Soft Computing (2021) 25:13805-13811
https://doi.org/10.1007/500500-021-06195-1

FOUNDATIONS

®

Check for
updates

Wijsman asymptotic lacunary Z,-invariant equivalence for double set

sequences

Ugur Ulusu’

Accepted: 23 August 2021/ Published online: 1 September 2021

- Erding Diindar? - Nimet Pancaroglu Akin?

© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2021

Abstract

In this study, for double set sequences, we present the notions of Wijsman asymptotic lacunary invariant equivalence, Wijsman
asymptotic lacunary Z-invariant equivalence and Wijsman asymptotic lacunary 73 -invariant equivalence. Also, we examine
the relations between these notions and Wijsman asymptotic lacunary invariant statistical equivalence studied in this field

before.
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1 Introduction

The notion of convergence for double sequences was firstly
introduced by Pringsheim Pringsheim (1900). Then, this
notion was extended to the notion of lacunary statistical con-
vergence by Patterson and Savag Patterson and Savas (2005)
and the notion of Z-convergence by Das et al. Das et al.
(2008).

The notion of asymptotic equivalence for double sequences
was introduced by Patterson Patterson (2002). Then, this
notion was extended to the notion of asymptotic double lacu-
nary statistical equivalence by Esi Esi (2009) and the notion
of asymptotic Z-equivalence by Hazarika and Kumar Haz-
arika and Kumar (2013).

Over the years, many authors have studied on the notions
of various convergence for set sequences. One of them,
discussed in this study, is the notion of convergence in
the Wijsman sense Baronti and Papini (1986), Beer (1985,
1994), Wijsman (1964, 1966). Using the notions of lacunary
statistical convergence, invariant mean and Z-convergence,
the notion of convergence in the Wijsman sense was extended
to new convergence notions for double set sequences by some
authors Nuray et al. (2014, 2016), Tortop and Diindar (2018).

B Ugur Ulusu
ugurulusu @cumhuriyet.edu.tr

Sivas Cumhuriyet University, 58140 Sivas, Turkey
Afyon Kocatepe University, 03200 Afyonkarahisar, Turkey

The notions of asymptotic equivalence in the Wijsman
sense for double set sequences were firstly introduced by
Nuray et al. Nuray et al. (2016) and studied by many authors.
In this paper, using invariant mean, we study new asymptotic
equivalence notions for double set sequences.

More study on the notions of convergence or asymp-
totic equivalence for real sequences or set sequences can
be found in Cakan et al. (2006), Diindar and Altay (2014),
Et and Sengiil (2016), Fridy and Orhan (1993), Hazarika
et al. (2013), Hazarika (2015), Kara et al. (2017), Kisi and
Nuray (2013a,b), Kumar (2007), Marouf (1993), Mursaleen
and Edely (2009), Nuray and Rhoades (2012), Pancaroglu
and Nuray (2013a,b), Pancaroglu et al. (2013); Pancaroglu
Ak et al. (2020), Patterson and Savag (2006), Raj and
Anand (2018), Raj et al. (2018), Raj and Jamwal (2019),
Savas (1990), Savas and Nuray (1993), Savas and Patter-
son (2006), Savas and Patterson (2009), Sever et al. (2014),
Sengiil (2018), Sengiil et al. (2019), Sengiil et al. (2020),
Ulusu and Nuray (2012, 2013a,b), Ulusu and Savas (2014),
Ulusu and Diindar (2016, 2019).

2 Definitions and notations

The fundamental definitions and notations required for this
study are following (see, Baronti and Papini (1986), Beer
(1985), Das et al. (2008), Diindar et al. (2020), Kostyrko
et al. (2000), Mursaleen (1979, 1983), Nuray et al. (2014,
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2016), Patterson (2002), Patterson and Savas (2005), Savas
(1989), Ulusu et al. (2018), [55]).

Let o be a mapping such that o : Nt — N7 (the set of
positive integers). A continuous linear functional ¥ on £
is said to be an invariant mean or a o-mean if it satisfies the
following conditions:

1. ¥ (x,) = 0, when the sequence (x,) has x,, > 0 for all n,
2. Y(e) = 1,wheree = (1,1,1,...) and
3. Y (X)) = ¥(x,) forall (x,) € oo.

The mappings o are assumed to be one to one and such
that 6" (n) # n for all m,n € NT, where 6" (n) denotes
the m th iterate of the mapping o at n. Thus, ¥ extends the
limit functional on ¢, in the sense that ¥ (x,) = lim x,, for all
(xp) € c.

A family of sets Z C 2N is said to be an ideal if it satisfies
the following conditions:

@V el (i)E,Fel=FEUF el (iii) (E €
IDOAN(FCE)=Fel.

An ideal Z € 2N is said to be nontrivial if N ¢ Z and a
nontrivial ideal is said to be admissible if {n} € Z for each
neN.

A nontrivial ideal Zo € 2N is said to be strongly admis-
sible if {n} x N and N x {n} belong to 7, for each n € N.
Obviously, a strongly admissible ideal is admissible.

Throughout the study, Z, € 2NxN (i1l be considered as a
strongly admissible ideal.

LetZ9 = {A C Nx N: @m(A) € N)(i, j = m(A) =
@i, j) ¢ A)}. Then, Ig is a strongly admissible ideal and
clearly an ideal 7, € 2N*N is strongly admissible if and
only if 79 C 7.

An admissible ideal Z, c 2N*N satisfies the property
(AP2) if every countable family of mutually disjoint sets
{E1, E, ...} belonging to 7, there exists a countable fam-
ily of sets {Fy, F>, ...} such that E;AF; € 79, ie., E;AF;
is included in the finite union of rows and columns in N x N
foreachi € Nand F = U?il F; € 7 (hence, F; € 1, for
eachi € N).

A family of sets 7 C 2N is said to be a filter if it satisfies
the following conditions:

OVWe¢F, (I)E,Fe F=ENF e F, (iii) (E €
FIYN(FDOE)=F¢elF.

For any ideal Z C 2N, there is a filter (Z) corresponding
with Z such that

F@)={M cN:@3E e )(M =N\E)}.

A double sequence 6, = {(k,, j,)} is said to be double
lacunary sequence if there exist two increasing sequences of
integers (k) and (j,) such that
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ko=0, hy =k —k,_1 — oo and jy =0,

hy = ju— ju—1 — 0Oasr,u —> o0.

For any double lacunary sequence 6, = {(k,, j,)}, the
following notations are used in general:

kru = ki jus hru = hr}_lua Ly = {(k, j) s kr—y

<k <k and j,—1 <j < ju}.
Throughout the study, 8, = {(k,, j,)} will be considered
as a double lacunary sequence.
Let & = {(k., j,)} be a double lacunary sequence, A C
N x N and
Sp 1= Min AN {(c*m), 0/ () : (k. j) € L}
and

Sru = nmlag( |A N {(ak(m),oj(n)) 1k, j) € I,MH.

If the following limits exist

VI(A) = lim ;ﬂ

ru—>00 hyy

— S,
and VJ(A):= lim —=,

rau—00 Ny,

then they are said to be a lower lacunary o -uniform density
and an upper lacunary o -uniform density of the set A, respec-
tively. If V' (A) = VJ (A), then V{ (A) = V{(A) = V{ (A)
is said to be lacunary o -uniform density of the set A.

The class of all A € N x N with Vzg (A) = 0Ois denoted by
vis ? . Obviously i % is strongly admissible ideal in N x N.

Two nonnegative double sequences (xx;) and (yi;) are
said to be asymptotically equivalent if

. Xkj
lim ==
k,j—00 Vkj

It is denoted by xi; ~ yi;-

For a nonempty set X, let a function f : N — 2% (the
power set of X) is defined by f(k) = Uy € 2X for each
k € N. Then, the sequence {Uy} = (U1, Us, ...), which are
the codomain elements of f, is said to be set sequences.

For a metric space (X, p), u(x, U) denote the distance
from x to U where

w(x,U) = inf p(x, u).
uel

for any x € X and any nonempty set U C X.

Throughout the study, (X, p) will be considered as a met-
ric space and U, Uy;, Vi; as any nonempty closed subsets of
X.
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The double sequence {Uy;} is said to be Wijsman conver-
gent to U if each x € X,

lim pu(x, Ug) = n(x, U).
k,j—00

The double sequence {Uy;} is said to be Wijsman lacunary
invariant convergent to U if each x € X,

. 1
lim —
ru— 00

Z wn(x, ng(n1)o'j(n)) = ux, U)
"k, j)el

uniformly in m, n € N.
The double sequence {Uy;} is said to be Wijsman strongly
lacunary invariant convergent to U if each x € X,

_ 1

lim — § |10, Uk oy ) — (e, U)| =0
ru .

(k;])EIru

uniformly in m and n.

Let 0 < p < oo. The double sequence {Uy;} is said to
be Wijsman strongly p-lacunary invariant convergent to U if
eachx € X,

1
lim —
rauu—oo h

1@ Unkmyoiny) — m(x, U)[7 =0
" (ke

uniformly in m and n.

The double sequence {Uy;} is said to be Wijsman lacunary
T»-invariant convergent or Z5 9_convergent to U if every & >
0 and each x € X, the set

A%(e) = {(k, )) € L+ |(x, Ugp) = n(x, U)] = ¢}

belongs to 759, i.e., V§(A%(e)) = 0. It is denoted by

W(Irré))
Uy -3
Ukj\ . .
The term iy (—) is defined as follows:
Vi
p(x, Ugj)
U — S x ¢ U U Vi
(ﬁ) _ ) n(x, Vi)
N =
Vij
L , X € Ug; U Vg

The double sequences {Uy;} and {Vj;} are said to be Wijs-
man asymptotically equivalent of multiple L if each x € X,

L
Itis denoted by Uy; ~ Vj; and simply is said to be Wijsman
asymptotically equivalent if L = 1.

As an example, consider the following sequences of cir-
cles in the (x, y)-plane:

Uij = {(x,y) :x2+y2+2kx—|—2jy =O}
and
Vij = {(x,y) s x? -l—y2 —2kx —2jy = O}.
Then, the double sequences {Uy;} and {Vj;} are Wijsman
asymptotically equivalent, i.e., Ug;j ~ Vi;.
The double sequences {Uy;} and {Vj;} are Wijsman

asymptotically lacunary invariant statistical equivalent of
multiple L if every ¢ > 0 and each x € X,

U« j
(SR 0y g [ 8}
Vak(m)aj(n)

{(k, J) €Ly :

. 1
lim —
ru—>o0 Ny,

=0

. : . W(s5E)
uniformly in m and n and it is denoted by Uy; ~ ~ Vjj,
and simply is said to be Wijsman asymptotically lacunary

invariant statistical equivalent if L = 1.

3 Main results

In this section, for double set sequences, we present the
notions of Wijsman asymptotic lacunary invariant equiva-
lence (W (NS5} ), WINS ()1, WINSG 17), Wijsman asymp-
totic lacunary Z,-invariant equivalence and Wijsman asymp-
totic lacunary Z;-invariant equivalence. Also, we examine
the relations between these notions and Wijsman asymptotic
lacunary invariant statistical equivalence studied in this field
before.

Definition 1 Two double set sequences {Uy;} and {Vj;} are
Wijsman asymptotically lacunary invariant equivalent of
multiple L if each x € X,

Uak(m)oj(n)) - L
=) =
Veokmyoin)

. 1
Jim o=

"k el

. . . . WNg(L)
uniformly in m and n. In this case, we write Ug;  ~ Vi
and simply say Wijsman asymptotically lacunary invariant

equivalent if L = 1.
Definition 2 Two double set sequences {Uy;} and {Vy;} are

Wijsman asymptotically lacunary Z,-invariant equivalent of
multiple L if every ¢ > 0 and each x € X, the set
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~ . Uk;j WNSS )

A(e, x) 1= {(k, )€ L : ‘Mx (W) - L‘ e ‘9} Hence, due to our assumption, Uy; 20 k) O
9

belongs to 737, i.e., VI (Z(s, x)) = 0. In this case, we write
W50 . .. .
kj ~ Vk;j and simply say Wijsman asymptotically
lacunary Z-invariant equivalent if L = 1.

Theorem 1 If iy (Urj) = O(1ax (Vij)), then

W3, o WNS()
ki~ Vij implies Uy ~ " Vij.

Proof Let m,n € N be arbitrary and ¢ > 0 is given. Also,
W5
we assume that Uy;  ~

=y

ru (kxj)EIru

Vkj. Now, we calculate

S(m,n) :=

Urrk(m)aj(n) ) L’
X e — - .
Veokmyoi (n)

For every m,n = 1,2, ... and each x € X, we have

S@m,n) < Si(m, n) + Sz(m, n),

where
1 U« .
Sim =5, 2 () — L
" k.)€l ok (m)od (n)
ltx(vak(lri)af(ll) L\ze
and
U & i
Sa(m, n) := 3 ‘M%) _ L‘.
(ko j)elr ok m)ord ()
M),
Mx (Vok(m)c/(;l) L|<e

Foreverym,n =1,2,...and each x € X, itis obvious that
Sy(m, n) < &. Since py (Ugj) = O(px(Vij)), there exists a
A > 0 such that

M%Zﬂ@ﬂ@)—dsx
Vak(m)ﬂ-/ (n)

for each x € X and ((k, j) € I,,, m,n =1,2,...), so we
have

Si(m, n)

A
S _
hru

U« j
{(ka J) €Ly : ‘I/Lx( =2 (—m)rr-/(n)) - L‘ > 5}
Vok(m)af(n)

k. iel., - Yskomol Y _ 7| =
max (k, j) € Lry @ |jax V - =€
N m,n ak(m)oJ (n)

hru
— )\&.
hru

@ Springer

Definition 3 Two double set sequences {Uy;} and {V;;} are
Wijsman asymptotically strongly lacunary invariant equiva-
lent of multiple L if each x € X,

1 U j
lim — Z [ M)—L):O

ru—>00 fipy, k)Yl thk(m)ffj(n)

W[Ng("L)]

uniformly in m and n. In this case, we write Ug;  ~ = Vg;
and simply say Wijsman asymptotically strongly lacunary
invariant equivalent if L = 1.

Definition4 Let 0 < p < oo. Two double set sequences
{Uk;} and {Vi;} are Wijsman asymptotically strongly p-
lacunary invariant equivalent of multiple L if each x € X,

Ucrk(m)rr-/(n)) 3 L)P —0

X
Gpel  VoRmol)

. . . . WINZ ()1
uniformly in / and n. In this case, we write Uy ~ Vi
and simply say Wijsman asymptotically strongly p-lacunary

invariant equivalent if L = 1.

WINZ()1" W5
Theorem 2 If Uy; ~ Vij, then U~ Vyj.

Proof Let0 < p < oo and ¢ > 0 is given. Also, we assume
W[NgfL)]P
that Uy; ~

x € X, we have

Vij. For every m,n = 1,2, ... and each

Uak(m)aj (n)) . L‘p

X
Vok myoi (n)

> |u

(k,j)elru

>

(k,j)€lry

ey ( l‘jallz (m)a-/: (n) )—L
ok (myal (n)

U_« j
etz
Vok(m)aj(n)

Uak(m)oj(n) p
x| >0——)— L
Vo"’(m)oj (n)

>e

> gP

Uo‘"(m)a-’(n)) _ L‘

> P max (k, j) e Ly : ’Mx(
m.n Vak(m)of (n)

)
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and so
1 U_« j p
_ Z Mx(vo (m)oT(n)> . L‘
Tk, )l ok (m)o (n)
U .
max{ {(k,j) el : m(%) _L‘ > e} }
m,n ok (m)at (n)
> &b
hru
— gl Sru
Ry
. W(Z30,)
Hence, due to our assumption, Uy;  ~ V. |

Theorem 3 If 11 (Uxj) = O(ux(Vij)), then

W(Zg&))
ki

L WINS(, 17
Vkj implies Uy, ~ Vij-

Proof Let iy (Uyj) = O(ux(Vij)) and & > 0 is given.
WZ5E) .

Also, we assume that Uy;  ~ V. Since puy (Uyj) =

O(px(Vkj)), there exists a & > 0 such that

U )
Mx(M) _ L} <A,
Vak(m)of(n)

foreach x € X and ((k, j) € I,,, m,n =1,2,...), so we
have

T (e

"k, el VUk(m)o'.f(n)
1 U(Tk(m)o'./(n) V4
ru (k,j)elry ak(m)oi (n)

U g i
‘ﬂx ( Vok (m)of. (n) )—L
ok (m)ot (n)

1
+m Z

(k. j)Elry

Uk P
’,ux ( vak (La{ ) >—L
ok (m)alt (n)

=€

‘,U«x ( Uo"(m)af(n) ) _ L‘p
Vak(m)aj(n)

<&
. Uk j
maX{H(k, 7)€L m(—f (”’)"’.“)) — L‘ > s} }
m,n okmyat (n)
<A
hru
+e?
S
<AL el
ru
. WINSG, 1P
Hence, due to our assumption, Uy; ~ Viji- O

Theorem 4 If i (Uyj) = O(ux(Vij)), then

W(IgfL))
kj

W[Ng(gL)]l’

Vij < Uy;j ~ Vij-

Proof The proof is obvious from Theorem 2 and Theorem 3.
O

Now, without proof, we shall present a theorem that gives
a relationship between the notions of Wijsman asymptotic
lacunary Z-invariant equivalence of multiple L and Wijs-
man asymptotic lacunary invariant statistical equivalence of
multiple L.

Theorem 5 For any double set sequences {Uy;} and {Vi;},

W(Ig&))

W(S5(1))
U ~

Vij & Ux;  ~ V.

Definition 5 Two double sequences {Uj;} and {Vj;} are
Wijsman asymptotically lacunary Z3-invariant equivalent of
multiple L if and only if there exists a set M, € F(Z3%)
(NxN\M,=H e Ige) such that each x € X,

. : W) :
In this case, we write Uy; ~ Vkj and simply say
Wijsman asymptotically lacunary Z7-invariant equivalent if

L=1.

W37 W(Z3)
Theorem6 IfUy; ~  Vij, thenUy ~ " V.

W)

Proof Let Uy; Vij and & > 0 is given. Then, there
exists a set M» € }'(Ige) (NxN\M, =H € Igg) such
that for each x € X,

Us:
lim /Lx(ﬁ> =L
k,j—o00 Vi
(k,j)eMr

and so there exist kg, jo € N such that

U, :
()] <
Vij

for all (k, j) € M, where k > ko, j > jo. Hence, for every
& > 0 and each x € X it is obvious that

Ukj>
Uyl
we(G) 1] 2 }

CHU(Mzﬂ(({l,Z,...,(ko—1)}xN)

S(e) = {(k, Jj) € Ly :

UN x (1,2, ..., (ko — 1)}))).
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Since 75 0 < 2NxN i5 a strongly admissible ideal,

HU(MZO(({l,Z,...,(ko—l)}xN)

UNx {1,2,..., (ko — 1)}))> e13’

0 W( 2(L))
and so we have S(¢) € Ig . Consequently, Uy; ~ = Vjj.

]

If 73 % has property (A P2), then the converse of Theorem
6 is hold.

Theorem 7 Ifde has property (AP2), then

W(I;‘("L"))

WZ5) .
Vij implies U ~ Vi

ki
Proof LetZ7 % satisfies condition (A P2) and & > 0 is given.

W5
Also, suppose that Uy; — ~

and each x € X we have

{(k J) € Ly : ‘ux(vk) L‘>e}eIgG.

For every x € X, denote Eq, ...,

Vij. Then, for every ¢ > 0

E, as follows

Ei=1G el ‘u ‘ }
and

. Ukj 1
E, = §(k, ])elru~_<‘,ux(vkj) L‘<n—1}’

where n > 2 (n € N). For each x € X, note that E; N
Ej =@ (i # j)and E; € I3 (for each i € N). Since Z§?
satisfies condition (AP2), there exists a sequence of sets
{F, }»en such that E; AF; is included in finite union of rows

[ee)
and columns in N x N (foreachi € N)and F = ( U F,-) €
5%,
Now, to complete the proof, it is enough to prove that for
eachx € X

U
lim ( ’) L 1
k,j—)OOMx Vij (D
(k,j)eM

where My = N x N\ F.Let y > 0 is given. Choose n € N

such that — < y. Then, for each x € X we have
n

. Ukj
{(kv.]) €Ly : ‘Mx(v_:j) _L‘ > V} C
J

@ Springer

n
L E:

i=1

Since E;AF; (i = 1,2,...) are included in finite union of
rows and columns, there exists ng € N such that for each
xeX

n

(UE)n{tep:k=znonj=mno)
i=1

=(U#)n{kpikznonjzn). @)

i=1
Ifk, j > ng and (k, j) ¢ F, then
n
&, j) ¢ | JF
i=1
and by (2), foreach x € X
n
& j) ¢ | JE:.
i=1
This implies that for each x € X

Uk/) 1
—L‘ < -<
Mx(vk] " Y

and so (1) holds. Consequently, Uy I~ Vij- O

Theorem 8 IfZgg has property (AP2), then

WI5E)

w (I;{LH) )
U i ~

Vij < Uyj ~ Vij-

Proof This is an immediate consequence of Theorem 6 and
Theorem 7. O
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