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A B S T R A C T

In this study, the nonlinear optical properties of the In𝑥Ga1−𝑥As/GaAs Mathieu quantum dot (MQD) are
investigated for the first time, focusing on the nonlinear optical rectification (NOR), second harmonic
generation (SHG), and third harmonic generation (THG). The effects of external fields such as the electric
field, magnetic field, and laser radiation field on the nonlinear optical properties of MQD are examined, along
with structural parameters such as quantum dot depth and width determined by the indium concentration. The
motivation of the study is to explain the NOR, SHG, and THG characteristics of MQD in response to changes
in external fields and structural factors. To investigate the effects of the laser field, the time-dependent part of
the laser field is transferred to the potential energy term of the wave equation using the Kramers–Henneberger
(KH) and dipole approximations, creating a laser-dressed potential. Then, the effective potential wave equation
is solved using the tridiagonal matrix method. The effects of external fields and structural parameters of MQD
on the NOR, SHG, and THG coefficients are discussed in detail. The optimality of the structure for device
design and applications considering MQD is revealed, and alternative parameter analysis is conducted for this
optimality.
1. Introduction

The quantum confinement effects in semiconductors have been ex-
tensively studied both experimentally and theoretically, and it has been
shown that they have significant impacts on the electronic properties,
such as absorption–emission and subband energies-binding energies,
as well as on the optical and statistical properties. Low-dimensional
structures such as quantum wells (QWs) (confinement in one dimen-
sion), quantum wires (QWWs) (confinement in two dimensions), and
quantum dots (QDs) (confinement in three dimensions) can be obtained
with the advancement of growth techniques, which restrict the motion
of particles in semiconductor materials. This situation provides a good
motivation to explore different confinement potentials theoretically. It
has been calculated that the binding energies and oscillator strengths
of the particles are larger than those in bulk materials. Furthermore, as
the size decreases, it has been observed that the resonant frequencies
in quantum dots shift towards the blue region. Along with the changes
in linear optics, the low-dimensional effects of particles in small-sized
materials lead to nonlinear optical (NLO) responses that involve new
physical phenomena by enhancing their interaction with intense optical
fields. NLO effects have enabled various applications, including optical
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switches and ultrafast laser pulse generation [1–5]. In optoelectronic
technology, quantum dots (QDs), where particles are confined in all
three dimensions, have garnered greater attention compared to other
low-dimensional structures. The quantum effects are more pronounced
in QDs because the electron wavelength is comparable to the confine-
ment length [6]. The three-dimensional confinement of QDs leads to the
formation of inter-layer optical transitions of dipole matrix elements.
Therefore, QDs exhibit more pronounced nonlinear effects compared
to quantum wires and wells [7,8]. Additionally, these structures have
various advantages, such as improved thermal stability [9], insensi-
tivity to back reflection [10], lower threshold current density [11],
and ultra-narrow spectral linewidth, thanks to their atom-like discrete
state density [12]. Similar to other low-dimensional structures, the
form of the confinement potential of particles in quantum dots has a
significant impact on the optical performance of the structure [13].
Hence, effective potentials for QDs can be considered in different
forms such as parabolic, triangular, spherical, and double-ring [14–18].
Some experimental studies suggest that the most suitable quantum dot
profiles for encompassing electrons should be well-like structures [19].
In line with these suggestions, the Mathieu functions have applications
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in various fields, including optics, quantum mechanics, and general
relativity [20]. These functions arise in problems involving periodic
motion or the analysis of boundary value problems for partial differ-
ential equations with elliptic symmetry [21–23]. Moreover, Mathieu
differential equations are used in engineering, physics, and applied
mathematics in diverse areas [24–31]. In this study, MQDs (Multiple
Quantum Dots) consisting of GaInAs/InAs are investigated. GaInAs, a
ternary semiconductor compound, is more advantageous in electronics
and optoelectronics compared to other semiconductor compounds [32].
Additionally, at room temperature, the bandgap energy for 𝑥 = 0.47 is
0.75 eV, which lies between the bandgaps of Ge and Si. This bandgap
value of GaInAs is highly compatible with long-wavelength fibre optic
communication [33]. The electron effective mass in GaInAs is 𝑚⋆∕𝑚𝑜 =
0.041 [34]. Since effective mass is associated with energy–momentum,
a low effective mass leads to high carrier mobility, resulting in higher
carrier velocities and increased current carrying capacity. One of the
primary applications of GaInAs semiconductor compound is infrared
photodetectors in the wavelength range of 1.1 μm < 𝜆 < 1.7 μm. Com-
pared to photodiodes made of Ge, GaInAs photodiodes have advantages
such as faster time response, higher quantum efficiency, and lower dark
current for the same sensor area [35]. Similarly, GaInAs semiconductor
lasers are an important application in optoelectronics. These lasers are
widely used in chemical sensing and pollution control. GaInAs/InAlAs
quantum well lasers [36], quantum cascade lasers (QCL) [37], and
InGaAs quantum dot lasers on InAs [38] have been achieved. GaInAs
lasers are used in triple-junction photovoltaics and also for thermopho-
tovoltaic energy generation [39]. Additionally, HEMT (High Electron
Mobility Transistor) devices obtained with InGaAs are one of the fastest
transistor types [40].

External electric, magnetic, and laser fields applied to low-dime-
nsional structures alter the symmetry and effective confinement poten-
tial of the structure. Many recent studies have shown that the optical
properties change as the symmetry of the structure is broken [41–43].
In this context, external fields that change the symmetry of the structure
can be considered as important arguments for controlling the electronic
and optical properties of the structure. Therefore, numerous studies
have been conducted to investigate the effects of electric, magnetic, and
laser fields on the nonlinear optical and electronic properties of quan-
tum systems [44–50]. Additionally, variations in structural parameters
such as potential depth and width also affect the optical transitions. In
this study, we also investigate the effects of structure parameters, such
as the In concentration (𝑥) that changes the potential depth and the
parameter 𝜂 associated with the potential width, along with external
fields on the nonlinear optical properties of the MQD. While linear
optics is applicable only at low power levels, high power is required
for the occurrence of nonlinear optical phenomena, and nonlinear
optical processes play an active role in many laser and optoelectronic
device designs. This branch of optics is also important in areas such
as ultra-short pulse transmission in fibre optics [51]. Nonlinear optics
also explains the nonlinear response of properties such as polarization,
frequency, wavelength, phase of the incident light, and interaction with
different media. Some examples of such nonlinear interactions include
the nonlinear optical reflection (NOR), second harmonic generation
(SHG), and third harmonic generation (THG). Nonlinear effect refers to
the nonlinear optical rectification defined as the formation of a DC or
low-frequency polarization when intense light passes through a crystal.
NOR provides a significant function for generating THz-level emissions
using lasers [52]. SHG, as is well known, is a process in which an
electromagnetic wave interacting with a nonlinear material produces a
wave with twice the frequency of the incident wave. SHG production is
a process used in laser sources [53], optical parametric amplifiers [54],
as well as in the development of imaging and microscopy [55]. THG
plays a fundamental role in the operation mechanism of optical devices
such as light-emitting diodes and optical switches [56]. Due to such
applications in technology, interest in nonlinear optical properties has
2

increased. g
The effect of a laser field on the electronic structure and nonlinear
optical properties of a GaAs asymmetric double quantum dot has been
investigated. From the obtained findings, it has been concluded that
the electronic structure and optical properties are sensitive to the laser-
dressed potential for certain values of structure parameters and under
intense laser application, asymmetric double quantum dots are suitable
heterostructures for THz-level NOR [57]. The presence of an external
magnetic field has been theoretically studied for the cases with and
without impurity atoms to investigate the SHG and THG characteristics
of the quantum dot. It has been observed that SHG and THG increase
and shift towards lower energies when an impurity term is present,
and the magnitudes of SHG and THG increase with increasing magnetic
field. However, with the increase in the magnetic field, their resonant
energies shift to higher energies, and it has been determined that the
structure parameters have significant effects on the SHG and THG of
the QD [58]. The electronic properties and NOR characteristics of a
spherical quantum dot with a parabolic confinement under an electric
field containing a hydrogenic impurity have been investigated. It has
been determined that as the electric field increases, the maximum
value of the NOR coefficient increases, and the resonant peak points
shift to lower photon energies [59]. External fields not only have
significant effects on nonlinear optical properties such as NOR, SHG,
and THG but also on other nonlinear optic properties such as total
refractive index coefficients (TRICs) and total absorption coefficients
(TACs). The electronic states and nonlinear optical properties of Y-
shaped quantum dots have been studied under an electric field. It has
been observed that the external electric field has a significant effect on
energy levels, optical absorption coefficients, and refractive index. As
the electric field increases, the resonance amplitudes of TACs decrease,
while RICs increase their resonant amplitudes [60]. A vertically stacked
QDs structure with two different potential profiles, Gaussian and Bessel,
has been investigated for TACs and TRICs under the influence of a laser
field. Interesting dependencies on laser parameters have been observed
for the resonance frequency of the total AC. It has been found that even
small values of laser parameters increase the amplitudes of ACs [61].
NOR, SHG, and THG characteristics are significantly influenced not
only by external fields such as electric, magnetic or laser fields but also
by Gaussian white noise. In other words, Gaussian white noise has a
functional impact on the NOR, SHG, and THG processes. In this context,
the effects of Gaussian white noise on the NOR, SHG, and THG of
impurity-doped quantum dots have been extensively investigated [62–
65]. The most important and common result of these noise studies is as
follows: The presence and application method of noise are crucial for
NOR, SHG, and THG. The peak intensities of the NOR, SHG, and THG
profiles exhibit informity and sometimes promote photon resonance en-
hancement. These findings provide an important opportunity to adjust
the NOR coefficient of impurity-doped quantum dot systems and utilize
them in technology by employing noise. In this study, the effects of
external parameters such as the laser field (𝛼0), electric field (𝜉), and

agnetic field (𝐵), as well as structural parameters such as quantum
ot depth and width, on the electronic and optical properties have been
etermined. Furthermore, it is important in terms of applications to
rovide a quantitative answer on how the optical properties can be
djusted by varying the external fields (𝛼0, 𝜉, and 𝐵) and appropriately
uning the structural parameters (𝑥 and 𝜂). The obtained findings
evealed that NOR, SHG, and THG depend on the confinement of
he quantum dot and the external parameters. These variables can be
valuated as alternatives to each other, taking into account factors such
s optimality. Due to the possibility of experimentally producing such
potential within the confinement limitations in a well-like structure,

he theoretical results obtained can be useful for practical applicat-
ons.

The work is organized as follows. Section 2 presents the theoretical
alculation procedure. In Section 3, the numerical results and com-
ents on electronic properties and nonlinear optical coefficients are
iven, and finally in Section 4, the results obtained are provided.
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2. Theoretical model and procedure

The time-dependent Schrödinger equation for the Mathieu quantum
dot (MQD) generated by InGaAs/GaAs heterostructure, under the influ-
ence of the external electric, uniform magnetic and a linearly polarized
laser radiation field is given by
[

𝐏 + 𝑒(𝐀(𝐫, 𝑡) + 𝐀𝑚𝑓 (𝐫))2

2𝑚⋆
+ 𝑉𝑀𝑄𝐷(𝑟) + 𝑒𝜉.𝐫

]

𝛹 (𝐫, 𝑡) = 𝑖ℏ
𝜕𝛹 (𝐫, 𝑡)
𝜕𝑡

, (1)

where 𝑚⋆ is the effective mass, 𝑉𝑀𝑄𝐷 is the MQD potential, 𝜉 is the
external electric field strength. The laser radiation field relates to 𝐀(𝐫, 𝑡)
via 𝐅 = 𝜕𝐀

𝜕𝑡 . 𝐹 contains the electric and magnetic field components
of the electromagnetic field. During considering the electromagnetic
radiation field, in the Coulomb gauge, ∇.𝐀 = 0 and scalar potential
𝛷(𝐫 = 0) are employed. 𝐀𝑚𝑓 is the vector potential of uniform magnetic
field. For 𝐀𝑚𝑓 vector potential, 𝐀𝑚𝑓 = (1∕2)(𝐁 × 𝐫) with 𝐁 = (0, 0, 𝐵) =
(𝐵𝑥, 𝐵𝑦, 𝐵𝑧) external uniform magnetic field along the 𝑧−axis is taken
into consideration. Within the dipole approximation [66], the vector
potential of the laser field is considered as linearly polarized along
the 𝑥−axis with 𝐀(𝑡) = 𝐴0𝑐𝑜𝑠(𝜔𝑡)�̂�, where �̂� is the unit vector in
the 𝑧−axis. It should be noted that the high frequency limit is taken
into account in consideration of the laser radiation field [67]. Due to
𝐀(𝑡).𝐀𝑚𝑓 (𝑟) = 0 and the time-dependence of only laser field, the time-
dependence of the laser field is changed from the kinetic energy term
to the potential energy term by applying Kramers–Henneberger (KH)
transformation [68,69]. Then, time-dependent Schrödinger equation
converts to the following form:
[

(𝐏 + 𝑒𝐀𝑚𝑓 (𝐫))2

2𝑚⋆
+ 𝑉𝑀𝑄𝐷(𝑟 + 𝛼(𝑡)) + 𝑒𝜉𝑟

]

𝜒(𝐫, 𝑡) = 𝑖ℏ
𝜕𝜒(𝐫, 𝑡)
𝜕𝑡

, (2)

where, 𝜒(𝐫, 𝑡) is an outcome of the KH operator. 𝛼(𝑡) ensures transferring
to the potential energy for the time dependence in the kinetic energy,
and 𝛼(𝑡) = 𝛼0𝑠𝑖𝑛(𝜔𝑡)�̂� including 𝛼0 = 𝑒𝐹0∕𝑚⋆𝜔2 where 𝐹0 is the ampli-
ude of the laser radiation field, while 𝜔 is the angular frequency of the
aser radiation field. 𝛼0 is the laser-dressing parameter in determining
he laser field strength. In order to eliminate the time dependence in
q. (2), the Fourier Floquet series [67] and Ehlotzky approach [70,71]
re considered. Then, the wave equation is transformed to

(𝐏 + 𝑒𝐀𝑚𝑓 (𝐫))2

2𝑚⋆
+ 1
2

(

𝑉𝑀𝑄𝐷(𝑟+𝛼0)+𝑉𝑀𝑄𝐷(𝑟−𝛼0)
)

+ 𝑒𝜉𝑟

]

𝜓(𝐫) = 𝐸𝜓(𝐫).

(3)

he polar coordinates (𝑥 = 𝑟𝑐𝑜𝑠𝜙, 𝑦 = 𝑟𝑠𝑖𝑛𝜙) for the symmetry of the
nteraction system are appropriate. Considering the external uniform
agnetic field (𝐁 = (�⃗�𝑥, �⃗�𝑦, �⃗�𝑧) = (0, 0, 𝐵�̂�)) and reasonable gauge

ransformation (𝐀𝑚𝑓 (𝐫) = (1∕2)(𝐁 × 𝐫)), the Hamiltonian of the system
s obtained as

= −ℏ
2∇2

2𝑚⋆
+
𝑚⋆𝜔2

𝑐
8

𝑟2+
𝜔𝑐
2
𝐿𝑧+

1
2

(

𝑉𝑀𝑄𝐷(𝑟+𝛼0)+𝑉𝑀𝑄𝐷(𝑟−𝛼0)
)

+𝑒𝜉𝑟, (4)

where 𝜔𝑐 is cyclotron frequency inside crystal as 𝜔𝑐 = 𝑒𝐵∕𝑚⋆ [72], 𝐿𝑧
s 𝑧−component of the angular momentum operator as 𝐿𝑧 = −𝑖ℏ 𝜕

𝜕𝜙 . In
his case, the wave equation to be solved is 𝐻𝜓(𝐫) = 𝐸𝜓(𝐫). Due to
olar symmetry, the following suggestion for 𝜓(𝐫) can be used

𝜓𝑛𝑚(𝐫) =
𝑒𝑖𝑚𝜙
√

2𝜋

𝑅𝑛𝑚(𝑟)
√

𝑟
(5)

ith the magnetic quantum number 𝑚. If the wave function suggestion
s used in the eigenvalue equation, the following differential equation
s obtained
𝑑2𝑅𝑛𝑚(𝑟)
𝑑𝑟2

+ 2𝑚⋆

ℏ2

[

𝐸𝑛𝑚 − 𝑉𝑒𝑓𝑓 (𝑟)

]

𝑅𝑛𝑚(𝑟) = 0, (6)

with

𝑉 (𝑟) =
𝑚ℏ𝜔𝑐 +

(𝑚2 − 1
4 )ℏ

2

+
𝑚⋆𝜔2

𝑐 𝑟2
3

𝑒𝑓𝑓 2 2𝑚⋆𝑟2 8 c
+ 1
2

(

𝑉𝑀𝑄𝐷(𝑟 + 𝛼0) + 𝑉𝑀𝑄𝐷(𝑟 − 𝛼0)
)

+ 𝑒𝜉𝑟, (7)

here the MQD potential is given by

𝑀𝑄𝐷(𝑟) = 𝑉0
(

𝑠𝑖𝑛2(𝜂𝑟) − 𝑐𝑜𝑠(𝜂𝑟)
)

, (8)

here, being 𝐼𝑛-concentration 𝑥, 𝑉0 = (1.42−1.53+0.45𝑥2) eV [73], 𝜂 is
the quantum dot potential width parameter. Eq. (6) is solved by using
Runge–Kutta-Fehlberg(RKF) method. For details of the RKF method,
please refer [74].

To specify the NOR, SHG and THG characteristics of the MQD sys-
tem, it is taken into consideration that monochromatic optical radiation
field (𝐸(𝑡)) having 𝜔 frequency is applied in the radial direction, and is
given by

𝐄(𝑡) = �̃�𝑒𝑖𝜔𝑡 + �̃�−𝑖𝜔𝑡. (9)

The time-evolution of the matrix elements of one-electron density
operator is stated as [75]

𝜕�̂�𝑖𝑗
𝜕𝑡

= 1
𝑖ℏ

[�̂� − �̂�.𝐄(𝑡), �̂�]𝑖𝑗 − 𝛤𝑖𝑗 (�̂� − �̂�(0))𝑖𝑗 , (10)

ith �̂� (density matrix of one-electron system), �̂�(0) (unperturbed den-
ity matrix operator), �̂�0 (the Hamiltonian of the system when no
lectromagnetic field), �̂�.𝐄(𝑡) = −𝑒�̂�𝐸(𝑡) (perturbative contribution),
𝑖𝑗 (the relaxation rate in damping duration). In order to Eq. (10), the
ollowing serial solution suggestion can be considered [76]

̂(𝑡) =
∞
∑

𝑛=0
�̂�(𝑛). (11)

hen considering Eq. (11), Eq. (10) is converted to the following form

𝜕�̂�(𝑛+1)𝑖𝑗

𝜕𝑡
= 1
𝑖ℏ

(

[�̂�, �̂�(𝑛+1)]𝑖𝑗 − 𝑖ℏ𝛤𝑖𝑗 �̂�
(𝑛+1)
𝑖𝑗

)

− 1
𝑖ℏ

[𝑒�̂�, �̂�(𝑛)]𝑖𝑗𝐸(𝑡). (12)

Due to 𝐸(𝑡) optical field, the electronic polarization is expressed as [77]

𝑃 (𝑡) = (𝜀0𝜒 (1)
𝜔 �̃�𝑒𝑖𝜔𝑡 + 𝜀0𝜒

(2)
0 �̃�2 + 𝜀0𝜒

(2)
2𝜔 �̃�

(2)𝑒2𝑖𝜔𝑡 + 𝜀0𝜒 (3)
𝜔 �̃�(2)�̃�𝑒𝑖𝜔𝑡

+ 𝜀0𝜒
(3)
3𝜔 �̃�

(3)𝑒3𝑖𝜔𝑡 +⋯), (13)

where 𝜀0 is the permittivity of free space; 𝜒 (1)
𝜔 , 𝜒 (2)

0 , 𝜒 (2)
2𝜔 , 𝜒 (3)

𝜔 and
𝜒 (3)
3𝜔 are, respectively, the linear, the optical rectification, the second

harmonic generation, the third order and third harmonic generation
susceptibilities. By using density-matrix approach and iterative method;
NOR, SHG and THG susceptibilities are obtained in the following
form [75,78]:

𝜒 (2)
0 =

4𝑒3𝜌𝜈
𝜀0ℏ2

𝜇201𝛿01
𝜔2
10(1 + 𝛤2∕𝛤1) + (𝜔2 + 𝛤 2

2 )(𝛤2∕𝛤1 − 1)

[(𝜔10 − 𝜔)2 + 𝛤 2
2 ][(𝜔10 + 𝜔)2 + 𝛤 2

2 ]
, (14)

𝜒 (2)
2𝜔 =

𝑒3𝜌𝜈
𝜀0ℏ2

𝜇01𝜇12𝜇20
(𝜔 − 𝜔10 − 𝑖𝛤3)(2𝜔 − 𝜔20 − 𝑖𝛤3)

, (15)

𝜒 (3)
3𝜔 =

𝑒4𝜌𝜈𝜇01𝜇12𝜇23𝜇30
𝜀0ℏ3(𝜔 − 𝜔10 − 𝑖𝛤3)(2𝜔 − 𝜔20 − 𝑖𝛤3)

1
(3𝜔 − 𝜔30 − 𝑖𝛤3)

. (16)

here 𝑒 is the positive electron charge, 𝜌𝜈 is the electron density,
𝑖𝑗 = (𝐸𝑖 − 𝐸𝑗 )∕ℏ is the transition frequency, 𝛤𝑘 = 1∕𝑇𝑘 (𝑘 = 1, 2, 3) is

he damping term related to lifetime of electrons in transition process.
01 = |𝜇00 − 𝜇11| and being 𝜓𝑖 initial state wave function and 𝜓𝑗 final
tate one, 𝜇𝑖𝑗 = |⟨𝜓𝑗 |𝑟|𝜓𝑖⟩| (𝑖, 𝑗 = 0, 1, 2, 3) is the off-diagonal matrix
lements. In consideration of the SHG, THG and NOR characteristic,
he numerical setup is taken into account as 𝑚∗ = 0.067𝑚0 (𝑚0 is free
lectron mass), 𝜌𝜈 = 3 × 1023 m−3, 𝜀𝐺𝑎𝐴𝑠 = 13.18, 𝜀0 = 8.854 × 10−12
2/Nm2, 𝛤1,2,3 = 1.0 Thz. The quantum dot radius is taken as 𝑅𝑑𝑜𝑡 = 6𝑎0
hroughout the study. The effective Rydberg energy and Bohr radius are
alculated as 𝑅⋆ ≅ 5.27 MeV and 𝑎 = 103.7 Å, respectively [79–81].
𝑦 0
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Fig. 1. The plot of the effective potential profile and first four bound state wave functions as function of the radial distance 𝑟(𝑎0) and, (a) the external electric field strength
(𝜉(kV∕cm)), when 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0, (b) the external magnetic field strength (𝐵(𝑇 )), when 𝐹 = 30 kV/cm, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0, (c) the laser-dressed
arameter (𝛼0(𝑎0)), when 𝐹 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, (d) the MQD depth depending on In-concentration (𝑥), when 𝐹 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0,
0 = 0.5𝑎0, (e) the MQD width parameter (𝜂(1∕𝑎0)), when 𝐹 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0.
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. Result and discussions

In this work, the effects of structure parameters such as 𝐼𝑛−con-
entration (𝑥) and quantum dot width (𝜂) on nonlinear optical proper-
ies such as the NOR, SHG and THG of the Mathieu quantum dot (MQD)
nder the influence of the electric field (𝜉), magnetic field (𝐵) and laser
ield (𝛼0) are examined. For the first four electronic energy levels, the
ffective potential and the relevant wave functions are presented as
function of the radial distance (𝑟) and the electric field in Fig. 1a,

he magnetic field in Fig. 1b, the laser radiation field in Fig. 1c, the
otential depth in Fig. 1d, the width of the MQD in Fig. 1e.

Fig. 2a, b, and c demonstrate, respectively, the variation of the
OR, SHG and THG of the MQD in consideration of certain constant
alues of the structure parameters and other external field parameters,
epending on the applied external electric field. As the applied external
lectric field increases, as seen in Fig. 1a, the repulsiveness of the
ffective potential increases, which enhances the difference between
he bound state energy levels. This situation is confirmed in Fig. 2a
nset, which depicts the variation of energy levels with respect to the
lectric field. As can be seen in Fig. 2a inset, the difference between
nergy levels (𝛥𝐸 = 𝐸1 − 𝐸0) increases with increasing electric field.
ecause the applied electric field breaks the symmetry of the structure.
ncreasing the difference between the energy levels causes the NOR
esonant frequencies to be blue-shifted. Another remarkable point in
ig. 2a is that the NOR amplitudes decrease due to the increasing
lectric field. This situation can be explained by the variation of the
ipole matrix elements depending on the electric field. It can be seen
n Fig. 2a inset that 𝜇× = 𝜇201𝛿01 decreases as the electric field increases.
he variation of matrix elements (𝜇× = 𝜇201𝛿01) versus the change of
he electric field dominates over the variation of the NOR amplitudes
ith electric field. Therefore, as the electric field increases, the NOR
mplitudes decrease in Fig. 2a. In Fig. 2b, the variation of the SHG
oefficients 𝜒 (2)

2𝜔 is presented depending on the incident photon energy
or different electric field strengths. Since the electric field breaks the
4

ymmetry of the MQD (Fig. 1a), it triggers the SHG effects. The first
oteworthy point in Fig. 2b is that two distinct resonant peaks 2𝜔 of 𝜒 (2)

2𝜔
ave been observed. The larger one of these two peaks occurs around
𝜔 = 𝐸1−𝐸0, while the smaller peak one occurs around approximately
𝜔 = (𝐸2 − 𝐸0)∕2. As the electric field value decreases, it is seen that
wo peaks formed in the SHG coefficients turn into a sharp single peak.
his is because when ℏ𝜔 = (𝐸2 −𝐸0)∕2 ≈ 𝐸1 −𝐸0, the double resonant
omes true and then a sharp peak occurs. As the electric field decreases,
e can say that the probability of creating frequency dubbing of the

tructure increases. It is also seen that the SHG resonant frequencies
hift to the blue as the electric field increases, and this shift is due to the
ew localizations arising from the strengthened electric field (Fig. 2b
nset (𝛥𝐸)). The SHG amplitude decreases because of applied electric
ield. The reason for this decrement in amplitude is the variation with
he electric field of the matrix elements (𝜇× = 𝜇01𝜇12𝜇20) presented
n Fig. 2b. Fig. 2c furnishes the variation of the THG coefficients
𝜒 (3)
3𝜔 ) depending on the incident photon energy at different electric

ield values. Depending on the applied electric field, we can say that
he tendency of the THG coefficients is similar to that of the SHG
oefficients. Three different peaks values in the THG resonant peaks at
= 30 kV/cm and 𝜉 = 90 kV/cm are observed, one of them is very faint.
he highest one of these peaks forms around 𝛥𝐸 = (𝐸3−𝐸0)∕3 resonant
nergy value, the peak to the left of this peak is at 𝛥𝐸 = (𝐸2 − 𝐸0)∕2,
hile the weakest one is at 𝛥𝐸 = 𝐸1 − 𝐸0. However, it is seen that

he third peak constituting the weakest peak in the THG profile does
ot occur at 𝜉 = 10 kV/cm. Because, as the energy levels converge, a
ouble resonance situation has occurred here. When 𝜉 = 1 kV/cm, only
ne resonant peak is observed. The reason for this is the formation of
riple resonant peak for the THG coefficients at this value. It can be
aid that as the electric field increases, the symmetry of the structure
odifies and the bound states move away from each other, and then

he probability of occurrence for the THG resonant peaks increases. As
an be seen in Fig. 2c, as the electric field increases, the THG resonant
requencies shift to blue, which is because 𝛥𝐸 = (𝐸 −𝐸 ) increases with
3 0
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Fig. 2. The NOR (panel a), SHG (panel b) and THG coefficients (panel c) of the MQD with 𝜉 = 1−10−30−60 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0. The insets show the
elevant energy differences and matrix elements, respectively; as 𝛥𝐸 = 𝐸1 −𝐸0 (cyan) and 𝜇× = 𝜇2

01𝛿01 for the NOR coefficients (panel a), 𝛥𝐸 = (𝐸2 −𝐸0)∕2 (red) and 𝜇× = 𝜇01𝜇12𝜇20
or the SHG coefficients (panel b), 𝛥𝐸 = (𝐸3 − 𝐸0)∕3 (green) and 𝜇× = 𝜇01𝜇12𝜇23𝜇30 for the THG coefficients (panel c).
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he increasing the electric field (See Fig. 2c inset). The THG amplitude
ecreases with the applied electric field. This decrease is consistent
ith the variation of the matrix elements 𝜇× = 𝜇01𝜇12𝜇23𝜇30.

The NOR, SHG and THG characteristics of the MQD are, respec-
ively, represented as a function of the incident photon energy for
ifferent external magnetic field values in Fig. 3a, b and c. It is seen in
ig. 3a that the NOR resonant frequencies shift to blue as the magnetic
ield increases. This is due to the magnetic field-dependent variation
f the effective potential profile in Fig. 1b. As can be seen in Fig. 1b,
he repulsiveness of the MQD becomes clear with increasing magnetic
ield. This change in potential increases the difference between the
ound state localizations (See Fig. 3a inset). In addition, the increasing
agnetic field causes a decrement in the NOR amplitudes, which is due

o the variation of the matrix elements (𝜇×) with the magnetic field
See Fig. 3a inset). In Fig. 3b, the SHG change is presented depending
n the incident photon energy for different magnetic field values. As
an be observed in Fig. 3b inset that the SHG resonant frequencies
hift to blue as result of the increment of the energy difference with
he increasing magnetic field. In Fig. 3b, it should be pointed out that
he matrix elements (𝜇×) do not dominate on the SHG amplitudes (See
ig. 3b inset). When considering Eq. (15), the SHG amplitudes change
ith a form in which resonant frequencies are also active as well as
atrix elements. On the other hand, it is observed that the increment

f the magnetic field does not change the SHG character, that is, double
eaks always occur. Therefore, it can be said that the increment of the
agnetic field does not affect the stability of the SHG character of the
QD. In Fig. 3c, it is seen that the THG resonant frequencies display

he blue-shift as the magnetic field increases. Because the augment of
he magnetic field increases 𝛥𝐸s (See Fig. 3c inset), which is due to the
ncrease in the energy difference between localizations as a result of the
epulsion arising from the magnetic field in the potential profile (See
ig. 3c). As seen, the variation of THG amplitudes exhibits a fluctuation,
5

nd upon this fluctuation, the only matrix elements are not dominant
lone (See Fig. 3c inset). This fluctuation does not arise from not only
y the matrix elements, but also by a form in which the transition
requencies are active.

In Fig. 4a, b and c, the variation of the NOR, SHG and THG of the
QD depending on the applied laser field is, respectively, demonstared

s a function of the incident photon energy. As seen in Fig. 1c, as
he applied laser field strength increases, the effective potential depth
ecreases while its width increases, which leads to the decrement of
he energy difference between bound state localizations (See Fig. 4a
nset). This decrement triggers to the red-shifting in the NOR resonant
requencies. It is important to note in Fig. 4a that the increasing laser
ield strength enhances slightly the NOR amplitudes. In Fig. 4a inset,
here is a parallelism between the increase of dipole matrix elements
𝜇×) and the increment of NOR amplitudes. In this case, it can be said
hat the laser field strength is dominant for the NOR amplitudes. In
ig. 4b, the variation of the SHG coefficients is shown depending on the
ncident photon energy for different laser field strengths. Similar to the
revious discussions, two different resonant SHG peaks are observed
t two different energy values under the laser field effect. As seen in
ig. 4b, due to the augment in laser field strength, the SHG resonant
requencies shift to red as a result of localizations in the new potential
rofile. When analysing the amplitudes by considering laser field, it is
een that the small resonant peaks formed at ℏ𝜔 = (𝐸2−𝐸0)∕2 enhance
n line with change by the laser field of the matrix elements depending
n the increasing laser field (See Fig. 4(b) inset, the change graph of
atrix elements with laser field), but the large peak amplitudes around
𝜔 = (𝐸1 − 𝐸0) are not compatible with matrix elements. Generally
peaking, the fluctuation in the SHG amplitudes is influenced not only
y the matrix elements (𝜇×) but also by a different form including the
esonant frequencies. In Fig. 4c, the variation of THG coefficients is
iven depending on the incident photon energy for different laser field
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Fig. 3. The same as Fig. 2 but when 𝜉 = 30 kV/cm, 𝐵 = 1 − 5 − 10 − 20T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0.

Fig. 4. The same as Fig. 2 but when 𝜉 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25∕𝑎0, 𝛼0 = 1 − 1.25 − 1.35 − 1.5𝑎0.
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Fig. 5. The same as Fig. 2 but when 𝜉 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.15 − 0.25 − 0.35 − 0.45, 𝜂 = 0.25∕𝑎0, 𝛼0 = 0.5𝑎0.
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trengths. As explained in previous discussions, three resonant peaks
ccur. Due to the increased laser field, the THG resonant frequencies
hift to red as a result of new localizations as elucidated previously,
hich is confirmed in Fig. 4c inset (𝛥𝐸). Also, it is clear that the
ariation of the matrix elements with only laser field is not effective
lone on the THG peak amplitudes.

In Fig. 5a, b and c, the NOR, SHG and THG of the MQD are given for
ifferent 𝐼𝑛−concentration values as 𝑥 = 0, 25, 𝑥 = 0.35 and 𝑥 = 0.45,

as a function of the incident photon energy. In Fig. 5a, it is seen that
NOR resonant frequencies shift to blue as 𝑥 increases, this is due to the
increase in effective potential depth as 𝑥 increases. As the attractiveness
of the potential increases, the energy difference between the bound
state localizations increases, which is confirmed in Fig. 5a inset. Also,
the NOR amplitudes decrease (Fig. 5a inset) as matrix elements (𝜇×)
decrease with increasing 𝑥 value. In Fig. 5b, when examining the
variation of the SHG coefficients depending on the 𝑥 concentration,
it is observed that as 𝑥 increases, the SHG resonant peaks shift to
blue and the resonant amplitudes decrease. Maximum peak values are
observed at two different frequency values in agreement with the SHG
coefficients. The reason for this change is the energy differences and
the variation of the matrix elements depending on 𝑥, as elucidated in
the NOR change. In Fig. 5c, it is seen that the THG resonant frequencies
shift to blue and their amplitudes decrease as 𝑥 increases, similar to the
NOR and SHG coefficients, the reason to which is as described in the
SHG and NOR characters. Again, as expected, the THG resonant peaks
occur at appropriate 𝛥𝐸 values as (𝐸1−𝐸0), (𝐸2−𝐸0)∕2 and (𝐸3−𝐸0)∕3.

In Fig. 6a, b and c, respectively, the NOR, SHG and THG of the
MQD are furnished for different width parameter values (𝜂) of the
uantum dot as a function of the incident photon energy. As seen in
ig. 6a, as 𝜂 increases, the NOR resonant frequencies shift to blue,
hile resonant amplitudes decrease. Because, in Fig. 1, it is seen that
s the 𝜂 value increases, the repulsiveness of the effective potential
ncreases. In this case, the difference between the bound state energies
7

ncreases, and the NOR resonant frequencies begin to blue-shifting (See f
Fig. 6a inset). Also, the NOR amplitudes decrease (See Fig. 6a inset) as
matrix elements (𝜇×) decrease with increasing 𝜂 value. When probing
the variation of the SHG coefficients in Fig. 6b and the THG coefficients
in Fig. 6c with respect to 𝜂, it is observed that SHG and THG coefficients
lueshift similar to the NOR resonant frequencies due to the increasing
. The reason for this observation can be elucidated by the fact that the
nergy difference increases as 𝜂 increases (See Fig. 6b inset and Fig. 6c
nset). Also, it is seen in Fig. 6b and c, respectively, that the resonant
mplitudes of the SHG and THG coefficients decrease as 𝜂 increases,
hich is due to decrement of the dipole matrix elements (𝜇×) as a result
f increasing 𝜂 (See Fig. 6b inset and Fig. 6b inset).

. Concluding remarks

In this work, the effects of external fields such as the electric field,
agnetic field, and laser field, as well as structural parameters as QD
epth and width, on the NOR, SHG, and THG of the MQD constituted by
n𝑥Ga1𝑥As/GaAs heterostructure have been theoretically investigated.
rom the observed results, it can be said that 𝜉, 𝐵, 𝑥, and 𝜂 have
lternative effects on the NOR, SHG, and THG resonant frequencies
ue to their similar blue shift function. However, in this alternative,
he parameters have different efficacy relative to each other. While the
xternal electric field changes the SHG and THG stability of the MQD,
he external magnetic field, laser field and structure parameters do not
hange this stability. Because only the external electric field increase
auses a sharp peak formation in SHG and THG characters. In summary,
oth external fields and structural parameters are influential in the
ptical responses of the structure. The determination of the functional
anges of these parameters through the theoretically calculated effects
ill provide advantages in the experimental stage for the production
f planned optoelectronic devices. The applied external electric field
erves as an alternative to structural parameters in terms of both
ptimality and resonant frequencies. Furthermore, in terms of resonant

requencies, the laser field and external parameters are alternative to
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Fig. 6. The same as Fig. 2 but when 𝜉 = 30 kV/cm, 𝐵 = 1T, 𝑥 = 0.4, 𝜂 = 0.25 − 0.28 − 0.31 − 0.35∕𝑎0, 𝛼0 = 0.5𝑎0.
R
ach other. The relevant alternatives will provide considerable advan-
ages for device designs in determining the nonlinear optical properties
f the MQD, which resemble periodic multi-quantum wells, that can
e obtained using greater spatial limitation via advanced experimental
echniques.
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