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Abstract In this paper, we theoretically investigate the nonlinear optical rectification (NOR), second-harmonic generation (SHG),
and third-harmonic generation (THG) coefficients of an AlGaAs/GaAs asymmetric triple quantum well structure under external
electric and magnetic fields. To do this, we first obtain the solution of the time-independent Schrödinger equation numerically
using the diagonalization method under the effective mass approximation to obtain the subband energy levels (with related wave
functions) of the heterostructure. We then use the compact density matrix method to form the mathematical expressions of NOR,
SHG and THG coefficients. The numerical results from our investigation show that the resonance peaks of the NOR, SHG and THG
coefficients shift to a high energy (low energy) region with an increase in the magnitude of the electric (magnetic) field. As a result,
we believe that numerical results obtained from carried out our parameter analyzes will present important developments and provide
great contributions in designing new optoelectronic devices related asymmetric triple quantum well structure.

1 Introduction

In semiconductor heterostructures, the nonlinear optical properties related to intersubband transitions are important for obtaining
optoelectronic devices with desired features, such as light emitting diodes [1], laser diodes [2], photodetectors [3], and photodi-
odes [4]. Such properties of heterostructures, including quantum wells (QWs), quantum well wires (QWWs), and quantum dots
(QDs), form the physical foundation of optoelectronic devices in today’s technology. QWs are more preferred structures than other
heterostructures, as they have mathematical computational advantages in addition to a wide band gap and ease of production.
Furthermore, the probability of fabricating new devices in electronics and optoelectronics is quite high with QW structures. The
physical properties of a QW can be controlled by applying external fields to the structure, such as electric fields, magnetic fields,
and intense laser fields [5–7]. As a result of the application of electric and magnetic fields, significant changes in the electron energy
spectrum can occur in QW heterostructures. These changes affect many features of the structure. For example, by applying a static
electric field to the heterostructure, strong nonlinear optical responses can be obtained by increasing the expected values of the
electron dipole moment. Alternatively, when a magnetic field is applied to the structure, carrier confinement increases, leading to the
formation of discrete energy levels. In low-dimensional heterostructures, nonlinear optical properties such as SHG, NOR, and THG
are quite important for the applications of optoelectronic devices in technology [8–13]. Consequently, interest in nonlinear optical
properties has increased from the past to the present, and many studies have been conducted on this subject. Aytekin et al. [14] studied
the Pöschl-Teller QW and investigated the nonlinear optical properties of the heterostructure under electric and magnetic fields.
They showed that the electric field increased and the magnetic field decreased the values of the nonlinear coefficients. Mora-Ramos
et al. [15] examined the linear and nonlinear properties of a GaAs-Ga0.7Al0.3As single QW under the effects of applied electric and
magnetic fields. According to their results, it was revealed that external fields significantly affect all features of the structure. In
another work, Liu et al. [16] determined the effects of hydrostatic pressure, temperature, and magnetic field on the NOR and SHG for
an asymmetrical Gaussian potential QW. They found that while the resonant peaks of the NOR coefficients and SHG susceptibility
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have redshift under the applied hydrostatic pressure and temperature, the resonant peaks shift to the red end when a magnetic field
was applied. Restrepo et al. [17] investigated how the SHG and THG coefficients in a Morse potential QW were changed under
the effects of electric and magnetic fields. They concluded that the resonant peak positions (shift to blue) and magnitudes of SHG
and THG coefficients were significantly affected by the presence of both electric and magnetic fields. Other studies discussed the
influences of applied external fields, such as electric, magnetic, and laser fields, on the nonlinear optical properties of Woods-Saxon
potential QWs and Konwent potential QWs, done by Ungan et al. [18] and Sayrac et al. [19], respectively.

In this study, we investigate the nonlinear optical properties of an asymmetric triple quantum well (QW) structure with three
different bottom potential profile shapes made of GaAs/Al0.3Ga0.7As under the influence of external electric and magnetic fields. We
examine the changes in the NOR, SHG, and THG coefficients under external fields. The subband energy levels (with wave functions)
and the mathematical expressions of the NOR, SHG, and THG coefficients are obtained using diagonalization and compact density
matrix methods. The paper is organized as follows: Sect. 2 describes the problem and its solution, Sect. 3 presents the obtained
results and comments on them, and Sect. 4 provides the conclusions.

2 Theory

In this part of the study, the computation of the electron subband energy levels and corresponding wave functions with the effects
of external fields will be presented for the GaAs/Al0.3Ga0.7As asymmetric triple QWs heterostructure which has three different
bottom potential profile shapes. Additionally, details on how the equations for NOR, SHG, and THG coefficients are obtained will
be provided. The z-axis represents the growth direction of the heterostructure. The electric field (F) and magnetic field (B) are
oriented parallel (0, 0, F) and perpendicular (B, 0, 0) to the growth direction of the structure, respectively. The Hamiltonian for the
motion of the confined electron in the effective mass and parabolic band approximations, taking into account the applied external
fields, is given by [13, 20]

H � − 1
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e
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where m∗ and e shows the effective mass and the elementary charge of electron, respectively. While P represents the momentum
operator, c denotes the light’s speed in free space. The Landau gauge is given by A(r) � −Bz ŷ. F expresses the intensity of the
electric field. Finally, V (z) is the confined potential of the structure and given by
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here V0 and LL � LM � LR show the depth and the width of the each QW, respectively. Besides bL and bR represent left barrier
width and right barrier width.

Firstly, we solved the one-dimensional time-independent Schrödinger equation using the diagonalization method [21], which
involves expressing the electron’s wavefunctions �(z) in terms of a complete set of orthonormal functions of an infinite barrier
potential well, as explained in [17, 22, 23]. This allowed us to obtain the subband energy levels and corresponding wave func-
tions (H�(z) � E�(z)), where E represents the energy eigenvalues. The data obtained from these calculations provided us with
information about intersubband transitions and dipole matrix elements related to the subbands. Subsequently, we used the compact
density matrix method [12, 24–26] to derive the mathematical expressions for NOR, SHG, and THG, which are written below,
respectively,
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In the set of Eqs. (3–5), while ρv denotes the concentration of electrons in three dimensions, ε0 and � are the permittivity of
vacuum and the reduced Planck constant, respectively. μi j state the dipole matrix elements μi j � �i |z|� j , (i , j � 0, 1, 2, 3)

(δ01 � |μ00 − μ11|). The transition frequency is given as ωi j � (
Ei − E j

)
/�. The relaxation rate related to transition lifetime of

the electrons is given by the expression, �k � 1/Tk (k � 1, 2, 3).
In this investigation, the numerical values of the used physical parameters are as follows: m∗ � 0.067 m0 (where m0 is the

free electron mass), ε � 12.58, ε0 � 8.854 × 10−12, e � 1.602 × 10−19 C, � � 1.056 × 10−34 Js, ρυ � 3 × 1022 m−3, �k �
(k � 1, 2, 3) is 1, 5 and 7 THz, respectively.

3 Results and discussion

First of all, we try to determine the influences of applied electric (F) and magnetic (B) fields on the total confinement potential,
the lowest four energy levels, and their corresponding probability densities as shown in Fig. 1a–c). In Fig. 1a, there is no applied
external field on the heterostructure (F � 0, B � 0). In this case, it can be easily seen that the wave functions of the ground state,
the first excited state, and the second excited state are localized in the left, middle, and right wells, respectively. The wave function
of the third excited state is spread over the entire structure due to the weaker confinement compared to other energy levels.

While the external magnetic field is zero, the value of an external electric field is taken as 20 kV/cm in Fig. 1b. Depending on
the applied electric field’ effect, the shape of confinement potential varies with bending its left side. The energy levels of ground
(E0) and the third excited states (E3) decrease. The decrease in E0 is more pronounced. Besides, the first excited state (E1) and
the second excited state (E2) energy levels have small increases. The energy differences between E0 and E1, E2, and E3 have
been increased with the variations that occurred in these energy levels. When only the magnetic field (B � 10T ) is applied to the
structure, a parabolic confinement resulting from the squared term of Eq. (1) and a rising in potential barriers occur (Fig. 1c). This
effect is the reason of reaching of the energy levels higher values.

The effects of the applied electric and magnetic fields on the structure on the variations of the transition energies between the
ground and the first, second, and third excited states are introduced in Fig. 2a, b separately. As seen from Fig. 2a, the increment in
the intensity of the electric field (for B � 0) creates an increase in the intersubband transition energies. The variation in transition
energy (E10) between E0 and E1 is greater than the other two transition energies’ changes (E20/2 and E30/3) and it shows a linear
increase. In addition to this, in the case of increasing the magnitude of the applied magnetic field (for F � 0), the values of E10,
E20/2, and E30/3 reduce. The clearest change occurred in E10.

Fig. 1 The confinement potential,
the lowest four energy levels and
their probability densities of the
heterostructure in the case of
(a) applied no external fields
(F � 0, B � 0), (b) applied only
electric field
(F � 20 kV/cm, B � 0), and
(c) applied only magnetic field
(F � 0, B � 10T )
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Fig. 2 The changes in the
transition energies
(E10, E20/2, E30/3) between the
ground state (E0) and the first,
second, and third excited states
(E1, E2, E3) as a function of
the (a) electric field under zero
magnetic field and (b) magnetic
field under zero electric field

Fig. 3 The variations of the dipole
moment matrix elements required
to calculate NOR, SHG and THG
coefficients as a function of the
a electric field and b magnetic
field

Fig. 4 The variations of NOR
coefficient as a function of
incident photon energy for
different (a) applied electric field
(F) intensities and (b) applied
magnetic field (B) intensities

Figure 3 gives how the transition matrix elements in NOR, SHG, and THG coefficients vary with increasing applied external
fields. While the applied electric field’s intensity increases, the values of μ2

01δ01 (μ01μ12μ20) decreases (increases) (Fig. 3a). In the
same figure, if the variation of μ01μ12μ23μ30 is examined, it can be seen that firstly it shows an increase from 0 to nearly 15 kV/cm
and a decrease from that point. With increasing the applied magnetic field, while the values of μ2

01δ01 and μ01μ12μ23μ30 increase,
the matrix element μ01μ12μ20 increases up to 8 T and then shows a decrease (Fig. 3b).

In Fig. 4, the coefficients of nonlinear optical rectification (NOR) are plotted as a function of incident photon energies for different
applied electric and magnetic fields’ intensities. During this examination, firstly we changed the values of electric field intensity
from 0 to 30 kV/cm in increments of 10 kV/cm under B � 0 (Fig. 4a) and then we took the values of the applied magnetic field
as 0, 5T , 8T , 10T for F � 0 (Fig. 4b). We have determined that NOR coefficient’s resonance peak shifts to a high energy region
(blueshift) by reducing the amplitude with increasing the electric field’s intensity, while it has a redshift (low energy region) by rising
the amplitude with increasing the magnetic field’s intensity. If the behaviors of E10 and μ2

01δ01 from Figs. 2 and 3, respectively for
both cases considered here are investigated, it can easily be seen that they support the shifts and amplitude changes that take place
here.

After we obtained the NOR coefficient’s variations, we investigated the alterations in SHG coefficient as a function of incident
photon energies by changing applied external fields in Fig. 5. We made use of the conditions mentioned in Fig. 4. In Fig. 5a when
applied electric field is raised, the peak positions of the SHG coefficient have a blueshift depending on the behavior of the value
of E20/2 as seen from Fig. 2a. The SHG peaks’ amplitudes increase for the intensities of 10 kV/cm and 20 kV/cm electric field.
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Fig. 5 SHG coefficient’s change
as a function of incident photon
energy for different values of the
(a) applied electric field (F) and
(b) applied magnetic field (B)

Fig. 6 The variations of THG
coefficient as a function of
incident photon energy for
different intensities of the applied
(a) electric field (F) and
(b) magnetic field (B)

When the electric field’s intensity is 30 kV/cm the SHG peak shows a decrease. To understand the reason for this, Eq. (4), Figs. 2a
and 3a must be examined together very carefully. According to Eq. (4), although the transition energy E20/2 is responsible for the
resonance peak position, not only μ01μ12μ20 but also μ01μ12μ20, E10 and E20/2 have a combined effect on the amplitude. The
values of E10 and E20/2 show increments with rising in electric field value (Fig. 2a), while a high increase in μ01μ12μ20 is observed
(Fig. 3a). These changes cause to increase the numerator and denominator values of Eq. (4). The amplitude shows growth behavior
as the increase in the matrix element (μ01μ12μ20) is more dominant. However, since there are two peaks in the electric field value
of 30 kV/cm, the amplitude value decreased.

The effects of the variations of applied magnetic field on SHG coefficients are studied in Fig. 5b. We have determined that a
redshift has occurred in this case. Because of the values of E20/2 show very little change as seen from Fig. 2b, the amount of shift
here is also not very obvious. The amplitudes of peaks decrease with redshift. We can explain this decrease by analyzing Eq. (4),
Figs. 2b and 3b. In the case of magnetic field’s intensity increase, while E10 shows a more pronounced decrease E20/2 has a slight
decrease (Fig. 2b). On the other hand, the matrix element μ01μ12μ20 tends to decrease, although it shows a slight increase (Fig. 3b).
These changes in E10, E20/2 and μ01μ12μ20 cause to decrease both the numerator and denominator values of the expression in
Eq. (4). With the change in E10 being more pronounced, the decrease in the denominator becomes more dominant and the amplitudes
show decreasing behavior.

In the last examination of our work, we plotted the THG coefficient against incident photon energy in Fig. 6. We investigated
the variations of the THG coefficient for the different electric and magnetic fields applied separately. In Fig. 6a, while the magnetic
field’s intensity is taken as zero, the electric field’s intensity is varied as 0, 10 kV/cm, 20 kV/cm, and 30 kV/cm. Despite the THG
coefficient have three resonant peaks, two peaks (main and secondary peaks) corresponding to E30/3 and E20/2, respectively, are
given in Fig. 6a. The peak related to E10 is too small. The secondary peaks appeared for the values of the electric field different
from zero. We can easily see that the main and the secondary resonance peaks of the THG coefficient present a blue shift behavior
consistent with the increase in E30/3 and E20/2, respectively, in Fig. 2a. Similar to the explanations we made for Figs. 4 and 5, we
can examine the changes in the expressions in the numerator and denominator in Eq. (5) in order to clarify the amplitude change. E10,
E20/2 and E30/3 values increase in the case of rising electric field (Fig. 2a). At the same time, the matrix element μ01μ12μ23μ30

first shows a slight increase and then a sharper decrease (Fig. 3a). Due to these changes, the numerator and denominator expressions
in Eq. (5) decreases and increases, respectively. This result leads to a decrease in amplitudes.

In Fig. 6b, we presented the variations of THG coefficients versus incident photon energy for different intensities of magnetic
field (0, 5T , 8T , 10T ) under zero electric fields. The peak positions of the THG coefficient move to the lower energy regions
with the effect of increasing the magnetic field due to the decrease in the value of E30/3 shown in Fig. 2b. As seen from Fig. 5b,
as happened in changes of SHG coefficient, the amplitudes of THG peak decline with the increase in the intensity of the applied
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magnetic field. While the intensity of magnetic field increase the E10, E20/2 and E30/3 values decrease (Fig. 2b), this decrease
causes to increase the values of the parentheses in the denominator of Eq. (5). In addition to this, we can see from Fig. 3b that the
matrix element μ01μ12μ23μ30 in the numerator part of Eq. (5) increases with rising magnetic field. Depending on these changes,
the expression in Eq. (5) gets smaller because the increase in the denominator is larger. So the amplitudes of peaks decreases.

4 Conclusions

We analyzed the variations in Nonlinear Optical Rectification (NOR), Second-Harmonic Generation (SHG), and Third-Harmonic
Generation (THG) coefficients of AlxGa1−xAs/GaAs asymmetric triple QWs structure depending on the applied external fields such
as electric and magnetic fields theoretically. The effects of electric and magnetic fields on these nonlinear optical properties were
dealt with separately. We utilized the diagonalization and the compact density matrix methods to get subband energy levels (with
wave functions) and the mathematical expressions of NOR, SHG, and THG coefficients, respectively. We can summarize our results
as follows: while the resonance peaks of the NOR, SHG, and THG coefficients shift to high energy regions with increasing the
magnitude of the electric field, they move to the lower energies with increasing the magnitude of the magnetic field. We fully believe
that the numerical results we have found will contribute to the development of experimental studies on this subject.
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