchy
sequence in the partial metric space (X, p). Then, from the
definition, there existsaset M = {m; <mp < -+ <my <
---} € Nand M € F(Z) such that for every ¢ > 0 and
k,j > ko

[P (Xmy s xmj) —L|<e.

Let N = N(¢) = my, + 1. Then, for every ¢ > 0, we have

[p(m, xN) — L] < ¢

for k > ko. Now, take the set K as K = N\ M. It is clear
that K € 7 and

Ap(e) = {n e N: |p(xp, xy) — L|

28}CKU{m1<m2<~-~<mk0}.

Since 7 is an admissible ideal, we get

KUf{mi <my<---<m} el

and so, A, (¢) € Z. Hence, the sequence (x,) is Z,-Cauchy
sequence. O

Theorem 9 Let (X, p) be a partial metric space, (x,) be
a sequence in X and I be an admissible ideal having the
property (AP). If the sequence (xy) is L,-Cauchy sequence,
then it is I;-Cauchy sequence.

Proof Assume that the sequence (x,) is Z,-Cauchy sequence
in the partial metric space (X, p). Then, for every ¢ > O,
there is a positive number N = N (¢) such that

{n eN:|plxn, xy)— L] 28} el.

Let us take

1
Pi={n e N:Iponxm) — LI < < .

1

wherem; = s(f) fori = 1,2, ....Itisclearthat P; € F(Z).
l

Since the admissible ideal Z has the property (A P), there

@ Springer

exists aset P C Nsuch that P € F(Z) and P \ P; are finite
for all i. It is sufficient to prove that following limit

Lim  p(xm, xp)
m,n— 00

m,nepP

3
exists. To prove this, lete > O and j € Nbe suchthat j > —.

&
If m,n € P,since P\ P; are finite sets, there exists k = k;
such thatm € P;j andn € P; forallm,n > k;. Hence,

1 1
|p (X, xmj) —L| < ; and |p(xy, xmj) —-Ll< ;

for all m,n > k;. Therefore, using the conditions of P M,
and P My, we write

|p (X, xn) — L| < |p(xXm, xmj) + p(xp, xmj)

3
_p(xmj9xmj)_L| < ; < é€.

Thus, for every ¢ > 0, there exists k = k. such that for
m,n>k.andm,n e P € F(I)

|p(Xm, xp) — L| < &.

This shows that the sequence (x,,) is an Z7)-Cauchy sequence.
O

4 Conclusion

The number of studies on the concepts of convergence and
summability in the partial metric spaces, which has been
studied in many fields since its definition, is very few. To
fill this gap in the literature, in this study, we introduced and
studied the concepts of 7, and Z;—convergence, 1,-Cauchy
and I;," -Cauchy sequence in the partial metric space (X, p).
Also, we investigated some relations between these. This
work can shed many future study on the concepts of conver-
gence and summability in the partial metric spaces that will
be extended and developed by using the concepts of lacu-
nary sequence, invariant mean, deferred Cesaro mean and
asymptotical equivalence.
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