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ASYMPTOTICAL INVARIANT AND ASYMPTOTICAL

LACUNARY INVARIANT EQUIVALENCE TYPES FOR

DOUBLE SEQUENCES VIA IDEALS USING MODULUS
FUNCTIONS

ERDING DUNDAR*, NIMET PANCAROGLU AKIN, AND UGUR ULUSU

Abstract. In this study, we present some asymptotical invariant and
asymptotical lacunary invariant equivalence types for double sequences
via ideals using modulus functions and investigate relationships between
them.

1. Introduction and Background

The concept of convergence for double sequences was firstly introduced by
Pringsheim [46]. Then, this concept was extended to the concept of statistical
convergence by Mursaleen and Edely [31], to the concept of lacunary statistical
convergence by Patterson and Savag [43], to the concept of Zs-convergence by
Das et al. [6] and to the concept of lacunary Zo-invariant convergence [56].

Patterson [42] introduced the concept of asymptotical equivalence for dou-
ble sequences. Then, this concept was extended to the concept of asymptot-
ical double statistical equivalence by Esi and Agikgoz [13], to the concept of
asymptotical double lacunary statistical equivalence by Esi [14], to the concept
of asymptotical Zo-equivalence by Hazarika and Kumar [15] and to the concept
of asymptotical lacunary Zp-invariant equivalence [57].

Modulus function was firstly introduced by Nakano [33]. Maddox [25], Pehli-
van [45] and many other authors used a modulus function f to define new con-
cepts and to give new theorems. Kumar and Sharma [23] studied on asymp-
totically lacunary equivalent sequences via ideals using modulus functions. For
double sequences, the concept of f-asymptotical lacunary Zs-equivalence was
studied by Diindar and P. Akn [10].
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Several authors studied on the concepts of invariant mean, invariant conver-
gence, asymptotical invariant equivalence of sequences and investigated some
properties of these concepts (see [5,9-12,35,39,41,47-49,52,56,57]).

More study on the concepts of convergence or asymptotical equivalence for
sequences can be found in [1-3,7,8,16-21,24,26-32,36-38,40,41,44,51,54,55,58].

In this study, we present some asymptotical invariant and asymptotical lacu-
nary invariant equivalence types for double sequences via ideals using modulus
functions and investigate relationships between them.

Now, before giving the main part of the study, we recall some basic concepts
(see [4,9-11,22,25,26,34,42,43,45,50,53]).

Two non-negative sequences « = (xx;) and y = (yx;) are said to be asymp-
totically equivalent if

lim K
k,j—o00 Ykj

=1

(denoted by x ~ y).

A family of sets Z C 2N ig called an ideal if and only if

(i) @ € Z, (ii) For each A, B € T we have AUB € Z, (iii) For each A€ T
and each B C A we have B e 7.

An ideal Z C 2V is called non-trivial if N ¢ Z and a non-trivial ideal Z is
called admissible if {n} € Z, for each n € N.

A non-trivial ideal Z C 28%N ig called strongly admissible ideal if {i} x N
and N x {i} belong to Z,, for each i € N.

Throughout the study, we will consider the 75 as a strongly admissible ideal
in 2N*N,

It is evident that a strongly admissible ideal is admissible also.

Let Z9 = {A C N x N: (3m(A) e N)(i,j > m(A) = (i,j) ¢ A)}. Then, Z9
is a strongly admissible ideal and clearly an ideal 75 is strongly admissible if
and only if Z§ C Zs.

Two non-negative sequences ¢ = (zy;) and y = (yx;) are said to be strong
asymptotically Zo-equivalent of multiple L if for every € > 0,

ki

1 m,n
{(m,n)ENxN:
Ykj

mn 4
k,j=1,1

—L‘z&}ezg

IL
(denoted by xy; 12z yk;) and simply strong asymptotically Zo-equivalent if
L=1.
Two non-negative sequences « = (zx;) and y = (yx;) are said to be asymp-
totically Zs-statistical equivalent of multiple L if for every € > 0 and each
v >0,

1
{(m,n) ENXN:Hk,j <m,n:
mn

7 (S
(denoted by z; 2(9) Yr;) and simply asymptotically Z,-statistical equivalent
if L=1.

e
Ykj
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A function f : [0,00) — [0, 00) is called a modulus if

1. f(z) =0 if and if only if x = 0,

2. fle+y) < fl@)+ fy),

3. f is increasing,

4. f is continuous from the right at 0.

A modulus may be unbounded (for example f(z) = 2P, 0 < p < 1) or
bounded (for example f(z) = ;7).

Let f be a modulus function. Two non-negative sequences r = (zy;) and
y = (yx;) are said to be f-asymptotically Zs-equivalent of multiple L if for

every € > 0,
Thi L’) > 5} €T,
Ykj
L

T
(denoted by x; () yr;) and simply f-asymptotically Zo-equivalent if L = 1.
Let f be a modulus function. Two non-negative sequences r = (zy;) and
y = (yk;) are said to be strong f-asymptotically Zp-equivalent of multiple L if

for every € > 0,
Thy _ LD > e} €T
Yk
(2 (f)]

1 m,n
{(m,n)ENXN:mn Z f(
k,j=1,1
(denoted by wy; ~ yr;) and simply strong f-asymptotically
Ts-equivalent if L = 1.
The double sequence 5 = {(k,, ju)} is called double lacunary sequence if
there exist two increasing sequence of integers such that

{(k,j)eNxN:f(

ko=0, hyp =k, —k,_1 — 0o and jo =0, hy = ju — ju_1 — 00 as 7, u — 0.
We use the following notations in the sequel:
Py = hohy Lo = {(k,5) thp1 <k <k, and ju_1 <j < ju}-

Throughout the study, we will consider the 83 = {(k,j.)} as a double
lacunary sequence.

Two non-negative sequences = (zy;) and y = (yx;) are said to be strong
asymptotically lacunary Zs-equivalent of multiple L if for every € > 0,

Lhkj
Yk

{(r,u)eNxN:

Tuw

— L’ > E} €l
(k,5)ElLru
(Z5,] . . :
(denoted by z1; ~" yi;) and simply strong asymptotically lacunary Zo-equivalent
if L=1.
The two non-negative sequences = (xy;) and y = (yi;) are said to be
asymptotically lacunary Zo-statistical equivalent of multiple L if for every e > 0
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and each v > 0,

{(nu)eNxN:

{(k7j) €1y

st ifodfor)en

1
hru Ykj
g, (5) . .
(denoted by ~ yr;) and simply asymptotically lacunary
To-statistical equivalent if L = 1.
Let f be a modulus function. Two non-negative sequences r = (zy;) and
y = (yx;) are said to be f-asymptotically lacunary Zp-equivalent of multiple L

if for every € > 0,
{(k,j) €l f( Ly —LD >g} e 1,
Yk

75, (f)
(denoted by xg; 2 yr;) and simply f-asymptotically lacunary

Ts-equivalent if L = 1.

Let f be a modulus function. Two non-negative sequences z = (xj;) and
y = (yg;) are said to be strong f-asymptotically lacunary
Is-equivalent of multiple L if for every € > 0,

f(
(Zg,, (D]

(denoted by zp; ~  yk;) and simply strong f-asymptotically lacunary Zo-
equivalent if L = 1.

Let o be a mapping such that o : N — N. A continuous linear functional 1
on /., is said to be an invariant mean or a o-mean if it satisfies the following
conditions:

{(r,u)eNxN:

mk]—L‘) >€}EIQ

" (kg €Ly Yk

1. ¢¥(zy) > 0, when the sequence (z,) has z, > 0 for all n,

2. Y(e) =1, where e = (1,1,1,...) and

3. Y(To(n)) = ¥(xy) for all (z,) € loo.

The mappings o are assumed to be one-to-one and such that
o™(n) # n for all m,n € N, where ¢™(n) denotes the m th iterate of the
mapping ¢ at n. Thus ¥ extends the limit functional on ¢, in the sense that
¥(zy,) = limz, for all (x,) € c.

Let F C N x N and

smk = min | E 0 { (o(0),0(7)), (02(0), (7)), -, (0™ (), 0" (7)) }

2,7

and
Syt = max |E0 { (0(0). 0(4). (62(0), (). . (7 (0),* (7)) } |

If the limits Va(E) = lim 2= and Vo(E) = lim 2=k exists, then

m,k—o0 m,k—oo M
they are called a lower o-uniform density and an upper o-uniform density of
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the set E, respectively. If Vo(E) = Va(E), then Vo(E) = Va(E) = Va(E) is
called o-uniform density of the set E.

Denote by Zg the class of all E C N x N with V5(E) = 0. Obviously Z§ is
a strongly admissible ideal in N x N.

Two non-negative sequences « = (xx;) and y = (yx;) are said to be asymp-
totically Zs-invariant equivalent of multiple L if for every € > 0,

Ti

{(k,j) e NxN:
Yk

zs}ezg

;.
(denoted by z; ~ yi;) and simply asymptotically Z-invariant equivalent if
L=1.
Let 02 = {(kr, ju)} be a double lacunary sequence, C C N x N and

cn {(Uk(m),Uj(n)) 2 (k,j) € IT“H

Spy = Min
m,n

and

Sy = max

nax €0 { (o (m), 07 () < (k.9) € L}

If the limits Vi (C) = lim = and VJ(C) = lim %= exist, then they

U T, U—00

are called a lower lacunary o-uniform density and an upper lacunary o-uniform
density of the set C, respectively. If V(C) = V. (C), then VI (C) = VI (C) =
VZ(C) is called the lacunary o-uniform density of the set C.

Denote by Zg? the class of all C C N x N with V{(C) = 0. Obviously Zg?
is a strongly admissible ideal in N x N.

Two non-negative sequences « = (zx;) and y = (yx;) are said to be asymp-
totically lacunary Zs-invariant equivalent of multiple L if for every ¢ > 0,

{(k;,j) €1y

6L
(denoted by xx; ~ yg;) and simply asymptotically lacunary Zs-invariant
equivalent if L = 1.

Lhi —L‘ > 5} e I5°
Ykj

Lemma 1.1. [45] Let f be a modulus and 0 < § < 1. Then, for each x > §
we have f(x) < 2f(1)0 1.

2. MAIN RESULTS

Definition 2.1. Two non-negative sequences x = (xx;) and y = (y;) are
strong asymptotically Ts-invariant equivalent of multiple L if for every € > 0,
1 m,n
{(m,n)ENXN:
mn
k,j=1,1

xkj—L’ge}eZé’
Yk
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(7, . . . . .
(denoted by x; ~' yij) and simply strong asymptotically Z,-invariant equiv-
alent if L = 1.

Definition 2.2. Let f be a modulus function. Two non-negative sequences
x = (x;) and y = (yr;) are f-asymptotically Ty-invariant equivalent of multi-
ple L if for every € > 0,

{(k,j)eNxN:f(

L
(denoted by xy; A Yr;) and simply f-asymptotically I-invariant equivalent
if L=1.

W—LD Zs} €13
Ykj

Definition 2.3. Let f be a modulus function. Two non-negative sequences
x = (zx;) and y = (yx;) are strong f-asymptotically To-invariant equivalent of
multiple L if for every € > 0,

{(m,n)eNxN:mln % f<

k,j=1,1

%—LD 25} €13
Ykj

(ZZ, ()]
(denoted by x; A yr;) and simply strong f-asymptotically
Io-invariant equivalent if L = 1.

Theorem 2.4. Let f be a modulus function. Then,
(z7,] (ZZ,(H)]
Tkj ~ Ykj = Tkj  ~ Ykj-
(Z7,] .
Proof. Suppose that zp; ~ wyr; and € > 0 be given. Choose
0 < 6 < 1 such that f(t) <e¢, for 0 <t <. We can write

1 < Thj 1 < Tk
— > 2 -L) = — > LI
k,j=1,1 Ykj k,j=1,1 Yk;
w—L <é
Yej |
1 <X Tij
— - L
k,j=1,1 Yk
&—L >0
Yk
and so, by Lemma 1.1, we have
1 & : 2f()) 1 = |y
o 2 (e -af) < (FR) i X -1
M= Nk T g = 1Yk
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1))
Ykj o

Thus, for any v > 0

{(m,n)eNxN:mln g f(

k,j=1,1

1 R | (y—¢)d
g{(m,n)eNxN; ’”L’zél}.
mn 2= ey 70
Iz
Since it is @y 7 Ykj, the second set in the above expression and therefore
(27, ()]
the first set also belongs to the Zg. This provesthat zx; ~  yg;. O
- f) _
Theorem 2.5. If lim ——= =« > 0, then
t—oo
(27, ()] (Z7,]
Tkj ~  Ykj = Tkj ~ Ykj-
(Z7,] (Z2, () .
Proof. We showed that x; ~" yr; = 2r; ~  yi; in Theorem 2.4. Now,
(22, ()] (Z7,]
for proof, we must show zr; ~ = Yr; = Ti; ~ Yij-
[Z7, ()] . ()
Assume that z; ~  yg;. Let 2Shm - =« > 0, then f(t) > ot for all
hade el
t > 0. So, we can write
1 = Trj 1 & Thj
T O (S B S (e
mn i Ykj mn, ST Ykj
= a — —_——
mn Ykj ’

kj=1,1
and it follows that for every ¢ > 0, we have

%—L‘ >5}
Ykj a

1 m,n
{(m,n)GNXN:
mn 4
k,j=1,1

Q{(m,n)eNxN:nin Z f(

k,j=1,1

ki _ LD > ae}.
Ykj
(ZZ, ()]

Since it is Tx; ~ = Yr;, the second set in the above expression and therefore

(Z2, (Pl
the first set also belongs to the Zg. This proves that z; ~  yg; =

(27, (ZZ, ()] (Z7,]
Tk ~ Y and S0 Tk A Yk S Ty o Yk O
Definition 2.6. Two non-negative sequences x = (x1;) and y = (yx;) are
asymptotically Ts-invariant statistical equivalent of multiple L if for every e > 0
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and each v > 0,

1
{(m,n) eNxN: Hk‘,jgm,n:
mn

s e
Ykj

zz,(9)
(denoted by xy; A~  yi;) and simply asymptotically Ty-invariant statistical
equivalent if L = 1.

Theorem 2.7. Let f be a modulus function. Then,

[z, ()] I7,(S)
Tkj ~  Ykj = Tkj ~  Ykj-

(ZZ, ()] . .
Proof. Assume that xi; ~  yg; and € > 0 be given. We can write
I f(xkj_LD > s 3 f(xkj—LD
mn k=11 Ykj mn  gi=11 Yk
@71/ >e
Ykj
> fle)— {k’gm,]<n M—L’ZEH.
mn Ykj
Thus, for any v > 0 we have
1 .
(m,n)ENxN:{k<m7j<n:mk]— ‘>EH>’y
mn Yk f(e)

m,n

L
C{(mn)ENxN' ! Z f<
= } % .
k,j=1,1

Lhi _ L‘ > 'y}.
Ykj o

. o (Z2, (Nl . .
Since it is zx; A " yg;, the second set in the above expression and therefore

75, (9)
the first set also belongs to the Zg. This proves that zp; ~  yg;.

Theorem 2.8. Let f be a modulus function. If f is bounded, then

I%,(S) (Z2, ()]
Tkj ~ Ykj & Tkj  ~ Ykj-

(ZZ, (5] z%,(5) .
Proof. We showed that zr; ~  wyr; = Tr; ~ yr; in Theorem2.7.
I%,(S) (ZZ, ()]

Now, for proof, we must show zy; ~ " Yrj = Tpj ~  Ykj-
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7,(9)
Assume that zy; "~ * yg;. Let f is bounded, then there exists a positive

real number M such that |f(z)| < M, for all 2 > 0. So, we have

1 m,n - 1 m,n .
kj _ i
o 2 (et]) = 2ol
k,j=1,1 J k,j=1,1 J
@71/ >e
Ykj B
1 < T
& 5 )
mne =i Ykj
Ykj
M
< {kgm,j<n kJ—L‘zg}’
mn Ykj
+f(e)
(ZZ, ()]
This proves that zx; >~ y;. O

Definition 2.9. Two non-negative sequences x = (zy;) and y = (y;) are
strong asymptotically lacunary Zs-invariant equivalent of multiple L if for every
>0,

Lk
Ykj

{(r,u)ENxN:

- L‘ > g} c 15’
" (kyj)E L
0L

(denoted by x; ~ yi;) and simply strong asymptotically lacunary Zo-
invariant equivalent if L = 1.

Definition 2.10. Let f be a modulus function. Two non-negative se-
quences © = (xx;) and y = (yx;) are f-asymptotically lacunary
Ts-invariant equivalent of multiple L if for every € > 0,

{tepenas( )ze}em

oy ()
(denoted by wxy; A yr;) and simply f-asymptotically lacunary
To-invariant equivalent if L = 1.

Tri _
Yk

Definition 2.11. Let f be a modulus function. Two non-negative se-
quences x = (zx;) and y = (yx;) are strong f-asymptotically lacunary I,-
invariant equivalent of multiple L if for every ¢ > 0,

= (e

(ko) elry NPT

{(r,u)eNxN:

Tu
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(Zo% (5]
(denoted by xx; "~ " yx;) and simply strong f-asymptotically lacunary Zo-

invariant equivalent if L = 1.

Theorem 2.12. Let f be a modulus function. Then,

(z57] (255 ()]
Thj ~ Ykj = Thj ~  Ykj-
[ 6L
Proof. Suppose that zp; ~ yr; and € > 0 be given. Choose
0 < 6 < 1 such that f(t) <e¢, for 0 <t <. We can write
ki _ LD
Ykj

T 1
ez i) - 2
k])GI ykj T (kvj)elru

Lkj

Ykj

—L|<s

> 1
(k.j)Elru
Tkj

Ykj

2f(1)) 1

o 5
) 0 ) hra (k,§)Elru
1) =)
ykj o

Thj (7—6)5}
s 1> 575}

1
4

Tuw

Thj _LD
Ykj

—L|>6

and so, by Lemma 1.1, we have

I

(k,j)EIry

x;w _
yk]

Thi _ L‘
Yky

Thus, for any v > 0

1
{(r,u)ENxN.h

Y (kg)el
6L
Since it is xx; < yg;, the second set in the above expression and therefore

(Z82 ()]
the first set also belongs to the Zg%. This proves that Tk A~ Ykj

I
t

Theorem 2.13. If tlim = a > 0, then

— 00
[z, (D] (z2,]
Tk ~ Ykj = Tkj ~ Ykj-
[73,] (Z5, (F)] :
Proof. We showed that zx; ~ yx; = xr; ~  yi; in Theorem2.12.

(Zo5 (5] [Zo2)
Now, for proof, we must show zr; ~  Yrj = Ti; ~ Ykj-
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(Z52 () .
Assume that xp; '~ yr;. Let lim
t—o00

R I (YR
— al |— —-L
Ykj ’ hru( Z Ykj

k.j)€lru
a:kj
B L’) ’
Yk

@ =a > 0, then f(t) > at for all

t > 0. So, we can write

e o=

(k,j)EIry

v

1
- o(im %
Y (k,j)ETr

and it follows that for every ¢ > 0, we have

1 .
{(r,u)ENxN:h Z %—L’ZE}

U (o i)e Ty | TR

C{(r,u)eNxN:

T
kel YR
o (265 (M) : :
Since it is xx; ~  yij, the second set in the above expression and therefore

[Zo5 (]
the first set also belongs to the ZgY. This proves that zx; ~  yij =

(z55] (Z82 ()] (Z55]
Tj N Yrj and SO Ty N~ Yrj & Ty~ Ykj- O]
Definition 2.14. Two non-negative sequences z = (xx;) and
y = (yx;) are asymptotically lacunary I-invariant statistical equivalent of
multiple L if for every ¢ > 0 and each v > 0,

1 .
{(r,u)eNxN:h {(k:,j)e[ru:J;:]_—L’ZEHZW}EIge
U J

Zor(S)
(denoted by wx; A yr;) and simply asymptotically lacunary

Io-invariant statistical equivalent if L = 1.

Theorem 2.15. Let f be a modulus function. Then,

(Z22 () 75(S)
Tkj ~  Ykj = Tk ~  Ykj-
[Z2E(£)]

Proof. Assume that zy; "~ yi; and € > 0 be given. We can write

1 Thi 1 Thi
sl - 5 o)
hru (kjyer,.” \|Ykj hru (rjyer,. Ykj
Ty
= >
Ykj =
1 . Z'kj
> ()| (keg) € ot |2 L] 2 ).
h'r‘u Ykj
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Thus, for any v > 0, we have

{(r,u)ENxN:

{(kvj) €1y ZIC]L‘ 25}‘ Z’Y}

1

Py kj

c{orwencnt 3 (|- 1)) 2050}
J

" (kg €l

(Zo2 ()] . .
Since it is zg; A~ yg;, the second set in the above expression and therefore

Z25(9)
the first set also belongs to the Zg?. This proves that Tk o~ Yk O

Theorem 2.16. Let f be a modulus function. If f is bounded, then

z55(S) (Z22 ()]
Tkj ~ Ykj <= Tkj ~  Ykj-

(252 () Z2E(S) .
Proof. We showed that x; ~ = wyr; = xx; ~ yi; in Theorem 2.15.
Z55(S) (Z92 ()]
Now, for proof, we must show zr; ~  yrj = Th; ~  Ygj-

Z57(S)
Assume that zy; "~ " yg;. Let f is bounded, then there exists a positive
real number M such that |f(z)| < M, for all x > 0. So, we have

sl ) - w (15 -1)
o) = > (-
hru (k. jyer,. \| Ukj hew (ke jyer,. "~ \| Yk
&—L >e
Ykj B
1 Leq
5 )
By, (k,j)ETru Ykj
@fL <e
Ykj
M . Tlq
< k,j) €I |22 — L] > ¢
T hr {( 2 Ykj ‘_ }
+f(e).
. (Z2E ()]
This proves that zr; ~ = yg;. O
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