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1 | INTRODUCTION

In this paper, we consider the Dirac equations system

1Y (x)] == BY (x) + Q)Y (x) = Ap(x)Y (x) @))]
on set (a, b), where B = (91 (1)>, Qx) = <§g; ggg), Yx) = <§;Eg>,p(x), q(x) and r(x) are real

valued functions in L,(a, b), A is a spectral parameter, for a = §y <& < ... <&,+1 = b and p(x) = p;
as fi<x<§,‘+1, pi € R+,i =0,1, ... ,n.
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We denote by L the boundary value problem generated by Equation (1) with the following boundary
and transmission conditions

Ly = ax(A)y2(a) — ar(A)yi(a) = 0 @

by = ba(A)y2(b) — bi(A)y1(b) =0 3

{ls)’ =y (& +0)— 0y (5 —0)=0 “

Ly = y2 (& +0) = 67" y2 (& = 0) = yi(Dy1 (6= 0) = 0

where a;(A), a;(4), b1(4), by(A), and y;(1) are polynomials of A with real coefficients also a;(4) and
a>(A) as well as b;(4) and b,(4) do not have common zeros, §; € Rti = 1, ... ,n. The polynomials

m my
in boundary and transmission conditions have the form a;(1) = Y au A5, aa() = Y ap X, bi(A) =
=0 =0

Zsbklﬂk, bg(ﬂ) = 24]9/(2/1]( and }/,'(/1) = le/k,'/lk. Moreover, mg = max {ml,mg}, myp = max {m3, I’I14},
k=0 k=0 k=0
r 1= maxi<i<,{deg(y)}.

Inverse problems of spectral analysis lead to recovery operators from their spectral characteris-
tics. This kind of problems emerge in mathematics, physics, mechanics, geophysics, electronics, and
other branches of natural sciences. Currently, studies on the inverse problem theory are getting more
interesting.

The inverse problem of a Sturm-Liouville operator was firstly studied by Ambarzumian in 1929
[1], next by Borg in 1946 [2]. Later, these results were developed in many fields. Borg’s this classical
paper on inverse spectral theory have the idea of using two sequences of eigenvalues with the same
boundary condition at one end and different conditions at the other end. Then, these results were
developed to various versions.

Rational conditions a;(4)y;(a) + a(4)y2(a) = 0 were investigated in [3] and by several follow-
ing authors, where a;(4) and a,(A1) are polynomials. When deg(a;) = deg(a;) = 1, this condition
depends on spectral parameter as linearly. For instance; in 1973, Walter [4] and in 1977, Fulton [5]
studied regular Sturm-Liouville problem involving the eigenvalue parameter A as linearly in the bound-
ary conditions. Then, boundary value problems which have eigenvalue parameter 4 in boundary and
transmission conditions were investigated and this kind of problems also arise in various studies of
mathematics as well as in applications in [6—15,32,34], where further references and links to applica-
tions can be found. Moreover, direct and inverse spectral problems for the appearance of the parameter
in boundary and transmission conditions as non-linearly have been investigated fairly completely for
classical Sturm—Liouville operator and also Dirac operator [16-24]. Besides all this, in recent years,
Sturm-Liouville operators with eigenparameter dependent discontinuity conditions were studied in
[25]. And also, complete solutions of various direct and inverse spectral problems for Sturm-Liouville
operators with boundary conditions containing rational Herglotz—Nevanlinna functions of the eigen-
value parameter were provided in [26] and [27], and were subsequently extended to distributional [28]
and Bessel-type potentials [29,33]. On the other hand, inverse problems for Dirac and Sturm—Liouville
operators with eigenparameter dependent nonseparated boundary conditions were solved in [30, 31],
respectively.

In this paper, we consider the inverse problem for reconstruction of considered Dirac
problem (1)—(4) with boundary conditions and a finite number of transmission conditions dependent
polynomials with respect to 4 by Weyl function and by spectral data { 4,, pn },.7,- In this direction, the
main result of this paper is that function (x), the coefficients b,(4) and b,(4) of boundary conditions,
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and the coefficients 6;, y;(4) fori =1, 2, ..., n in transmission conditions can be uniquely recovered

from Weyl function provided that the coefficients a;(4) and a,(A) are known a priori.

2 | OPERATOR TREATMENT AND ASYMPTOTICS OF SOLUTIONS

Let us consider the space H := Ly(a,b) @ Ly(a,b) ® C™ & C™ @& Y._,C",r = Y._ r; and the norm

of the element Y in H is defined by

b
Y]? = / p() {11 + |y201%} dx

DA NS YN
i=1 i=1

j=1i=1

®

for Y = (Y)Y, Y% Y?}) € H, where Y!' = (Y],Y3,....Y} ), Y = (YL.Y3, ....Y2). V3 =

(Yff,yjf, LX) i= 12
Define an operator T with the domain

{ , <y1(x>>

DT)=<Ye€eH:Yx) = € ACi,c(a,b),lf € Ly(a,b),
Yo (x)

Vi (& +0) = 0,y1 (& = 0) =0,

Yll = ay py2(a) = am,1y1(a), Y12 = by, 2y2(b) = by, 1y1(D)

Y= pmn G- 0),i=12, .0

such that TY == W = (Iy, W!, W2, W), with

W= (W, Wy, ..., Wa),

W2 = (WE W3, Wi, ) WA= (WEL W W)L i= 12, o,

W =Yl = an—i2y2(@) + am—iay1(@,i= 1,2, ... ,m, — 1,
W, = —amy2(a) + aoyi(a),
WP = Y3, = b, —joya(b) + by —jayi1(b).j = 1,2, ... .my — 1,
Wi, = —boy2(b) + boryi(b),

Wy =Y —froeyt G =0). k=12, =1, i=12 .. .n
W) ==y (G =0+ 0 (E+0) -6y @E—-0), i=12,..,n

The following theorem can be proved by using definition of 7'

Theorem 1  The eigenvalue problem of operator T is adequate problem of (1)—(4), that

is, eigenvalues of operator T and problem (1)—(4) coincide.

Let the functions S(x,4) = <S‘(x’ ’“), Clx, 1) = <C1(x”1)> o, ) = @ix, 1)

So(x, A) Ca(x, 4)

(@i (xA), po(x, D)), x € (&, &41), and w(x, 4) = wilx, ) = W @A), wal, ). x € (& &),
i=0,1, ...,nsuchthat & = a and &,; = b be solutions of Equation (1) satisfy the initial conditions
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(1) +0=()
S(a, 4) = , Ca, d) = ,
1 0
oola 1) = @o1(a, 4) _ ax(4) ,
pona, 1) ai(4)
(b, A by (4
wn(b. 1) = a1 (D, 4) _ 2(4)
wn2(b, A) bi(4)
and the transmission conditions (4).

Lemma 1 The following equations hold for the solutions @(x, A) and y(x, 4):

@o1(x, 4) = ax(4) cos App(x — a) — a1(4) sin Apy(x — a)

+ / [p(1) sin Apo(x — 1) + (1) cos Apo(x — 1)] o1 (¢, A)dt

+ / [q(t) sin Apo(x — t) + r(f) cos Apy(x — t)] @ (t, dt
@o2(x, 4) = a1(4) cos Apo(x — a) + ax(4) sin Apo(x — a)

+ / [=p(1) cos Apo(x — 1) + q(t) sin Apo(x — 1)] oy (1, A)dt

+ / [=q(1) cos Apo(x — 1) + (1) sin Apo(x — 1)] @o2(t, A)dt

for i=1,2,...,n
@i1(x, A) = 0,911 (&, 4) cos Ap; (x — &)
— (07 @ic12 (& D) + 1i(D@ic1 (&, D) sin Ap; (x — &)

+ / [p(t) sin Ap;(x — £) + g(t) cos Ap;(x — t)] @i (t, A)dt
&

+ / [q(t) sin Ap;(x — 1) + r(t) cos Ap;(x — t)] Qn(t, A)dt
&

@in(x, A) = 0;pi_11 (&, 4)sin Ap; (x — &)
+ (67 @ic12 (&1, D) + 7i(D@ic11 (&, A)) cos Ap; (x — &)

+ / [=p(1) cos Api(x — 1) + q(1) sin Api(x — )] @1 (1, A)dt
&

+ / ) [=q(1) cos Api(x — 1) + r(1) sin Ap;(x — 1)] @i (t, A)dt.
&

and

Wn1 (X, 4) = by(A) cos Ap,(x — b) — b1(4) sin Ap,(x — b)

b
- / [p(1) sin Ap,(x — 1) + q(1) cos Apu(x — )] win (¢, D)t

b
- / [q(t) sin Ap,(x — 1) + r(f) cos Ap,(x — t)] W (t, A)dt

W2 (x, 4) = b1(A) cos Ap,(x — b) + by(4) sin Ap,(x — b)

(6)
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b
+ / [p() cos Apn(x — 1) — q(2) sin Ap,(x — 1)] W (¢, A)dt

b
+ / [a(1) cos Ap,(x — 1) = r(2) sin Ap,(x — )] o (2, A)dt

fori=n—-1,n-2,...,0;
win(x, A) = 03 wis11 i1y A) cOS Ap; (x — Eipp)
— (Bis1Wir12 (Eir1: D) = Vit (WDWig11 (Ei1. D) sin Ap; (x — &)

Sivi
- / [p(1) sin Api(x — 1) + q(1) cos Api(x — D] wi (¢, A)d1

Eint
- / [q(t) sin Api(x — 1) + r(2) cos Api(x — 1)] win(t, At

Wi (x, A) = 03 wirt 1 Gty A) sin Ap; (x — &)
+ (Oir1Win12 Eirts D) = Vit (DWir11 Eirr, ) €08 Ap; (x — Eigp)

v
+ [ Ip0cos nix = = at0 sin apie = ] e A

Sivl
+ / [q(1) cos Api(x — 1) = r(t) sin Ap;(x — 1) win(t, A)dr.

Lemma 2 o(x,4) = (pn(d), ok, ), x € (&, &), i=0, 1, ..., n are entire
functions of A for each fixed x and the following asymptotic relations are true for these
solutions as |A| — oo:

if deg(a,) > deg(a;);
®o1(x, 1) = amp A" cos Apo(x — a) + o (A" exp [ImA|(x — a)po) ,
Po2(x, A) = amp A™ sin Apo(x — a) + 0 (4™ exp [Im4A|(x — a)po) ,
@11(x, A) = =¥y 1am A" cos Apg (& — a) sin Apy (x — &),

+ o (4™ exp [ImA] (61 — @) po + (x = &) p1))
@12, A) = ¥y 18,2 A" c08 Apg (&1 — a)cos Apy (x — &),

+ 0 (A" exp |ImA| (& — a) po + (x — &) p1)) »

proceeding in a similar way,
P (x, 4) = (—1)”am22/1A+m2HJ/r,.i cos Apo (&1 — a) sin Ap, (x — &n)

i=1

X H sin Api_y (& — &i-1)
)

+ o0 </1A+m2 exp [ImA| ((b &) pnt+ Z & —-<¢ic) Pi—l)) ,

i=1
n

Pua(x, ) = (=1 a2 A [ T cos Apo (&1 — @) cos 4p, (x = &)
i=1

X H sin Api—1 (& — &i-1)
;)

4o </1A+mz exp |ImA| <(b — &) pn+ Z (SEE<)) pi_1>> ,

i=1
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ifdeg(ar) > deg(az);
@o1(x, 4) = —ap,1 A™ sin Apo(x — a) + o (A" exp |[ImA|(x — a)po)
@o2(x, A) = @y, 1 A™ cos Apg(x — a) + o (A™ exp [ImA|(x — a)po) ,
@110X, A) = ¥y 1Gp, 1 AN sin Apg (€ — a) sin Apy (x — &)

+ o (A" exp |ImA| (&1 — @) po + (x = &) p1)) »
@120X, A) = =¥y 1am, 1 A7 sin Apg (€1 — a) cos Apy (x — &)

+ o (A" exp [ImA| (61 — @) po + (x — &) p1)) »

proceeding in a similar way,

P (x, ) = (=1 @ A ] T sin dpo (&1 — @) sin Ap, (x — &)
i=1

X H sin Ap;i—1 (& — &i-1)
i=2

+ 0 <AA+'"1 exp |Tm4| ((b —&) ot Y (&~ :i_1>pi_1>>,

i=1

Puia(6, A) = (=1)"ay A ] i sin Ap0 (&1 — @) cos Ap, (x = &)
i=1

x [ ] sin 4pics & = &-0)
i=2

+ o0 </1A+m‘ exp |[ImA| ((b &) pnt+ Z (SRR pi—l)) ,

i=1
ifdeg(a;) = deg(az) ;

®01(x, A) = A" (@my2 €08 Apo(x — @) — a1 Sin Apo(x — a))
+ o (A" exp |[ImA|(x — a)po)
®02(x, A) = A" (@m,1 €08 Apo(x — @) + a2 sin Apo(x — a))
+ o (A" exp |ImA|(x — a)po),
@11(x, A) = 7,1 A (= a2 cOs Apg (& — a) sin Apy (x — &)
+ ap,1 8in Apg (&) — @) sin Apy (x — &)
+ o (A" exp [ImA| (61 = @) po + (x = 1) p1)) »

P12(x, ) = lelﬂr‘m( — Qn,2 €08 Apo (&1 — a)cos Apy (x — &1)

+ ap,1 810 Apg (&1 — @) sin Apy (x — 51))

+ 0 (A" exp [ImA| (&1 — @) po + (x — &) p1)) »

proceeding in a similar way,
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n
Pm (e, A) = 2 [ l(—l)”amzz cos Apo (§1 — a) sin Ap, (x — &)

i=1

x [ [ sin 4pi-1 (& = &) + (= 1) a1 sin Apo (&1 — @) sin Ap, (x — &)
i=2

X H sin Api_y (& — ‘fi—l)]
=2

+ o0 </1A+m exp [ImA| ((b = &) pu+ Z & —¢&-1) Pi—l)> ,

i=1

@uax, 1) = A T l(_l)n+lam22 cos Apg (& — a) cos Ap, (x — &,)

i=1

X H sin Api—y (& — &im1) + (=1)"am,1 8in Apg (&1 — a) cos Ap, (x — &)

=2

X H sin Ap;_1 (& — 51‘—1)]
i=2

+ o0 </1A+m exp |ImA| ((b &) pnt+ Z & —<&ic) Pi—1)> ,

i=1

where A=ri+r+- - +r,.

Lemma3 y(x,4) = (yiu(A), yp, D)), x € (&.841),1=0, 1, ..., n are entire
functions of A for each fixed x and the following asymptotic relations are true for these
solutions as |A| — oo:

if deg(b2) > deg(b1);

wou(x, A) = (=1 b g A [

i=1

X €08 Apy (§n — b) sin Apg (x — &1) H sin Api—1 (& — &i-1)
i=2

+ 0 </1A+”“‘ exp [Im4| ((51 —a)po+ 2 & - éfi—l)pi—1>> ,

=2

oo, A) = (=1l 2 A ] [ 1
i=1

X €05 Apy (&, — b) cos dpo (x — &) [ [ sin 4pi-1 & = &-1)
i=2

+ 0 </1A+m“ exp [Im4| ((51 —a)po+ 2 & - 55—1),0,'—1)) ,

i=2
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Y ) = (=1 b A2t Ty,
=2

X cos Apy (& = b)sin apy (x— &) [ [ sin dpi-r (& - &)

i=3 "
+ 0 </lr2""“+r"+m4 exp |[ImA| <(§2 —-&)p + Z & - 5i—1)Pi—1)> ,
i=3
i, A) = (=1 by g A A T
i=2
X €08 Apy (& = b cos ipi (x = &) [ [ sin 4pi1 (& — &i-1)
i=3 "
+ o0 </1r2+"'+r"+m4 exp [Im4| <(§2 —-&)p1 + Z & - C‘i—l)/’i—l)) ,
i=3

proceeding in a similar way,
Wit (X, 4) = by 2 A™ €0 Ap,(x — b) + 0 (A™ exp [ImA|(x — b)py) ,
Wi2(X, A) = by 2 A™ sin Apu(x — b) + 0 (A" exp [ImA|(x — b)pn) ,
if deg(by) > deg(ba); .
wou(x, A) = (=1)"by A [ s
i=1

X sin Apy (& = b)sin Apo (x = &) [  sin 4pit & = &-1)

i=2

+ o0 (/1””’"3 exp [ImA| ((51 —a)po+ Z & - 55—1)/)[—1)) ,

i=2

oo, A) = (= 1" by A [ T s

i=1

X sin Apy (& = b) cos Apo (x = &) [ [ sin 4pit (& = &-1)

=2

+ 0 </1A+m3 exp [ImA| <(§1 —a)po+ Z & - fi—l)/’i—l)) ,

i=2
n

w6 A) = (=" oy A7 s [
i=2

X sin Apy (& = b)sin Apy (x = &) [ | sin dpicy (& — &)
i=3

+ o0 (flr2+"'+""+m3 exp [ImA4| ((52 -¢)p1 + Z & - 5i—1)/’i—1>> ,

i=3
n

Wia(x, ) = (=1 A5+ [ T
=2

X sin Apy (& = b) cos Apy (x = &) [ [ sin dpict & — &-1)
i=3

+ o0 </1r2+"'+r"+m3 exp |[ImA| <(§2 -<)p + Z & - 5:’—1)/71'—1)) ,

i=3
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proceeding in a similar way,
Wt (x, ) = —by,,1 A" sin Ap,(x — b) + 0 (A" exp [ImA|(x — b)p,),
W2 (X, A) = by, 1 A7 €05 Apu(x — b) + 0 (A" exp [ImA|(x — b)p,) ,
ifdeg(by) = deg(ba);

n

wor(x, A) = 27 ] T sin Apo (x = &)

i=1

x [ ] sin Api-1 (& = &-1) [(=1)"bu, 1 sin Apy (& — b)
i=2

+ (=1 by,2 €08 49, (& — b)]

+ 0 </1A+m” exp [ImA| <(§1 —a)po+ Z & - §i—1),0i—1>> ,

=2
wor(x, A) = A Trni cos Apy (x = &)
i=1

x [ ] sin Api-1 & = &-1) [(=1)""" byn,1 sin Apy (&4 — b)
i=2

+(=1)"by,2 €08 Ap, (&, — b))

+ o0 </1A+m" exp [ImA| <(§1 —a)po+ Z & - §i—1)pi—1>> ,

i=2
n
W]l(x’ /1) — Arz+ +rn+mbHyrii sin /1,01 ()C _ 52)
i=2

x [ ] sin Api-1 (& = &) [(=1)""" yn,1 sin Apy (&4 — b)
i=3

+ (=1)"by,2 cos Ap, (&, — b)]

+ 0 </lr2+'”+r"+m” exp |ImA4| <(§2 -¢Dp + Z & - 51’—1),01'—1)) ,

i=3
n
le(x’ /1) — ﬂr2+“'+r"+mbHYr,-i cos /1,01 (X _ 52)
i=2

x [ [ sin Api-1 (& = &1) [(=1)"by,1 sin Apy (& — b)
i=3

+(=1)""" b2 cOs A4, (&, = b)]

+ 0 </lr2+'“+r"+m” exp |ImA4| <(§2 -¢Dp + Z & - 5:’—1)/’;’—1)) ,

i=3
proceeding in a similar way,
Wi (X, ) = A" (b2 €08 Apy(x — b) = by, sin Ap,(x — b))
+ 0 (4™ exp |ImA|(x — b)p,),
Wi (X, A) = A" (b, sin Apu(x = b) + by, €08 Ap,(x — b))
+ o (A" exp |[ImA|(x — b)pn)

where A=ri+rp+---+r,.
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3 | CHARACTERISTIC FUNCTION

The Wronskian of the functions @(x, 1) and w(x, 1) is defined by W{y, @} = w(x, H)@2(x, 1) — ¢
(x, Aya(x, 1) and since functions @(x, 4) and y(x, 4) satisfy the Equation (1), the following equality
is valid;

9 Wiy, @) = wl(x Doa(x, ) + w1 (6, Dgh(x, A)

ox
=y (x, @i (x, A) — yalx, e (x, 4)
= gy (x, A) + r@wa(x, 4) — Ap()a(x, D] @2(x, 4)
+ [—p@)@1(x, 1) — g)@2(x, 1) + Ap(D)@1(x, )] wi(x, A)
= [P (x, 1) — gy (x, 1) + b (x, )] @1(x, 4)
= [a@@1(x, 2) + r®)@2(x, A) = Ap(X)@a(x, A)] walx, 1) = 0.

Since solutions @(x, 4) and y(x, 4) satisfy the transmission conditions (4),

Wi, 0} E+0) =y1 (& +0, )02 (& +0,0) —ya (& +0, ) @1 (&40, 4)
=01 (& — 0, 1) [07 @2 (& — 0. 1) + 7i(De1 (& — 0, )
— [67 w2 (& = 0. 2) + vi(Dyn (& — 0, D] i1 (& — 0, 4)
=1 & =0, D)0 —0,)—y2 (& -0, D) @1 (& -0, 1)
=W{y,p} (& -0)
is valid.

W{w, @} does not depend on x and @(x, 1), w(x, 4) are linearly independent if W{q, v} #0.
The characteristic function of the problem (1)—(4) is defined as follows:

A(A) = yi1(b, D@a(b, 1) — ya (b, Dp1(b, A)
= yi1(a, Dpa(a, A) — ya(a, Dei(a, 4)
= bay(A)@a(b, ) — bi(D)@1(b, 4)
= a1(Dy1(a, 1) — ax(Dyna(a, 4).

A(A) is analytic function of A and its zeros are precisely eigenvalues of the problem L.

Lemma 4 From the asymptotics formulae of @(x, A)and w(x, A), the following asymp-
totic formulae hold as |A| — oo:

I) for deg(ay) > deg(ay)
if deg(bz) > deg(b1) ;
A(/I) — (_1)n+1am22bm42)’A+m2+m4

x [ Jrmi cos apo (&1 = @) cos Apu (b = &) [ ] sin 4pims (& = &-0)
i=1 i=2

+ o0 </1A+m2+m4 exp |ImA|((b — &,) pn + 2 & —é&i-1) ,0[—1> ,

i=1
if deg(by) > deg(h);
A(/{) — (—1)n+lam22bm31/1A+m2+m3
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x [ Jrnicos apo (& = a)sin dp, (0 = &) [ [ sin dpi-s (& = &)
i=1 i=2

+ o0 <2A+m2+m‘ exp [ImA| <(b = &) pnt Z & —&i-1) Pi—1>> ,

i=1

if deg(by) = deg(by);

n

A(}.) - (_1)n+IAA+m2+mham22Hyrii
i=1

X cos Apg (61 — a) H $in Api—1 (& = &i-1) [bm,2 c0s Ap, (b = &)
i=2

+ by, 5in Ap, (b= &)

+ o0 </1A+m2+m” exp [ImA| <(b &) pnt+ Z (& —&i-1) pim )) ,

i=1

II) fordeg(a) > deg(ay),
if deg(by) > deg(b);
A(A) = (=1)"@p, 1Dy p AT

X [ Trnisin 400 (&1 = aycos Ap, (b = &) [ ] sin Apic1 (& = &)
i=1 =2

+o <AA+’"1+”” exp [ImA| <(b — &)t ), i~ éi_l)pi_1>> ;

i=1
if deg(by) > deg(b2);
AA) = (=1) "y, 1Dy A4

[ [ i sin Apo (&1 = @) sin dp, (b — &) [ [ sin 2pi1 (& = &)
i=1 i=2

+ 0 <AA+’"1+”‘3 exp |ImA| <(b &) pnt+ Z & —¢&i-) pi—1>> ,

i=1
if deg(by) = deg(by);

n

A = (1A, x [T

i=1

x sin 4po (&1 — @) [ [ sin Apici & = &-1) [bm,2 cos Ap, (b — &)

=2

+ by, 5in Ap, (b= &)

+ 0 (/1“'"1”"1” exp [ImA| <(b = &) pu+ Z & —-¢&) Pi—l)) ,

i=1

III) fordeg(a,) = deg(ay),
if deg(by) > deg(by);
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AG) = 2 e[ T sin Apic & = &)

=1 =2
[(=1)"* ay2bm,2 €0 Apo (&1 — @) cos Ap, (b — &)
H(=1)" @ 1b,2 10 Apo (&1 = @) cOs Ap, (b = &)

+ o0 </1A+m+m4 exXp |Im/1| ((b - én) pnt Z (51 - gi—l) pi—l>> 5

i=1

if deg(by) > deg(by);

n n
AG) = 2 T I sin Ao & = &)

i=1 =2
[(=1)"*' @y, 2bp,1 cOS Apo (&1 — @) sin Ap, (b — &,)
+ (=1 @y, 1byyy sin Apo (€1 — @) sin Ap, (b — &,)]

+ o0 <1A+m+m3 exp |[ImA| ((b —&)pn+ Z & —¢&in) pi—1>> ,

i=1

if deg(by) = deg(b2);

n

A = 2 Trea[ T sin Apic & = &)

i=1 =2
[(=1)"* ay2 cos Apg (&1 — @) (bm,2 €08 Apy (b = &) + b1 sin Ap, (b — &)
+ (_l)namll sin Apo (&1 —a) (bm42 cos Ap, (b = &)+ bm31 sin Apn (b - fn))]

+o <1A+m+mb exp |Im.| <<b ~&) ot Y - é,-_opl-_l)) :

i=1

where A=ri+rp+---+r,.

It can be proved as in [3] that the problem L has countable many eigenvalues such that only
finitely many of them are non-real or non-simple and the eigenvalues of the problem L are distributed
symmetrically respect to real axis.

Let ®(x, 4) = g;g{: ﬁ

and jump conditions (4). Since the Wronskian W{¢, ®} does not depend on x, taking x = a we get
Wip, @} = = @i(a, HP2(a, A) — @a(a, HPi(a, 1)
= ay(A)P2(a, 4) — ai (DD (a, 1)

be solution of Equation (1) under the conditions /;(®) = 1, [,(®) =0

= ay(A) (1 + a1 (D)1 (a, 1)) S — ay(A)Pi(a, 1)
ax(4)

=1

Thus, @ and @ are linearly independent. Since L(®) = L(y) = 0, we may suppose
O(x, ) = ky(x, A), where k is a constant independent of x. By the relation /;(®) = 1, we obtain
klai(Dwi(a, A) — a;(Dya(a, A)] = —1. In view of

A(Y) = =l(y) = ai(Dyi(a, 1) — ax(Dya(a, 4) = —%

we get for 4 # A,®(x, 1) = —‘Vifj)), that is, ®;(x, 1) = —% fori=1,2.
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Denote 1
Z(x, A) == ——(S(x, 1) + M(Dep(x, 1))
ax(4)
where S(x, 1) and @(x, 1) defined by (6). Let us show that Z(x, ) = ®(x, 4).

Indeed

Zi(a. ) = ﬁ (S1(a, A) + M(Dp1(a, ) = M(A)

Zy(a, 4) = % (S2(a, 1) + M(D@2(a, 1))

1
= ol (I +M(Dai(d)

and consequently
hZ = ax(M)Zx(a, A) — a1(M)Zi(a, A)

= ax(4) (S2(a, 1) + M(D)@a(a, 4)) ﬁ — M(ai(4)

=1
Thus, the functions Z(x, A) and ®(x, 1) satisfy Equation (1) and Z(a, 1) = @(a, 1), hence

D(x, 4) = ﬁ (SCx, A) + @i(a, Hp(x, 1)

The function ®(x, A) is called Weyl solution and the function M(1) = @ (a, ) is called
Weyl function. The functions Z(x, 1) and ®(x, 1), satisfy Equation (1) and Z;(a, 1) = ®(a, 4),
Zr(a, A) = ®y(a, A) for Vx € [a, &;). Moreover, for &;,i= 1,2, ..., n and for x € [a, b]

Z1(&+0,)=02(&—-0,)=0:2,(&—-0,) =D (& +0,4)
Zy(E+0.0) =072, (& = 0,1) — vi(DZ; (& = 0, 4)
= 0@y (& - 0,) - 7(HP; (& =0, 4)
=0y +0,4).
We get, Z(x, A) = ®(x, A). Hence

D(x, 4) = ﬁ(S(x, A+ MAD)px, A)).

4 | INVERSE PROBLEMS

In this section, we investigate the inverse problem of the reconstruction of a boundary value problem
L from the Weyl function and two different eigenvalues sequences.
Let us consider the boundary-value problem
~ def ~
2Y@1 2 BY () + B0Y () = ApY (), x € (a.b),
Ly = D(Dy2(a) = @ (Dyi(@) = 0
Ly = ba(A)ya(b) = bi(Ayi (b) = 0
Ly =y (& +0) =0 (& —-0)=0
Ly=y&+0)= 052 =0) =7y (& -0 =0
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I = L(ﬁ,ﬁaju),a,@,%u)), where Q(x) = <§gg %gg) fO) = 2D and j = 1, 2,

i=1,2, ...,n Itis assumed in what follows that if a certain symbol s denotes an object related to the
problem L then s denotes the corresponding object related to the problem L.

Theorem2 The boundary value problem L is uniquely determlned by the Weyl functton
that is, if M(A) = M(/l) ai(A) = a;(A), i =1, 2 then Q(x) = Q(x) ae., f(A) = f(/l)
0; = 0, and y;(A) =7i(A) fori=1,2, ...,

Proof.  Introduce a matrix P(x, ) = [ij(x /l)]l —12 by the formulae

P(x, ) = ¢(x, D~ (x, 2) @)
ea(r ) D) G20 d) D
where ¢(x, 1) = WA&) and $(x, 1) = | _ ;gl) .
o d) U P a) BED
Write (7) openly, to get
' _ P~ uad)
Pri(x, A) = ¢a(x, A) A @1(x, A)——"—= AD)
12(x, ) = @a(x, A) A(/l) @a(x )7A(/1)
< pi1(x, 4) (x, 1) ©
Po( 2) = g1, H LD _ g5y
21(x, A) = @1 (x )A(/l) @1(x, )A(ﬂ)
P ) Falx. )
2(x, ) = @a(x, )A(ﬁ) @1(x, )A(A)
Since U2 = —@y(x,4) = [W(S 5, A) + M(A)i(x, ,1))] and @i(x, 4) =

ay(MCi(x, A) + a1 (AD)S;(x, A),i =1,2, M(A) = M(A), the relations

Pii(x, 2) = Ci(x, DS2(x, A) = Co(x, DS (x, )
Pia(x, 4) = Ca(x, DS2(x, 2) — Calix, DSa(x, 4)
Pai(x, 4) = Ci(x, DS1(x, A) = C1(x, DS (x, 4)
Px(x, 4) = Ci(x, DS2(x, 2) — Calx, DS (x, A)

®

are obtained from (8). Hence the functions Pj(x, A) are entire on A as M(4) = M (4). In
addition, P;(x, A) are bounded with respect to A. Therefore, it is obvious from Liouville’s
theorem that, these functions depend only on x .

On the other hand, from (8),

Tiu A v, /1)) v D) (21G6D) = @i(x, 2)

Pii(x,A) —1=g@(x,A) < K(/l) A(A) A(4)

- ~ ~ ,A) ((pz(X)») - 52(x, /1))
Po ) = ax, 1) (28D _ ¥l A)) _ (¢
o m@)<AW A(4) A(A)
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B ) i)\ v d) (@164 - eix, D)
Pri(x, 4) = @1(x, 4) < A A > A
- " Ua(x, 2) (@1(xd) — B1(x, 4))
P ’)( 1= ,ﬂ l[/](X,ﬂ)_l[/L(X,/l))_WZ(x = .
22(x, 4) @2(x, A) < A A A0

Therefore, due to the fact that,
X, A) (@1 (xA) — @i(x, A o
lim wa(x, 4) ((Pl( ) — @i )) —0. lim @A) <u/1~(x, A ylx, /1)) —0
/IER,i—»co A(/l) AER,/I—»OO A(/l) A(’D
for all x € [a, b] and for all cases of degrees a;(4) and b;(1),i =1, 2

Jim [Pyy(x, 2) = 1] =
IR

uniformly with respect to x. Thus Pjj(x, A)=1 and similarly, Px(x, 4)=1P(x,
A) = P1(x, A)=0. Substitute these relations in (8), to get

Q’](X, ﬂ) = al(-xs ﬂ)» (pZ(xs A’) = 52()6, /1)7
vin A _ i) yabsd) _ v, A)
A(X) A T AWM AL

-0 ; yid) _ W,(x A)
Hence Q(x) = Q(x), a.e., since A = A ,fori=1,2and

by(ADyn(b, 2) = bi(ADyi1(b,A) =0
by(Aa(b, 2) — by (D)gn (b, A) = 0,

IZ‘(A) = b‘Ej; that is, f(4) = .7(/1), since @;(x, A) = @;(x, A),i = 1,2, from transmission
2
conditions (4) we get §; = 0., v:(A) =7:(A) fori=1,2, ...,n. Thus, L= L.. n

Consider the following boundary value problem L; (Q(x),f(4), 6;, y:(1)):
Z[Y()] := BY' (x) + Q)Y (x) = Ap(x)Y(x), x € (a,b),
hy:=yi(a)=0
by = by(A)y2(b) — bi(A)y1(b) =
Ly=y1(&+0)=0y1(§&—0)=0
Ly =y, (&+0)— 07"y, (& - 0) = yi(ADy1 (& —-0)=0
Let {4, }n>0 be the eigenvalues of the problem L;. It is clear that,
A(4) = Wy, S} = wi(a, D)Sa(a, 4) — wa(a, )Si(a, 4)
=yi(a, 4)

is the characteristic function of L;.

Theorem 3 If 4, = /1 and y, = p, foralln € 7, a(/l) = a(A),i = 1,2, by, =
bm;l bmp = bm42 and y,; = }’ml—l 2, ..., nthen Q(x) = Q(), a.e..f(A) = F(A), ri(4) =
V(). 6= 0,0 = 1,2,

. A(A) A (4)
Proof.  Since A, = /1,,, and y, = Ju,, then = X0 and = T
the other hand, for all cases of degrees a;(4) and b;(4), i = 1, 2, since lim,;__ % =
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limyo - %i = 1, then A(A) = A(A) and A{(4) = A;(A). Therefore, yi(a, A) = #1(a, 4)
1
and then from @ (x, 1) = —%’;j) and M(A) = ®(a, A),
MA) = M (A) . Thus, the proof is completed by Theorem 2. n

5 | CONCLUSION

In this study, Dirac operator with discontinuous coefficient are considered and in which is one of
the broadest generalizations of the classical Dirac operator in that both the boundary conditions and
the discontinuity conditions with a finite number of discontinuity points depend polynomially on A
parameter.

We prove that if the coefficient a;(4), i = 1, 2 in the first boundary condition is known, the other
coefficients of the boundary value problem L can be uniquely determined by the Weyl function M(A)
and the sequence { 4,, y,,} which is two given spectra. Therefore, the results obtained in this study will
make significant contributions to the literature.
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