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Uğur Ulusu1*, Fatih Nuray2 and Erdinç Dündar2
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Abstract

In this paper firstly, for functions defined on discrete countable amenable semigroups
(DCASG), the notions of I-limit and I-cluster points are introduced. Then, for the functions,
the notions of I-limit superior and inferior are examined.

1. Preliminaries

The notion of I-convergence, based on the structure of the ideal I of subset of the set of natural numbers N, was introduced
and studied by Kostyrko et al. [1, 2]. After than, regarding this notion, Demirci [3] examined the notions of I-limit superior
and inferior.
One of first studies on amenable semigroups (ASG) is made by Day [4]. Then, Douglass [5] and Mah [6] studied the
notions of summability in ASG. The notion of arithmetic mean was extended to ASG by Douglas [5] and Douglas obtained a
characterization for the notion of almost convergence in ASG. Recently, Nuray and Rhoades [7] introduced the notions of
convergence and statistical convergence in ASG.
The aim of this paper is to introduce some new notions for functions defined on DCASG and to examine some properties of
them. Our new notions yield the notions in [2, 3] when the ASG is the additive positive integers.
Now, for better understanding our study, we recall the basic notations (see, [1, 2, 7, 8, 9]).
Let G be a DCASG with identity in which both left and right cancelation laws hold and r(G ) denote the space of real functions
on G .
If G is a countable amenable group, then there exists a sequence {λi} of finite subsets of G such that

i. G =
⋃

∞
i=1 λi,

ii. λi ⊂ λi+1 (i = 1,2, . . .),

iii. lim
i→∞

|λiϑ∩λi|
|λi| = 1, lim

i→∞

|ϑλi∩λi|
|λi| = 1, for all ϑ ∈ G (see, [9]).

If a sequence of finite subsets of G satisfy (i)− (iii), then this sequence is called a Folner sequence of G .
A familiar Folner sequence giving rise to the classical Cesàro method of summability is the sequence

λi = {0,1,2, . . . , i−1}.
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Let G be a DCASG with identity in which both left and right cancelation laws hold. For any Folner sequence {λi} of G , a
function h ∈ r(G ) is called convergent to l ∈ R if every ξ > 0 there exists a s0 ∈ N such that

|h(ϑ)− l|< ξ ,

for all n > s0 and ϑ ∈ G \λn.
Let Y 6= /0. A family of sets I⊆ 2Y (the power set of Y ) is called an ideal if and only if

i. /0 ∈ I,

ii. U ∪V ∈ I for U,V ∈ I,

iii. V ∈ I for U ∈ I and V ⊆U .

An ideal I⊆ 2Y is called non-trivial if Y /∈ I. A non-trivial ideal I⊆ 2Y is called admissible if

I⊃ {{y} : y ∈ Y}.

All ideals in this paper are assumed to be admissible in N.
Let G be a DCASG with identity in which both left and right cancelation laws hold. For any Folner sequence {λi} of G , a
function h ∈ r(G ) is called I-convergent to l ∈ R if every ξ > 0{

ϑ ∈ G : |h(ϑ)− l| ≥ ξ
}
∈ I.

2. Main results

In this section firstly, for functions defined on DCASG, the notions of I-limit and I-cluster points are introduced.

Definition 2.1. For any Folner sequence {λi} of G , a number l ∈ R is called a I-limit point of a function h ∈ r(G ) if there
exists a set F ⊂ G (F /∈ I) such that

limh(ϑ) = l (ϑ ∈ F \λi).

Definition 2.2. For any Folner sequence {λi} of G , a number c ∈R is called an I-cluster point of a function h ∈ r(G ) if every
ξ > 0 {

ϑ ∈ G : |h(ϑ)− c|< ξ
}
/∈ I.

For any function h ∈ r(G ), let Ih
Λ
(G ) and Ih

Γ
(G ) denote the set of all I-limit and I-cluster points of the function h, respectively.

Theorem 2.3. For each function h ∈ r(G ),

Ih
Λ(G )⊆ Ih

Γ(G ).

Proof. Let l ∈ Ih
Λ
(G ). Then, there exists a set F /∈ I such that

limh(ϑ) = l (ϑ ∈ F \λi).

Hence, for every δ > 0 there exists a s0 = s0(δ ) ∈ N such that for ϑ ∈ F \λi we have

|h(ϑ)− l|< δ ,

for all i > s0. Therefore, {
ϑ ∈ G : |h(ϑ)− l|< δ

}
⊃ F \λi

and so {
ϑ ∈ G : |h(ϑ)− l|< δ

}
/∈ I,

which means that l ∈ Ih
Γ
(G ).

Theorem 2.4. For each function h ∈ r(G ), the set Ih
Λ
(G) is a closed set in R.
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Proof. Let l ∈ Ih
Λ
(G ) and ξ > 0. Then, there exists

l0 ∈ Ih
Λ(G )∩B(l,ξ ).

Choose δ ≥ 0 such that

B(l0,δ )⊂ B(l,ξ ).

Obviously, we have {
ϑ ∈ G : |l−h(ϑ)|< ξ

}
⊃
{

ϑ ∈ G : |l0−h(ϑ)|< δ
}
.

Therefore, {
ϑ ∈ G : |l−h(ϑ)|< ξ

}
/∈ I

and so l ∈ Ih
Λ
(G ).

Now secondly, for functions defined on DCASG, the notions of I-limit superior and inferior are examined.
For a function h ∈ r(G ), we define the following sets:

Ah :=
{

a ∈ R : {ϑ ∈ G : h(ϑ)< a} /∈ I
}
,

similarly

Bh :=
{

b ∈ R : {ϑ ∈ G : h(ϑ)> b} /∈ I
}

for any Folner sequence {λi} of G .

Definition 2.5. For a function h ∈ r(G ), I-limit inferior is given by

I− liminfh =

{
infAh , Ah 6= /0

∞ , Ah = /0

also, I-limit superior is given by

I− limsuph =

{
supBh , Bh 6= /0
−∞ , Bh = /0.

for any Folner sequence {λi} of G .

For any function h ∈ r(G ), it is easy to see that

I− liminfh≤ I− limsuph

for any Folner sequence {λi} of G .

Definition 2.6. For any Folner sequence {λi} of G , a function h ∈ r(G ) is called I-bounded if there exists a M such that{
ϑ ∈ G : |h(ϑ)|< M

}
∈ I.

Note that I-boundedness for a function h ∈ r(G ) implies that I− liminfh and I− limsuph are finite for any Folner sequence
{λi} of G .
The following theorem can be proved by a simple least upper bound argument.

Theorem 2.7. For any function h ∈ r(G ); if γ = I− liminfh is finite, then for every ξ > 0{
ϑ ∈ G : h(ϑ)< γ +ξ

}
/∈ I and

{
ϑ ∈ G : h(ϑ)< γ−ξ

}
∈ I, (2.1)

for any Folner sequence {λi} of G .
Conversely if (2.1) holds for every ξ > 0, then

I− liminfh = γ.

The dual statement for I− limsuph is as follows:
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Theorem 2.8. For any function h ∈ r(G ); if η = I− limsuph is finite, then for every ξ > 0{
ϑ ∈ G : h(ϑ)> η−ξ

}
/∈ I and

{
ϑ ∈ G : h(ϑ)> η +ξ

}
∈ I, (2.2)

for any Folner sequence {λi} of G .
Conversely if (2.2) holds for every ξ > 0, then

I− limsuph = η .

Theorem 2.9. For any Folner sequence {λi} of G ; I− liminfh = I− limsuph if and only if the I-bounded function h is
I-convergent.

Proof. For any Folner sequence {λi} of G , let

γ = I− liminfh and η = I− limsuph.

Firstly, we assume that I− limh = l and ξ > 0. Then,{
ϑ ∈ G : |h(ϑ)− l| ≥ ξ

}
∈ I

and so {
ϑ ∈ G : h(ϑ)> l +ξ

}
∈ I,

which implies that η ≤ l. Also, we have {
ϑ : h(ϑ)< l−ξ

}
∈ I,

which implies that l ≤ γ . Therefore η ≤ γ , which we combine with the fact that

I− liminfh≤ I− limsuph,

to conclude that γ = η .
Now, secondly, we assume that for any Folner sequence {λi} of G ,

I− liminfh = I− limsuph.

If ξ > 0, then (2.1) and (2.2) imply{
ϑ ∈ G : h(ϑ)> l +

ξ

2

}
∈ I and

{
ϑ ∈ G : h(ϑ)< l− ξ

2

}
∈ I.

Hence, for any Folner sequence {λi} of G , we have

I− limh = l.

3. Conclusion

We investigated the notions of I-limit points and I-cluster points for functions defined on discrete countable amenable
semigroups. These notions can also be studied for double sequences in the future.

Acknowledgement
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