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Abstract Based on the finite element method using the FEniCS computing platform and python programming, we solve the
Schrödinger equation within the effective mass approximation. Its solution gives us the necessary energy for an electron to transit
from an intermediate band to a conduction band, as well as the distribution of probability density within the system. In this work,
we have investigated the efficiency of the InAs/GaAs pyramid quantum dot intermediate band solar cell (PQD-IBSC) as a function
of the structure parameters and quantum dot density. The simulation results indicated the strong dependence of the efficiency of
PQD-IBSC on the confinement effect, quantum dot number or quantum dot density and coupling strength. The conversion efficiency
grows from 14.4587% to the optimal efficiency 17.8807%. Generally, the best efficiency is obtained for small barrier width, large
quantum dot height and great quantum dot density.

1 Introduction

Semiconductor materials that have exclusive properties are preferred in the production of photovoltaic technologies with high
efficiency like solar cells. One of the nanocrystal candidate structures based on semiconductor materials used to ensure an increase
in solar cell efficiency [1] is quantum dots (QDs) [2–4] because of their extraordinary electrical and optical properties. QDs are a
special form of semiconductors qualified with continuous valence and conduction bands. The quantum confinement effect owned by
QDs determines their electronic and optical properties. This property ensures fine-tuning on the optical properties such as absorption
wavelength [5, 6] and bandgap [7]. QDs have important characteristics like narrow emission spectra, size-tunable bandgap, and
long-term stability. The dependence of the bandgap on the nanocrystalline size allows researchers to tune the bandgap energy by
adjusting its size. QDs have adjustable properties according to their shapes, sizes, and materials. The light is firstly absorbed and
then emitted by QD when excited. The factor that determines the light’s color is the dot’s size. The smaller dots emit light with
higher energy compared to larger dots. Another important reason why they are preferred in solar cell production is the potential
of QDs to minimize losses from thermalization and unabsorbed photons. Among the QDs (cuboid, cylindrical, pyramidal, conical,
and lens-shaped), pyramidal-shaped structures have different importance due to growing application areas in semiconductor device
technologies (lasers, photonic structures, light detectors, and solar cells) [7–9].

QDs act as the intermediate band (IB) in solar cell structure and increase the cell’s efficiency. This increase takes place because of
QDs’ properties about the absorbing subband gap photons by the two-photon transition between the valence band and the conduction
band [10–13]. In the case of two-photon transition, the key parameter is the coupling of each QD wave function with the neighboring
one to widen the discrete quantum levels for creating miniband (i.e., IB) which has finite width in the well-ordered and close-packed
QDs superlattice. These intermediate band solar cell (IBSC) structure has been suggested for overcoming the loss mechanisms
specified in Shockley–Queisser model [10, 14–18]. The IBSC’s different from the conventional solar cell is that it increases both
voltage and current using only one junction [10].

While the conventional silicon-based solar cells reach the efficiency of just over 26% [19] (nearly their fundamental limiting
efficiency of 32%), IBSCs provide the theoretical power efficiency of 63% under full light concentration [15]. Theoretical solutions
to these structures have mathematical difficulties, and the numerical techniques must be used to overcome these difficulties [20–22].
Considering the studies on the subject, Cuadra et.al. [23] investigated the effect of the overlap of the absorption coefficients on
the intermediate band solar cell’s efficiency and determined that in the case of overlap occurs the efficiency reduces. A new low-
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temperature characterization technique based on concentrated light is introduced by Linares et al. [16] in the case of the open-circuit
voltage has been fully recovered. Lee et al. [24] have suggested an effective method to compute the structure of miniband and
density of states for a well-ordered Ge/Si-nanodisk array. Their suggestion has been a guideline for three-dimensional QDs design.
Another work by Lee et al. [25] studied the physical and the electrical characteristics of Ge/Si QDs based IBSC and used a new
3D finite element method to compute the miniband structure and density of state. H. El Ghazi [26] investigated the photovoltaic
conversion efficiency of a one-intermediate band solar cell based on GaN/InN/GaN quantum well and showed that under full light
concentration the optimum power conversion has been obtained for thin QW.

In this paper, we investigated the influence of quantum dot density, QD size and dot spacing on the parameters of PQD-IBSC
based on Schrödinger equation and Luque model. The organization of the paper is that Sect. 2 gives the theoretical background of the
numerical calculations. Section 3 discusses in detail the simulation result and compares the obtained results. Finally, a conclusion
of the physical results obtained in the paper is given in Sect. 4.

2 Computational model

In this paper, we consider a model of semiconductor multi-pyramid shape, consisting of InAs QDs grown on a GaAs substrate and
embedded in a three-dimensional matrix of the same material. The electron properties are described numerically in three dimensional
(3D) by solving the Schrödinger equation with the effective mass approximation, that can be expressed as:

Hψ �
(

−�
2

2
�∇
(

1

m∗
j

�∇
)

+ V (x, y, z)

)
ψ (1)

where � is the reduced Planck constant, ψ is the wavefunction, m∗
j represents the electron effective mass, having two different

values in two regions, QD domain and its surrounded medium. The pyramid electron confinement potential (V (x, y, z)) is written
as:

V (x, y, z) �
{

0 if(x, y, z) ∈ PQD
V0 otherwise

(2)

with V0 � Q�Eg is the conduction band discontinuity, Q(� 0.7) is the conduction band offset and �Eg � EGaAs − EInAs is the
gap energy difference between GaAs matrix and InAs QD material. The presence of QD creates a miniband between the conduction
band (CB) and the valence band (VB), the miniband is called the intermediate band solar cell (IBSC). To study the properties of
IBSC based on InAs/GaAs material, with different PQDs numbers, we adopted the Luque model [10, 27] with consideration of QD
density to calculate the current density and conversion efficiency (CE), the current density which characterizes the PQD-IBSC is
expressed as [28]:

J � JCV(μCV) + τ × JIB(μCI, μIV) (3)

where τ is the ratio of the PQD volume and the bulk material that creates an additional current density from intermediate band (IB),
the photocurrent density JIB is written as:

JIB � e(GCI − RCI(μCI)). (4)

The photocurrent density induced by the bulk material is given as [28]:

JCV � e(GCV − RCV(μCV)) (5)

Here, GCV and GCI are the electron generation rates related to transitions VB → CB and IB → CB, respectively, and are given
by [28, 29]:

G � χ�s

π

∫
f (E, Ts, 0)dE+

(
1 − χ�s

π

) ∫
f (E, Tc, 0)dE, (6)

where χ(1000) is a concentration factor, Ts(5778K ) is the temperature of sun, Tc(300K ) is the temperature of solar cell [28],
�S � π sin(θ)2 is a geometrical factor, θ corresponds to the angle between the sun rays and a vector normal to the panel surface,
for the sun as seen from the earth, in this case θ ≈ 0.26

◦
[27, 30]. The flux photon density emitted or absorbed is expressed by [26]:

∫ f (E, T, μ)dE � 2π

h3c2
∫ E2

e(E−μ)/kbT − 1
dE (7)

where h is the Planck constant, c is the light velocity and kb is the Boltzmann constant. The electrons recombination rites due to
transitions VB → CB and IB → CB are noted as RCV and RCI, respectively.

R(μif) � ∫ f (E, T, μif)dE (8)
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with μif is the quasi-fermi energy difference between two minibands i and f . For a given output voltage V , the quasi-fermi
energies μCV, μCI and μIV are related by the following equation:

qV � μCV � μCI + μIV (9)

with q is the electron charge. As no current is induced from the one intermediate band, the current density entering and leaving this
band must be equal [10, 29]:

GCI − RCI(μCI) � GIV − RCI(μIV) (10)

So, the equation takes the form,

e
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(11)

where Ec � Eg − EI, Eg is the band gap and EI is the intermediate band energy level. The two unknown quasi-fermi energies μCI

and μIV can be obtained from the solution of the two equations (9, 11) for a given output voltage V .
The conversion efficiency of one intermediate band photovoltaic solar cell η is expressed by using the following parameters:

the open-circuit voltage Voc, the short circuit current (Iscc), and Vm and Im that correspond to the operating point of the I − V
characteristic that maximizes the output power. It is formulated as [26]:

η � VocJsccFF

Pin
(12)

where, Pin � σsT 4
s is the incoming power density at sun surface, with σs � 5.67 × 10−8Wm−2K−4 is the Stefan–Boltzmann

constant. The essential parameter for measuring the performance of solar cells is known as the fill factory (FF), is given by:

FF � Vm Im
Voc Iscc

. (13)

3 Results and discussions

With FEniCS project, Python programming language and the effective mass approximation, we succeeded to solve the Schrödinger
equation that describes the electron properties in the 3D complicated geometry. The necessary physical parameters in this work are
m∗

InAs � 0.023me, m∗
GaAs � 0.067me, Eg, InAs � 0.354 eV, Eg, GaAs � 1.424 eV and εInAs � 15.15 [31–33]. The Fig. 1 portrayed

the schematic view of the one, five and nine PQDs structures with a using mesh (see Table 1) for solving the Schrödinger equation.
The average execution time for one electron energy ground state is about 7 h by using a computer with an 8 Go RAM and a Processor
Intel(R) Core (TM) i7-6600U CPU @ 2.60 GHz, 2808 MHz, 2 Core(s), 4 Logical Processor(s).

The intermediate band solar cell is determined by the energy of an electron confined inside a QD material sandwiched in material
barrier. From this result, we can have knowledge of the necessary energy of an electron for transit from the intermediate band to the
conduction band.

The confinement factors that can affect strongly the intermediate band are the barrier width s and pyramid height hd. To evaluate
the impact of confinement on the intermediate band, we have investigated in Fig. 2 the relationship between electron energy ground
state (EEGS) in InAs/GaAs PQD and coupling strength, which is tunable by two factors the barrier width s and QD numbers. Where
QD number is taken one, five and nine QDs, the corresponding to the quantum dot density (QDD) are D1 � 1.8903 × 1011cm−2,
D5 � 5 × D1 and D9 � 9 × D1 at s � 2 nm, respectively. This result is measured for the case of lp � 5 nm, hp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm. As can be seen from this figure, for a fixed barrier width, there is a regular increase in EEGS as QDD
decreases. On the other side, when we have only one QD, the EEGS approximately remains the same value for all barrier widths
because of the absence of coupling effect. However, for five and nine QDs, the EEGS changes to a high value as the barrier width s
is expanded until it converges to the energy of one QD. The physics argument is as follows, for an independent QD, the probability
density is localized inside the QD, so the electron is more confined in this case, as a consequence the energy takes an important
value. For five and nine QDs, the results of EEGS can be explained by the coupling effect between QDs, as the dot spacing is small,
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Fig. 1 Schematic illustration for
3D square pyramid base quantum
dots, a one quantum dot, b five
quantum dots, c nine quantum
dots and d the x-axis view of nine
QDs system with lp � 5 nm,
hp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm

Table 1 The mesh element for MPQDs with lp � 5 nm, hp � 5 nm, s � 2 nm, wl � 0.6 nm and hb � 10 nm

Nodes Lines Triangles Tetrahedra

One QD 6086 489 6542 29,872

Five QDs 8686 829 8642 45,513

Nine QDs 8221 1029 9022 42,621

the coupling effect among the QDs is strong and the wavefunction is penetrated into regions between QDs, so the electron can move
among the QDs. So, the diminishing of quantum confinement causes a reducing in EEGS. Otherwise, as the barrier width increases,
the coupling effect reduces and electron movement becomes more restricted. Furthermore, for large barrier width the coupling effect
is weak and the QDs in the system acts like an independent QD, so the electron is mainly located inside each QD, as a result the
energy for three cases approaches to each other. To verify the outcomes of our numerical investigation on PQD, we illustrated in
Fig. 3 the ground state probability (GSP) of an electron for three cases, one, five and nine QDs for two barrier width s � 1 nm and
s � 3 nm, these results match well with the earlier work [34–36].

With the previous parameters and fixed barrier width at 2 nm, we reveal in Fig. 4 the effect of pyramid height h p on the EEGS
for one, five and nine QDs. The calculated EEGS is proportional to the maximum transition energy from the intermediate band to
the conduction band, the energy decreases gradually with increasing hd, so the QD size has a great effect on EEGS. The reduction
in the energy is related to the confinement effect that vanishes progressively with an increment of the pyramid height. These results
are in agreement with the reference [34].

Now, let us discuss the impact of QD density, coupling strength and confinement effect on parameters that determine the PQD-
IBSC performance:Voc, Iscc, Vm and Im, for this purpose, we simulated J − V profile of InAs/GaAs PQD-IBSC under 1000 sun
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Fig. 2 Electron energy as a
function of barrier width (s) for
three cases: one, five and nine
QDs with lp � 5 nm,
wl � 0.6 nm and hb � 10 nm

illumination. Figure 5 displays the current densities induced from the intermediate band and the system as a function of external
voltage V for various QD numbers, one, five and nine. As seen in this figure, the current density is sensitive to the QD density, the
presence of QD increases the current density more specifically the short circuit current in comparing with bulk material, meanwhile
the open-circuit voltage value is unaffected. These outcomes can be explained by the following physical reasons, in the bulk material,
we have only one transition from the VB to the CB with an energy greater thanEg,GaAs . The presence of QDs creates an intermediate
band between VB and CB, which makes an additional transition possible with an energy less than Eg,GaAs as a consequence the
current density rises. To be more realistic, from this figure, we calculate the conversion efficiency as shown in Table 2. In the absence
of QD, the efficacity conversation is taken a constant value about 14.4587%, meanwhile, the presence of one, five or nine QD change
gradually the CE to η(1QD) � 15.1133%, η(5QDs) � 15.9834% and η(9QDs) � 16.9242%.

In Fig. 6, we reported the current density associated with the system as a function of the external voltage V . In this case, we plot
J in units of mA · cm−2 for three different barrier widths s � 1 nm, 2 nm and 4 nm. It is interesting to note that with a decrease in
the barrier width, the current density J starts to take an important value and the open circuit voltage keeps the same value, so the
current density can be manipulated much strongly by the coupling effect that is related to barrier width, as shown in Fig. 3. In order
to analyze the effect of barrier width, we have presented in Table 3 the conversion efficiency as a function of barrier width s. As
we can see, the conversion efficiency is increment as the barrier width is diminished. This result can be explained by the following
reasons, when the QD is closed together, the electron wave function penetrates into the barrier region, so the electron can move
among the QDs as shown by the probability density that is presented in Fig. 2 and the discussion part of Fig. 3. Furthermore, for
reduced barrier width, the coefficient absorption takes important values, as mentioned in the work [37], it contributed in the growth
of the current density and the conversion efficiency. The results of our study are consistent with the findings of previous research
[38].

This graph (Fig. 7) illustrates the change of the current density J for nine QDs versus the external voltageV , for different values
of pyramid height values hp � 3 nm, 5 nm, 7 nm and 9 nm. It is obvious that the current density J is increment as the pyramid height
is expanded, this result can be interpreted by the important contribution of hp on ρ that presents the ratio of the PQD to volume of
bulk material. In addition, as the volume of QDs rises, more photons are absorbed, as a consequence, exciting more electrons. In
order to discuss the efficiency of solar cells, we exported from Fig. 7 in the Table 4, the conversion efficiency, one can notice that
a regular increment of hp: hp � 3 nm, 5 nm, 7 nm and 9 nm makes the CE takes16.4207%, 16.9242%, 17.3236%, and 17.6321%,
respectively.

4 Conclusion

By using the finite element method and the Python programming language, we were able to solve the Schrödinger equation in 3D
complicated geometry, which consists of InAs square pyramid quantum dots and GaAs barrier material. The presence of quantum
dots creates a miniband that works as an intermediate band, this miniband is determined by the solution of the equation. In this
current investigation, we explore the impact of quantum dot density, quantum dot size and strength coupling (dot spacing) on the
parameters that adjust the conversion efficiency of pyramid quantum dot intermediate band solar cell. The presence of quantum dot
changes considerably the performance of intermediate band solar cell, which alters the conversion efficiency to high values as the
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Fig. 3 Ground state probability density of an electron in multi-pyramid quantum dots, for three cases one (above), five (middle) and nine (below) QDs with
two different barrier widths s � 1 nm (left) and 3 nm (right) with lp � 5 nm, hp � 5 nm, wl � 0.6 nm and hb � 10 nm
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Fig. 4 Electron energy as a
function of pyramid height (hp)
for three cases: one, five and nine
QDs with lp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm

Fig. 5 Current density induced
from the system J as a function of
external voltage V with different
cases: one, five and nine QDs with
lp � 5 nm, hp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm

Table 2 Photovoltaic conversion efficiencies ηM (bulk), η (system), fill factor FFM (bulk) and FF (system) as a function of quantum dot numbers with
lp � 5 nm, hp � 5 nm, s � 2 nm, wl � 0.6 nm and hb � 10 nm

ηM (%) FFM η(%) FF

1QD 14.4587 0.9066 15.1133 0.9067
5QDs 14.4587 0.9066 15.9834 0.9068
9QDs 14.4587 0.9066 16.9242 0.9069

quantum dot density takes an important value. Furthermore, the quantum dot structures mainly the dot spacing s and the pyramid
quantum dots height hd affect the strength coupling among the quantum dots and quantum confinement, respectively. In this respect,
the conversation efficiency of pyramid quantum dot intermediate band solar cell is tunable by these factors, as the reduction in the
dot spacing or expanded of the pyramid quantum dot height, the efficiency shows an important enhancement. The highest efficiency
of 17.8807% is attained for nine quantum dot, barrier width of 1 nm and pyramid quantum dot height of 5 nm.
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Fig. 6 Current density induced
from the system J as a function of
external voltage V with different
barrier width values: s � 1 nm,
2 nm and 4 nm for nine QDs for
fixed parameters, lp � 5 nm,
hp � 5 nm, wl � 0.6 nm and
hb � 10 nm

Table 3 Photovoltaic conversion efficiencies ηM (bulk), η (system) and fill factor FF (system) as a function of barrier width s QDs with lp � 5 nm, hp � 5 nm,
wl � 0.6 nm and hb � 10 nm

ηM (%) η(%) FF

s � 1 nm 14.4587 17.8807 0.90700
s � 2 nm 14.4587 16.9242 0.90690
s � 4 nm 14.4587 16.0251 0.90681

Table 4 Photovoltaic conversion
efficiencies ηM (bulk), η (system)
and fill factor FF (system) as a
function of pyramid height hp
with lp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm

ηM (%) η(%) FF

hp � 3nm 14.4587 16.4207 0.90685

hp � 5nm 14.4587 16.9242 0.90690

hp � 7nm 14.4587 17.3236 0.90695

hp � 9nm 14.4587 17.6321 0.90698

Fig. 7 Current density induced
from the system as a function of
external voltage V with different
pyramid heights hp � 3 nm,
5 nm, 7 nm and 9 nm for nine
QDs, lp � 5 nm, s � 2 nm,
wl � 0.6 nm and hb � 10 nm
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