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1 | INTRODUCTION

We consider the quadratic pencils of Sturm—Liouville operator L,(p, g, a) of the form

Liy == = + [24p(0) + q)ly = A%y, x€ [0, %) U (g 7[] , (1.1)

with the boundary conditions
Uy =y 0)=0, V@) =)y (@)=0 (1.2)

and with the discontinuous conditions

r(3+0)=o(3-0).

/(5+0) = (3-0).

where 4 is the spectral parameter, p(x) € W% [0, 7], g(x) € L]0, x] are real-valued functions, « is a
real number, and @ > 0, « # 1. Here we denote by W3[0, 7] the space of functions f(x), x € [0, z], such
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that the derivatives £ (x) (m = 0,n — 1) are absolutely continuous and f"(x) € L, [0, r]. Differential
equations with potentials depending nonlinearly on the spectral parameter appear frequently in various
models of quantum and classical mechanics (see Refs. [1-8] and references there in). For instance,
the evolution equations that are used to model interactions between colliding relativistic spineless
particles can be reduced to the form (1.1), here the parameter A> can be regarded as the energy of
this system [2, 5, 6]. Boundary value problems with discontinuous inside the interval often appear
in mathematics, physics, geophysics, mechanics and other branches of natural properties (see Refs.
[9-17] and references there in). The well-known works [9, 11] are the first result about discontinuous
inverse spectral problems for the impulsive Sturm-Liouville operators. Direct and inverse problems
for the pencil L; with impulse on a finite interval have been investigated in Ref. [1]. The theory of
inverse problems for differential operators occupies an important position in the current developments
of the spectral theory of linear operators. Inverse problems of spectral analysis consist in the recovery
of operators from their spectral data. The interior spectral data used for reconstructing the differential
operators contain the known eigenvalues and some information on eigenfunctions at some interior
point in the defined interval. The similar problems for the Sturm—Liouville operators with impulse
and differential pencils L; were considered [18-20]. When we prepared this work for publication, the
work of the authors of Zhang et al. [21] was published. In this study, uniqueness theorems related to
the half-inverse problem for the Sturm—Liouville equation with discontinuous coefficient have been
proved. One of the important aspects of the study is that it did not use the Volterra integral equation.
Unlike other publications, the subject examined in our study is not made by reducing the proof of
the uniqueness theorem to the solution of Volterra type integral equation, but with the help of the
uniqueness theorem by the Weyl function.

2 | PRELIMINARIES

Let the function @(x, A) be the solution of Equation (1.1) with the initial conditions
@0,4) =1,¢70,4) =0 .1)

and the impulse condition (1.3). It is shown in Ref. [1] if g(x) € L,[0, #] and p(x) € W21 [0, 7] that there
exist functions A(x, #) and B(x, ) whose first-order partial derivatives are summable on [0, ] for each
x €0, ] such that

o, A) = @o(x, 1) + /A(x, t)cos Atdt + /B(x, t) sin Atdt, 2.2)
0 0
where
@o(x, 1) = IT(x) cos[Ax — BT (x)] + " (x) cos[A(r — x) + f~(x)] 2.3)

and

1 1 I, 0<x<7Z

Fx) =2 <l(X)i > Ix) = 2, = /P(t)dt.
2 I(x) a, % <x<r

g

SE]

2

It follows from (2.2) and (2.3) that the characteristic function of the pencil L(p, g, a) can be reduced
A(A), where

AY) = @' (n, 4) (2.5)
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and
Ao(d) = @o(x, 4) = —a* (4 = p(x)) sin(Ax — f* () + & (4 + p(x)) sin(f~(x))
or A() = <w(x, 4), p(x, A)>, where <y, z> =y’ z—yz' and w(x, 4) be a solution of (1.1) with the
initial conditions y(x, 1) = 0, y' (x, A) = — 1 and the impulse conditions (1.3).
One here supposes that the function g(x) satisfies the additional condition

/ (Y @ + g@)ly@))*}dx > 0 (2.6)
0

for all y(x) € W2 ([0, g) U (g, ﬂ] ) such that y(x) # 0 and

Y (0)y(0) - ' (m)y(z) = 0. 2.7

Then it is shown in Ref. [1] that the eigenvalues of the boundary value problem L(p, g, ) are real
nonzero, simple, and does not have associated functions. Additionally eigenfunctions corresponding
to different eigenvalues of the problem L(p, g, a) are orthogonal in the sense of the equality

(A1 + 2)01,¥2) = 2(py1,y2) =0, (2.8)
where (.,.) denotes the inner product in L,[0, z]. Denote by G5 == {4 : |[A—A}| > 6 > 0,n € Z},

where ¢ is sufficiently small positive number <5 < g) Then, [22] there exists a constant Cs > 0 such

that
[AD)| > (JAlaT = C)exp(|z|7), T = Im A, forall A € Gs. 2.9

Together with L(p, g, «), we consider the boundary value problem Z('ﬁ, g, @) of the same form but
with different coefficients (p,q, @). It is assumed in what follows that is a certain symbol y denotes
an object related to the problem L(p, ¢, @), then ¥ will denote the corresponding object related to
the problem Z(f?, g, @). Moreover, for the solutions @(x, A) and @(x, 1) of the operators L(p, ¢, a)
and Z@, g, @), respectively, using (2.2)-(2.4) and by extending the range of A(x, 1), A(x, 1) evenly
with respect to the argument ¢ and B(x, 1), E(x, 1) oddly with respect to the argument ¢, and by some
straight-forward calculations, we infer that there exist functions R (x, ) and R,(x, t) whose first-order
partial derivatives are summable on [0, 7] for each x € [0, 7] such that for 0 < x < g

P, Dp(x, 4) = %[COS(ZM — 11 () + cos(y (x))]

+ / [Ri(x, e*™ + Ry(x, e 2] dt, (2.10)
0
and for % <x<m
~ (at)? n _
@x, Ho(x, A) = T[COS(ZM — 71 (0) + cos(y; (x))]
+ ﬂ[cos@ﬂ(n -Xx)+ y2+(x)) + cos(y; (x))]
-2 L cos(A(2x — 1) = FT () — F(0) + cos(Ar — F700 + F ()]
-7 L cos(A(2x — ) — () = F00) + cos(Am + (0 — FH00)]

X
+ / [R1(x, )e*™ + Ry(x, H)e > dt 2.11)
0
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YE®) = FH00 £ FH0, rE@) = () £ (). 2.12)

3 | MAIN RESULTS

Now we state the main result of this work. It is assumed in what follows that if a certain symbol s
denotes an object related to L;(p, ¢, @), then the corresponding symbol s with tilde denote the analogous
object related to L(p, g, a). Let us denoted by @(x, 4,), the eigenfunction which corresponds to 4.

Lemmal If A, = A,n=0,+1,+2, ... then f*(x) = f*(x) and p~(x) = f~(x), that
is, the sequence { A, } uniquely determines f*(r).

Proof of the Lemma is easily obtained from the asymptotic expression of 4,,.

Lemma 2 If 4, = Zn, n=0,+1,+2, ... then « = @, that is, the sequence {1,}
uniquely determines number a.

Proof. Since, 4, = )N»n and A(A), Z(/l) are entire functions in A of order one by
Hadamard factorization theorem, for A€ C ]

A(X) = CAA). (3.1)
On the other hand, (1.1) can be written as
Ag(A) = CRo(2) = CIA(A) = Bo(A)] = [A(L) — Ag(A)]. (3.2)
Hence,
CIA(A) — Bo(D)] = [A(A) — Ag(D)] = —a* (4 — p(x)) sin(Az — f* ()
+a (A + p(x))sin f~(x)
— C[-&* (4 — p(x)) sin(Ax — B (x)) + & (A + p(x)) sin f~ ()], (3.3)

if we multiply both sides of (3.3) with sin(Azx — f*(x)) and integrate with respect to A in (0, T) for any
positive real number 7', then we get

T
/(C[Z(l) = Ko(W)] = [A(D) = Ap(D)]) sin(Az — ¥ (x)) dA

0
T
= /( —at (A = p(x))sin(Ax — f*(x)) + a~ (A + p(x)) sin B~ ()
0

— C[-a* (A = p(n)) sin(Ax — B (x)) + & (A + P(x)) sin f~(x)] sin(Ax — f*(x))dA.

Since
A = Ag(A) = O(™7) A1) — Ag(A) = O(e™17)

for all Ain (0, T)

Cat af 1
4 _7_0<?>'
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By letting T tend to infinity, we see that

a+

C = = 34

Similarly, if we multiply both sides of (3.3) with sinf~(x) and integrate again with respect to 1 in
(0, T, and by letting T tend to infinity, then we get

c=2_ (3.5)

QZ‘Q
o

But since « and @ are positive we conclude that C = 1. We have therefore proved that « = @.

Lemma 3 The zeros {A,} of the characteristic function A(A) coincide with the eigen-
values of the boundary value problem L(a, a). The functions @(x, A,) and y(x, A,) are
eigenfunctions corresponding to the eigenvalue 1, and there exists a sequence {f,} such

that W(—xs j'}'l) = ﬂn(o(-x9 j'n), ﬁn ;é O
Lemmad  The equality A(Ay) = =2A,anf, holds. Here A (%) AQD).

Lemma 5 The problem L(a, a) has countable set of eigenvalues. If one denotes by A,
Ao, ... the positive eigenvalues arranged in increasing order and by Ay, A, ... the neg-
ative eigenvalues arranged in decreasing order, then eigenvalues of the problem L(a, a)
have the asymptotic behavior

d, &
A=A+ —=+—=, nox
FrT *

s

where 6, € [, and d,, is a bounded sequence, A, = n + (i) pH(x) + hy, sup,lh,l < co.

Similar to the proofs of Ref. 1, so we omit the details. Let ®(x, 1) be the solution of (1.1) under
the conditions U(®) = 1, V(®) = 0, and under the impulse conditions (1.3). One sets M(A) := ®(0, 1).
The functions ®(x, A) and M(A) are called the Weyl solution and Weyl function for the boundary value

problem L, (p, g, @), respectively. Using the solution ¢(x, A) defined in the previous sections one has

D(x, 4) = _wed) SCe, ) + M(AD)p(x, A),

A(4)
Moy = ¥ O <_ P(x, A _ o A)>, 36
W=""2 @) AW G0

where w(x, 1) is a solution of (1.1) satisfying the conditions yw(0,1) = 0, w'(0,4) = —1, and the
impulse conditions (1.3) and S(x, 4) is defined from the equality

w(x, 4) = w(0, Hp(x, 1) — A(A)S(x, A4). 3.7
Note that, by virtue of equalities {@(x, 1), S(x, 1)) =1 and (3.6), on has

(D(x, 1), (p(x, ﬂ)) =1,

(9, Ay w(x,A)) = —A(A) for x # % (3.8)

The following theorem shows that the Weyl function uniquely determines the potentials and the
coefficients of the boundary value problem L,(p, g, ).
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Theorem 1  If M(A) = M(A), then L;(p,q, @) = L;(p, G, &). Thus, the boundary value
problem L;(p, q, @) is uniquely defined by the Weyl function.

Proof.  Since n

wM(x, ) = 04" exp(|ImA|(x — x))), A € Gj, (3.9)

|A(A)| > Cs exp(|ImA|z), A€ Gs, C5>0, v=0,1, (3.10)
it is easy to observe that
|V (x, )| < Cs]A1" ! exp(=|ImA|x), 4 € G;. (3.11)
Let us define the matrix P(x, ) = [Pjx(x, D)]j, k = 1,2, Where

Piu(x, A) = 09D, H® (x, 4) — DD (x, D (x, A),

Pp(x, 4) = @9V, DG (x, 4) — 0, HD (x, 4). (3.12)
Then we have

@(x, 2) = P11 (x, H(x, ) + Pra(x, D)@' (x, 4),
O(x, 2) = P11(x, HB(x, 4) + Ppao(x, D (x, ). (3.13)

According to (3.6) and (3.11), for each fixed x, the functions Pj(x, A) are meromorphic in A with
poles and points 4, and /1 Denote G0 GsNn 65 By virtue of (3.11), (3.13), and

PV (x, ) = O(|AlY exp(|]ImA|x)), A€GY, v=0,1, (3.14)

we get
[P1a(x, )| < C5|AI7Y,  |Pia(x, )| < Cs, 4 € GY. (3.15)

It follows from (3.6) and (3.12) that if M(4) = AN/[(A), then for each fixed x the functions Py, are
entire in x. Together with (3.15) this yields P, (x, 4) =0, Py (x, 4) =A(x). Now using (3.13), we obtain

@x, A) = A@)p(x, 1), B, A)= A(x)(TD(x, A). (3.16)
Therefore, for IAl » oo, argd € [, 7 — €] (e > 0), we have
o(x, A) = fexp( l(/lx—ﬂl(x)))<l +0<|i|>> (3.17)

where B = 1, for x <a and B = a* for x > a. Similarly, one can calculate
®(x, A) = (iAB)! exp(i(ix — f1(x))) (1 +0 < N >> , Al > o0, argie(e,r—€]. (3.18)

Finally, taking into account the relations (®(x, A1), p(x, 1)) =1 and (3.11), we have a* = a™,
A(x)=1, that is, @(x, 1) = @(x, A), ®(x, 1) = ®(x, A) for all x and A. Consequently, L;(p,q, @) =
L,(p,p, a). The theorem is proved.

Theorem 2 If A, = T for all n €7 and p(x) = p(x) and q(x) = q(x) on <§, ﬂ), then
p(x) = p(x) and q(x) = q(x) almost everywhere on (0, ).
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Proof.  Let @(x, A) be the solution of the equation n

=9 (x, 1) + [24P(x) + G0)1P(x, 1) = A2B(x, ), (3.19)
with the initial value conditions
#0,1)=1,9'0,1)=0 (3.20)

and the impulse conditions (1.3). Multiplying (1.1) by @(x, 4) and (3.19) by @(x, 1), respectively, and
subtracting, we get

@"(x, Dep(x, ) — @" (x, H@(x, 1) = [2A(p(x) = P(x)) + (g(x) =GN ]p(x, HP(x, A). (321

Integrating the above equality from O to z with respect to x, using the initial conditions at x = 0
and impulse conditions (1.3), we have

/ 2AGE) — p) + @) — qoN o, e, ) dx
0

= (@' (x, Do(x, A) — @' (x, 1) @(x, 4)) < ¢+

V]
E+0 ’

from the hypothesis p(x) = p(x), g(x) = g(x) on (g, rc). Then we obtain

3

/ [2A((x) = p(x)) + (G(x) — g)]ep(x, H(x, 1) dx
0

=9/ (m, No(r, 2) — @' (z, H(x, A). (3.22)
Denote
P(x) = p(x) — p(x), O(x) = G(x) — g(x)

and

N

Fo(d) = 2/1/P(x)(p(x, Ae(x, 1) dx + /Q(x)(p(x, A@(x, A)dx. (3.23)
0 0

It follows from (2.2) to (2.3) and (2.10) that F,(A) is an entire function of exponential type, and
there are some positive constants ¢ and ¢, such that

[Fo(A)| < (c1 + 2| A) exp(]ImA|x) for all A € C. (3.24)

It is clear from the properties of @(x, 4), @’ (x, ) and the boundary conditions (1.2)

Fo(4) =0, nez, (3.25)
for each eigenvalue 4,,.
Define @
Fy
F(A) := ,
@) AD)

which is an entire function from the above arguments and it follows from (2.9) and (3.24) that

F(2) = 0(1),
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for sufficiently large |Al, A € Gs. Using Liouville’s theorem, [23] we obtain for all A that
FA)=C,

where C is a constant.
Let us show that the C = 0. Now, we can rewrite the equation Fo(4) = CA(A) as

z T

2/1/P(x)(ﬁ(X, ) P(x, A)dx + /Q(x)(p(x, Np(x, A)dx
0 0
= Cila™ sin(f~(x)) — a* sin(Ax — f* ()] + Oe"™17).

By use of Riemann—-Lebesgue Lemma, [23] we see that the limit of the left-hand side of the above
equality exists as 4 - o0, A €R. Therefore, we get that C = 0. So, we have

Fo(4) =0, forall 1€ C.
Then, from the equality (3.23) we obtain

@ (x, H(n, 4) — @' (m, Hgp(m, 4) = 0,

for all A€ C. Since
_ox A _ o(z, A)
@' (7, ) @ (w4’

we obtain
M(3) = M(d),
for all A€ C. The function M(4) = —% is the Weyl function of the boundary value problem for

Equation (1.1) on the <§, ﬂ'), with jump conditions (1.3) and boundary conditions y(0) =0, V(y) = 0.

Theorem 3 If 4, = A, for all n€Z and p(x) = ), g(x) = G(x) on (0, g), then
p(x) = p(x) and q(x) = q(x) almost everywhere on (0, ).

Proof.  1If the operations in the proof of Theorem 2 are also performed for the func-
tion yw(x, A) which provides the initial conditions w(z, 1) =0, v’ (x, A) = — 1 and (1.3)
discontinuity of Equation (1.1) n

/ [2A((x) = p(x)) + (G(x) — gO)]w (x, Dy (x, A)dx

=0, Hy (0, 1) — v/ (0, H(0, 1)

equality is obtained.

H(4) = / [24(p(x) = p(x)) + (G(x) = gOe)Iw (x, Dy (x, dx

function, H(A) =0 condition for VA € C

¥ (0, Dy (0, A) —y'(0, D0, 4) =0, VAeC
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obtained. From here for each 1 € C
w©0,4) _ w04
w'(0,4)  ¥'(0,4)
_w0.d
w'(0,4)
for equation on (0, %) with boundary conditions U(y) = 0, V(y) = 0 and without discontinuity. [1]

equality is obtained. The function M(A) = is the Weyl function of the boundary value problem

The Weyl function uniquely determined p(x) and g(x) on (0, ).
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