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Prediction of average shape values of quartz particles by vibrating disc and ball
milling using dynamic image analysis based on established time-dependent
shape models
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aMining Engineering Department, Sivas Cumhuriyet University, Sivas, Turkey; bChemical Engineering Department, Sivas Cumhuriyet
University, Sivas, Turkey; cNanotechnology Engineering Department, Sivas Cumhuriyet University, Sivas, Turkey

ABSTRACT
Although grinding kinetics has been the subject of many researches, there is no research examin-
ing the shape kinetics of particles ground by different mills using dynamic image analysis (DIA) in
the literature. In this investigation, how the shapes of quartz particles change over time at two dif-
ferent size fractions in two different mills is modeled using the latest image analysis technique,
since particle shape of mineral is important in flotation and hydraulic fracturing processes.
Empirical time-dependent shape models based on the correlation between average circularity
(Cav.) and bounding rectangle aspect ratio (BRARav.) parameters and grinding time for vibratory
disc mill and ball milled particles are established with high R2 values by different fitting.
Furthermore, average shape values of particles ground by the mills depending on grinding time
were predicted for two size fractions. It was found that, Cav. data can be better described by linear
fitting equations, on the other hand BRARav. data can be better represented by power fitting equa-
tions. Since predicted and measured shape values were found close to each other, this approach
provides useful information for estimating the milling time required to produce the particles by
milling (with less energy and cost) appropriately for intended use.

KEYWORDS
Quartz; shape; dynamic
image analysis; circularity;
vibratory disc mill; ball mill

1. Introduction

While silica sand can be generally termed as a natural quartz
sand that is 0.074–4.76mm, products are usually named for
their intended use (Ciullo 1996). For instance, frac sand,
which is consists mostly of quartz particles, is used as a
“proppant” in the hydraulic fracturing process to penetrate
and provide boreholes through which oil or gas can flow to
a well (Mitchell 2015).

Since high-purity quartz is a crucial high-tech raw mater-
ial widely used in many industries such as microelectronics,
integrated circuits, optical fibers, solar cells, electro-magnetic
materials, aerospace and military (Tuncuk and Akcil, 2014),
quartz ores are generally enriched by flotation as well as
magnetic separation and acid-cleaning (Sayilgan and Arol
2004; Sekulic et al. 2004; Wang and Ren 2005; Mowla,
Karimi, and Ostadnezhad 2008). It has been reported that,
more than 2 billion tons of minerals and fine coals are being
treated annually by using flotation technique in worldwide
(Nguyen and Schulze 2004). This means huge quantity of
fine particles should be created by grinding before flotation.
In order to reduce excess energy consumption and global
warming, grinding with a suitable mill for sufficient time
becomes very important as it accounts for 4% of global
energy use.

Dynamic image analysis (DIA), which was used as the
most accurate tool for the characterization of differently
ground mineral particles in our previously published papers
(Ulusoy and Igathinathane 2014; Ulusoy 2018, 2019; Ulusoy
and Yekeler 2014) indicates that different grinding cause dif-
ferent shape of particles. So, when quartz material is sub-
jected to milling operation for size reduction prior to
beneficiation, the morphological characters of the particles
also change depending on grinding time as well as applied
forces acting in the mill. It is well known that, particle shape
is one of the affecting physical variables of solid on the separ-
ation processes like flotation (Trahar and Warren 1976;
Wotruba, Hoberg, and Schneider 1991; Hiçyilmaz, Ulusoy,
and Yekeler 2004; Rahimi et al. 2012; Verrelli et al. 2014;
Wang et al. 2020). Moreover, studies suggesting that the flo-
tation rate and recovery increase with the increase of the
elongation ratio have increased considerably recently (Ulusoy,
Yekeler, and Hicyı lmaz 2003; Koh et al. 2009; Guven et al.
2016; Ma, Xia, and Xie 2018). On the other hand, frac sand
particles must have a good roundness to assure that they flow
unhindered into the fractures (Mitchell 2015). Therefore, it is
important to use a more suitable grain-shaped mill product
for intended use. It has been reported that, product shape of
targeted minerals such as quartz, magnetite, South African
platinum group and gold can be generated by utilizing
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suitable mills (Hiçyilmaz, Ulusoy, and Yekeler 2004;
Ofori-Sarpong and Amankwah 2011; Dehghani, Rahimi, and
Rezai 2012; Rahimi et al. 2012; Little et al. 2017). So, a better
flotation separation performance could be achieved by select-
ing proper milling system and sufficient grinding time. Thus,
the rate of change in shape of particles created by different
grinding is a valuable information for predicting the required
grinding time, choosing a suitable mill as well as predicting
behavior of minerals ground in subsequent process (Choi
et al. 2013). Considering energy and cost saving during mill-
ing of industrial minerals, this approach can be used to deter-
mine the required grinding time for targeted shape of
particles using more appropriate mill for intended use.

Although particle size is closely related to shape, most of
the previously published research has been focused on
changes in particle size, distributions and breakage behaviors
as a function of grinding time (Austin and Bagga 1981;
Teke et al. 2002), no attempts were done to investigate the
rate of change in shape of quartz particles created by differ-
ent mill types and grinding time especially using DIA. If
prediction of the shape changes can be made based on a
mathematical model and how predicted results approach to
the experimental values, this could be useful for obtaining
required shape to better flotation according to calculated
grinding time. Therefore, the aims of this study are three-
fold: (i) to investigate the impact of the mill types and
grinding time on the shape distribution (sd) of quartz par-
ticles ground by vibratory disc mill and ball mill using DIA;
(ii) to find out the rate of shape changes of differently
ground particles by incremental grinding approach at similar
size by correlating the average shape values with time; and
(iii) to establish empirical time-dependent models between
average shape parameters of ground particles and grinding
time for the prediction of average shape values from selected
mills as well as prediction of grinding time for required par-
ticles shape in flotation as well as hydraulic fractur-
ing process.

2. Theoretical background for dynamic
image analysis

Image analysis, which is the recent technique for character-
ization of particle morphology, can be performed as either
static or dynamic. Whilst particles are measured in random
orientation (3 dimensions) in dynamic method, particles are
detected in stable orientation (2 dimensions) in static
method. Therefore, DIA can give valuable information for
comparison of sd for differently ground minerals at the
same sizes. Working principle of DIA is based on recording
of particle silhouettes by the camera while particles are mov-
ing downwards in a flow cell between light source and cam-
era as illustrated by Figure 1.

Particle shape of ground mineral particles can be best
described by Circularity (C) and Bounding Rectangle Aspect
Ratio (BRAR) (Micromeritics 2013) as in the following
Equations (1) and (2):

C ¼ 4Að Þ=p D2
BC

� �
(1)

BRAR ¼ BRL=BRWð Þ (2)

where, A is the area of the particle image, DBC is bounding
circle diameter, BRL is bounding rectangle length, and BRW
is bounding rectangle width. C takes a value between 1 and
0 while BRAR takes always greater than 1. It should be
noted that, C takes a maximum value of 1, but BRAR takes
a minimum value of 1 for a perfect circle. As the shape of
particle deviates from sphere to elongated, the value of C is
decreasing down to 0, whereas the value of BRAR is increas-
ing from 1, as clearly seen from Figure 2.

3. Materials and methods

3.1. Sample preparation and grinding tests

High grade quartz (97% SiO2) from Turkey was used for
this study to quantify shape of particles created by incre-
mental grinding of vibratory disc mill and ball mill. For this
aim, the particle size of bulk quartz materials (approximately
10 cm in size) was firstly reduced by jaw crusher. Then,
crushed materials were screened at 10min, which was deter-
mined as optimum previously (Ulusoy, Yekeler, and Hicyı

Figure 1. Working principles of DIA (modified from Vision Analytical Inc., 2021).

Figure 2. (a) C and (b) BRAR values measured for the same spherical and elon-
gated ground quartz particles by DIA in this study.
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lmaz 2003) to prepare 0.600–0.850mm feed fractions for
ring and ball milling (Figure 3(a)).

In order to investigate the effect of mill type, grinding
time on the particle’s shapes generated by incremental
grinding, two different mills having different grinding mech-
anisms were used in this study, i.e., a ball mill for a tum-
bling mill and a vibratory disc mill for a non-tumbling mill.

A laboratory vibratory disc mill (€Unal M€uhendislik,
Turkey), which is a high-speed multi-amplitude vibration
machine is generally used for sample preparation before X-
ray fluorescence, X-ray diffraction and atomic absorption
analysis due to ease of operation and faster grinding. It has
a diameter of 18.8 and height of 6 cm. vibratory disc milling
(Figure 3(c)) tests were conducted in a 500mL volume of
puck using 7.4, 9.4 and 14 cm diameters of rings with a
material charge of 100.0 g of 0.600–0.850mm size fraction.

On the other hand, dry ball milling tests were carried out
in a laboratory ball mill having a 20 cm internal diameter
and 5776 cm3 volume (Figure 3(b)) with charge of 5475 g
steel ball mixtures (30 and 26mm in diameter) and 359.5 g
material (0.600–0.850mm), respectively. Although quartz is
a well-known brittle material widely used for breakage tests,
a loading of 20% of the mill volume filled by the ball bed,
fractional powder filling of 0.04 and a fractional interstitial
filling of the bed voids by the dry powder of 0.5 at 75% of
the critical speed (77 rpm) were used for a normal first-
order breakage (Yekeler, €Ozkan, and Austin 2001).

For incremental grinding approach used in this study,
grinding times were set at 10, 20, 30, 40, 50 and 60 sec for
vibratory disc milling and 1, 2, 5,10, 20 and 40min (or 60,

120, 300, 600, 1200 and 2400 sec) for ball milling. Since
vibratory disc mill can produce too small particles in a very
short time compared to ball mill (Ulusoy and Igathinathane
2016), very short grinding time intervals were used for
vibratory disc milling in order to produce shape variation.
Since best size fraction in flotation is 0.053–0.250mm as
well as in the measurement of DIA, the particulate materials
were dry screened through 250, 150 and 53 lm sieves after
each grinding at specified time. So that two closed sized
fractions (0.150–0.250mm and 0.053–0.150mm) were pre-
pared for DIA (Figure 3(d)) by using Retch laboratory
standard sieves using Endecotts sieve shaker (Octagon 200,
Endecotts Ltd, UK) at screening conditions of 10min, 40
amplitude and continuous frequency.

3.2. Dynamic image analysis tests

In order to prepare a few g of representative sample for
DIA, rotary spinning riffler (QuantachromeVR Instruments),
which is considered as the most reliable sampling technique
(Allen 1997) was used (Figure 4). Once representative sam-
ple was put in a glass beaker, which is full of 25ml water, it
was hold in the ultrasonic bath at 5min. Then, a few drops
from well dispersed suspension were used for DIA
(MicromeriticsVR Instrument Corp., Norcross, USA) for par-
ticle shape characterization as given in Table 1.

Although dynamic imaging, thanks to superior features
of sample recirculation and random orientation, gives shape
data in terms of C and BRAR shape parameters for each
sample along with distribution statistics and thumbnail

Figure 3. (a) Quartz sample prepared as 0.600–0.850mm size fraction (b) ball mill (c) vibratory disc mill (d) sieving shaker used for the sample preparation.
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images (Vision Analytical Inc 2020), each measurement was
conducted as 3 series by counting more than 10,000 particles
per each run and the results were reported as the mean val-
ues of three such sets.

4. Results and discussion

4.1. Dynamic image analysis tests results

The repeatability test of DIA results for each mill product at
each size fraction was performed and given in Figure 5,

indicating that 3 repetitions are consistent each other. It was
found that, C increases as grinding time increases
(Figure 5(a–d)) whereas, BRAR decreases as grinding
time increases (Figure 5(e–h)) for vibratory disc and
ball milling.

Since ring mill grinds faster than ball mill, shape changes
were compared based on time durations of 10, 20, 30, 40, 50
and 60 sec for vibratory disc milled particles and 60, 120,
300, 600, 1200 and 2400 sec for ball milled particles, respect-
ively, considering fineness of the mill products. For example,

Figure 4. Dynamic image analysis procedure followed for this study.

Table 1. System summary for DIA measurements.

System Variable Value

Pump Speed (% of max) 40
Rinse Drain pump speed (%) 50

Fill pump speed (%) 40
Drain time (sec) 15
Fill time (sec 10
Number of cycles 3

Debubble Pause time (sec) 0
Run time (sec) 1
Number of cycles 0

Dilution Percent 100
Camera Gain (as a % of max) 80

Brightness baseline (as a % of max) 0
Calibration Micron/pixel ratio 1.300

Magnification 5.69
Image size (microns) 1664� 1248

Instrument hardware Pump speed % 40
Camera gain % 80

Concentration Particles/frame 1.94
Flow cell depth (mm) 0.50
Probe volume (mm3) 1.038
Part./ml (measured) 1.866Eþ 03
Dilution (%) 100
Part./ml (original) 1.866Eþ 03
Dark pixel % 1.35

System indicators In-focus count 10,002
Video frames 5161
Run time (sec) 506
Focus reject % 0
Shape reject % 0
Border reject % 0.8
Average background intensity 180

PARTICULATE SCIENCE AND TECHNOLOGY 873



10 sec vibratory disc milled particles was compared 60 sec
ball milled particles as the time duration 1. Average values
of C (Cav.) and BRAR (BRARav.) parameters measured by 3
repetition (Figure 5) for vibratory disc and ball milled

particles at two size fractions were compared as given in
Figure 6. It is found that Cav. values of vibratory disc milled
particles for both size fractions are higher than those of ball
milled particles whereas, BRARav. values of ball milled

Figure 5. The repeatability test of DIA results for each mill product, (a) C values (0.150–0.250mm), as a function of vibratory disc milling time (b) C values
(0.150–0.250mm) as a function of ball milling time, (c) C values (0.053–0.150mm) as a function of vibratory disc milling time, (d) C values (0.053–0.150mm) as a
function of ball milling time, (e) BRAR values (0.150–0.250mm) as a function of vibratory disc milling time, (f) BRAR values (0.150–0.250mm) as a function of ball
milling time, (g) BRAR values (0.053–0.150mm) as a function of vibratory disc milling time, (h) BRAR values (0.053–0.150mm) as a function of ball milling time.
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particles for both size fractions are higher than those of
vibratory disc milled particles since dominant forces acted
in vibratory disc and ball milling are attrition and impact,
respectively. It can be clearly seen from the Figure 6 that,
particle shape of both mill products as a function of grind-
ing time are obviously different for both size fractions. It is
found that Cav. increasing with time and BRARav. decreasing
with time. This indicates that particle shape of both mill
products is getting rounder and rounder. In addition, vibra-
tory disc milled particles (due to attrition) had more
rounded particles than ball milled particles for each size
fraction. This was supported by Figure 7, which illustrates
thumbnail images of vibratory disc and ball milled particles
at the lowest and the highest grinding time for both size
fractions. As clearly seen from Figure 7(a–d), vibratory disc
and ball milled particles at the lowest time (10 sec for vibra-
tory disc milling and 60 sec ball milling) for both size frac-
tions are highly elongated and sharp edged, since mill feed
materials were prepared by jaw crusher. Because jaw crusher
has compression loading mechanism (Unland 2007),
which affect the particle surface and creates new corners.
Although thumbnail images of 0.053–0.150mm size frac-
tions (Figure 7(e–h)) have the smallest particles than those
of 0.053–0.150mm size fractions (Figure 7(a–d)), vibratory
disc milled particles at both size fractions are more rounded

than ball milled particles due to the attrition. This is in
good agreement with previous reported study (Kaya, Hogg,
and Kumar 2002; Ulusoy and Igathinathane 2014; Petrakis
et al. 2019) indicating that continued exposure to the grind-
ing environment leads to rounding of the particles. Figure 8
indicates that particles are well dispersed for the measure-
ment by DIA, and also supports the results given in
Figure 7. It can be clearly seen from Figure 8 that the
shape of particles getting rounder and rounder. This was
attributed to the more attrition forces acting in vibratory
disc mill compared to ball mill, which has impact force
as dominant.

Changes in particle shape of ring and ball milled quartz
particles as a function of grinding time was given in
Figure 9. While Cav. values of both size fractions gradually
increased with grinding time for vibratory disc and ball mill,
BRARav. values of both size fractions decreased with grind-
ing time. Since Cav. values of vibratory disc milled particles
are higher than those of ball milled particles, vibratory disc
milled particles are much more rounded than ball milled
particle for both size fractions, namely 0.150–0.250mm and
0.053–0.150mm. Conversely, ball milled particles have
higher BRARav. values than vibratory disc milled particles
indicating that ball milled particles are more elongated than
vibratory disc milled particles due to impact forces played
role on ball milling.

Figure 6. Comparison of average shape values as a function of grinding time periods for vibratory disc and ball milled quartz particles (a) Cav. values for
0.150–0.250mm size fraction, (b) Cav. values for 0.053–0.150mm size fraction, (c) BRARav. values for 0.150–0.250mm size fraction, (d) BRARav. values for
0.053–0.150mm size fraction.
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Up to now DIA, which was found as the most accurate
tool for the characterization of differently ground mineral
particles in our previously published papers (Ulusoy and

Igathinathane 2014; Ulusoy and Yekeler 2014; Ulusoy 2018;
2019) indicates that shape of particles obtained by different
grinding system is not the same due to different breakage

Figure 7. Thumbnail images of vibratory disc milled (10 and 60 sec) and ball milled (60 and 2400 sec) particles at 0.150–0.250mm and 0.053–0.150mm size
fractions, (a) sd of vibratory disc milled (10 sec) particles at 0.150–0.250mm size fraction (b) sd of ball milled (60 sec) particles at 0.150–0.250mm size fraction, (c) sd
of vibratory disc milled (10 sec) particles at 0.053–0.150mm size fraction (d) sd of ball milled (60 sec) particles at 0.053–0.150mm size fraction, (e) sd of vibratory
disc milled (60 sec) particles at 0.150–0.250mm size fraction, (f) sd of ball milled (2400 sec) particles at 0.150–0.250mm size fraction, (g) sd of vibratory disc milled
(60 sec) particles at 0.053–0.150mm size fraction, (h) sd of ball milled (2400 sec) particles at 0.053–0.150mm size fraction.
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forces acted in the mills. As clearly seen from Figure 9,
particle shape changes gradually from elongated to
rounded with grinding time. This could be useful for

obtaining required shape for intended use, when the
required grinding time is predicted from time-dependent
shape models.

Figure 8. DIA images recorded for at the lowest and the highest grinding time for both size fractions a) images of vibratory disc milled (10 sec) particles
at 0.150–0.250mm size fraction, (b) images of ball milled (60 sec) particles at 0.150–0.250mm size fraction, (c) images of vibratory disc milled (10 sec) particles at
0.053–0.150mm size fraction, (d) images of ball milled (60 sec) particles at 0.053–0.150mm size fraction, (e) images of vibratory disc milled (60 sec) particles
at 0.150–0.250mm size fraction, (f) images of ball milled (2400 sec) particles at 0.150–0.250mm size fraction, (g) images of vibratory disc milled (60 sec) particles at
0.053–0.150mm size fraction, (h) images of ball milled (2400 sec) particles at 0.053–0.150mm size fraction.
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4.2. Predicted versus experimental shape values

In this section, correlations of average shape values of vibra-
tory disc and ball milled quartz particles with grinding time
by linear fitting (Cav. and BRARav.) and an alternative fitting
model (exponential for Cav. and power functions for 1/
BRARav) were compared based on the highest R2 value of all
the alternative fitting models tested. The established equa-
tions along with R2 values were given in Table 2. The
experimental and predicted values of Cav. and BRARav.

depending on various grinding time for both size fractions
with the absolute % and relative % errors were summarized
in Tables 3 and 4.

In linear fitted model, the established empirical time-
dependent shape models for the correlations between Cav.

and grinding time for vibratory disc and ball milled particles
are in the form of “Cav. ¼ a.tþ b” while the correlations
between BRARav. and grinding time for vibratory disc and
ball milled particles are in the form of “BRARav. ¼ �a.tþ b”
type equations (where a and b are constants) as shown in
Figure 10). The minimum R2 value was obtained as 0.739
for ball milling at finer size fraction, on the other hand the
maximum value was predicted as 0.984 for vibratory disc
milling at coarser size fraction. It was found that R2 values

of established empirical models for vibratory disc milled
particles are higher than those of ball milled particles. As
clearly seen from Figure 11, predicted and measured Cav.

values were found close to each other with more than 0.92
R2 values. Besides, Cav. of 30 sec of vibratory disc milling for
both size fractions, 300 sec of ball milling for coarser size
fraction and 120 sec of ball milling for finer size fraction
were successfully predicted with zero absolute % errors as
seen from Table 3. It was also found that relative error val-
ues greater than 5% were obtained at ball milling data espe-
cially at the longest grinding times. But, BRARav. prediction
for ball milled particles at two size fraction is not so strong
(Figure 11(f,h)). As can be seen clearly from Table 4,
BRARav. of only 2400 sec of ball milling for coarser size frac-
tion was successfully predicted. Relative error values greater
than 5% were obtained by 600 and 1200 sec of ball milling.

By exponential fitting for Cav. and power fitting for 1/
BRARav., the established empirical time-dependent shape
models for the correlations between Cav. and log time for
vibratory disc and ball milled particles are in the form of
“Cav. ¼ a. e (b.t)” while the correlations between 1/BRARav.

and log time for vibratory disc and ball milled particles are
in the form of “1/BRARav. ¼ a. tb” type equations (where a
and b are constants) as shown in Figure 12. While the

Figure 9. Overall change in particle shape of vibratory disc and ball milled quartz with incremental grinding time periods, (a) Cav. changes of vibratory disc and ball
milled particles for 0.150–0.250mm size fractions, (b) Cav. changes of vibratory disc and ball milled particles for 0.053–0.150mm size fractions, (c) BRARav. changes
of vibratory disc and ball milled particles for 0.150–0.250mm size fractions, (d) BRARav. changes of vibratory disc and ball milled particles for 0.053–0.150mm size
fractions. Note: Time period 1 refers to 10 and 60 sec for vibratory disc and ball milling, respectively. Time period 2 refers to 20 and 120 sec for vibratory disc and
ball milling, respectively. Time period 3 refers to 30 and 300 sec for vibratory disc and ball milling, respectively. Time period 4 refers to 40 and 600 sec for vibratory
disc and ball milling, respectively. Time period 5 refers to 50 and 1200 sec for vibratory disc and ball milling, respectively. Time period 6 refers to 60 and 2400 sec
for vibratory disc and ball milling, respectively.
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Table 2. Summary of the empirical models established along with their R2 values.

Fitting type Size fractions (mm) Mill product Equations R2

Linear fitted 0.150–0.250 Vibratory disc Cav. ¼ 0.0039 tþ 0.439 0.984
Ball Cav. ¼ 0.0001 tþ 0.4371 0.959

0.053–0.150 Vibratory disc Cav. ¼ 0.0034 tþ 0.4830 0.962
Ball Cav. ¼ 0.0001 tþ 0.4809 0.973

0.150–0.250 Vibratory disc BRARav. ¼ �0.0116 tþ 2.0924 0.926
Ball BRARav. ¼ �0.0002 tþ 2.1290 0.827

0.053–0.150 Vibratory disc BRARav. ¼ �0.0072 tþ 1.8514 0.952
Ball BRARav. ¼ �0.0002 tþ 2.0249 0.739

Cav. – log(time) exponential fitted and
1/BRARav. – log(time) power fitted

0.150–0.250 Vibratory disc Cav.¼ 0.4498e0.0068t 0.982
Ball Cav.¼ 0.4405e0.0002t 0.952

0.053–0.150 Vibratory disc Cav.¼ 0.4903e0.0057t 0.951
Ball Cav.¼ 0.4821e0.0001t 0.963

0.150–0.250 Vibratory disc 1/BRARav. ¼ 0.312t0.191 0.940
Ball 1/BRARav. ¼ 0.317t0.082 0.945

0.053–0.150 Vibratorydiscmill 1/BRARav. ¼ 0.4108t0.1242 0.944
Ball 1/BRARav. ¼ 0.329t0.083 0.999

Table 3. Practical application of the Cav. prediction model.

Fitting Size (mm) Grinding time Experimental Predicted Absol. error� Rel. error (%)��
Linear 0.150� 0.250 10 sec Vibratory disc milling 0.485 0.478 0.007 1.376

20 sec Vibratory disc milling 0.501 0.517 �0.016 �3.125
30 sec Vibratory disc milling 0.556 0.556 0.000 0.000
40 sec Vibratory disc milling 0.604 0.595 0.009 1.544
50 sec Vibratory disc milling 0.627 0.634 �0.007 �1.063
60 sec Vibratory disc milling 0.669 0.673 �0.004 �0.598

0.053–0.150 10 sec Vibratory disc milling 0.518 0.517 0.001 0.129
20 sec Vibratory disc milling 0.538 0.551 �0.013 �2.353
30 sec Vibratory disc milling 0.585 0.585 0.000 0.000
40 sec Vibratory disc milling 0.631 0.619 0.012 1.850
50 sec Vibratory disc milling 0.665 0.653 0.012 1.805
60 sec Vibratory disc milling 0.668 0.687 �0.019 �2.844

0.150–0.250 60 sec Ball milling 0.422 0.443 �0.021 �5.083
120 sec Ball milling 0.452 0.449 0.003 0.642
300 sec Ball milling 0.467 0.467 0.000 �0.021
600 sec Ball milling 0.517 0.497 0.020 3.787
1200 Ball milling 0.530 0.557 �0.027 �5.179
2400 sec Ball milling 0.649 0.677 �0.028 �4.330

0.053–0.150 60 sec Ball milling 0.472 0.487 �0.015 �3.084
120 sec Ball milling 0.491 0.493 �0.002 �0.455
300 sec Ball milling 0.496 0.511 �0.015 �3.073
600 sec Ball milling 0.521 0.514 �0.020 �3.753
1200 sec Ball milling 0.557 0.601 �0.044 �7.946
2400 sec Ball milling 0.607 0.721 �0.114 �18.764

Cav. - log(time) exponential and
1/BRARav. - log(time) power

0.150–0.250 10 sec Vibratory disc milling 0.485 0.481 0.003 0.664
20 sec Vibratory disc milling 0.501 0.515 �0.014 �2.791
30 sec Vibratory disc milling 0.556 0.552 0.004 0.793
40 sec Vibratory disc milling 0.604 0.590 0.014 2.305
50 sec Vibratory disc milling 0.627 0.632 �0.005 �0.735
60 sec Vibratory disc milling 0.669 0.676 �0.007 �1.108

0.053–0.150 10 sec Vibratory disc milling 0.518 0.519 �0.001 �0.269
20 sec Vibratory disc milling 0.538 0.550 �0.011 �2.075
30 sec Vibratory disc milling 0.585 0.582 0.003 0.558
40 sec Vibratory disc milling 0.631 0.616 0.015 2.348
50 sec Vibratory disc milling 0.665 0.652 0.013 1.958
60 sec Vibratory disc milling 0.668 0.690 �0.022 �3.327

0.150–0.250 60 sec Ball milling 0.422 0.446 �0.024 �5.728
120 sec Ball milling 0.452 0.451 0.001 0.177
300 sec Ball milling 0.467 0.468 �0.001 �0.158
600 sec Ball milling 0.517 0.497 0.020 3.872
1200 Ball milling 0.530 0.560 �0.030 �5.724
2400 sec Ball milling 0.649 0.712 �0.063 �9.689

0.053–0.150 60 sec Ball milling 0.472 0.485 �0.013 �2.682
120 sec Ball milling 0.491 0.488 0.003 0.560
300 sec Ball milling 0.496 0.497 �0.001 �0.225
600 sec Ball milling 0.521 0.512 0.009 1.807
1200 sec Ball milling 0.557 0.544 0.013 2.353
2400 sec Ball milling 0.607 0.613 �0.006 �0.967

�Absolute error ¼ (experimental-predicted).��Relative error ¼ [(experimental-predicted)/experimental]�100.
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minimum R2 value was obtained as 0.940 for vibratory disc
milling at coarser size fraction, the maximum R2 value was
predicted as 0.999 for ball milling at finer size fraction. As
seen from the Figure 12(f,h), power fitting described 1/
BRARav. data very well. Figure 13 shows that the experimen-
tal and predicted values are very close to each other. As can
be seen from Table 3, Cav. of 10 sec of vibratory disc milling
for coarser size fraction, 10 and 30 sec of vibratory disc mill-
ing for finer size fraction, 120 and 300 sec of ball milling for
coarser size fraction, 120 and 300 of sec of ball milling for
coarser size fraction and 300 sec of ball milling for finer size
fraction were very closely predicted. Relative error values
greater than 5% were obtained by 60, 1200 and 2400 sec of
ball milling data for coarser size fractions. On the other
hand, 1/BRARav. of 60 sec of vibratory disc milling for
coarser size fraction, 50 sec of vibratory disc milling for finer
size fraction, 10 sec vibratory disc milling for finer size

fraction, 1200 sec of ball milling for both size fractions, 120
and 600 sec of ball milling for finer size fraction were closely
predicted (Table 4). Relative error values greater than 5%
were obtained only by 300 sec of ball milling for coarser
size fraction.

4.3. Testing the models for required grinding times for
spherical particles

In order to verify the established empirical models, average
shape (Cav. and BRARav.) values were predicted based on the
longest experimental grinding time using data for vibratory
disc milling at 10, 20, 30, 40, 50 sec and using data for ball
milling at 60, 120, 300, 600, 1200, 2400 sec, respectively.

The required times of vibratory disc milling to obtain
hypothetically spherical particles (Cav. ¼ 1) using linear

Table 4. Practical application of the BRARav. prediction model.

Fitting Size (mm) Grinding time Experimental Predicted Absol. error� Rel. error (%)��
Linear 0.150–0.250 10 sec Vibratory disc milling 1.989 1.976 0.013 0.650

20 sec Vibratory disc milling 1.931 1.860 0.070 3.640
30 sec Vibratory disc milling 1.682 1.744 �0.063 �3.730
40 sec Vibratory disc milling 1.557 1.628 �0.072 �4.608
50 sec Vibratory disc milling 1.495 1.512 �0.017 �1.164
60 sec Vibratory disc milling 1.463 1.396 0.067 4.552

0.053–0.150 10 sec Vibratory disc milling 1.787 1.779 0.008 0.444
20 sec Vibratory disc milling 1.737 1.707 0.029 1.685
30 sec Vibratory disc milling 1.618 1.635 �0.017 �1.075
40 sec Vibratory disc milling 1.516 1.563 �0.048 �3.149
50 sec Vibratory disc milling 1.495 1.491 0.004 0.241
60 sec Vibratory disc milling 1.451 1.419 0.032 2.200

0.150–0.250 60 sec Ball milling 2.193 2.117 0.076 3.480
120 sec Ball milling 2.155 2.102 0.050 2.320
300 sec Ball milling 2.091 2.069 0.022 1.036
600 sec Ball milling 1.840 2.009 �0.169 �9.165
1200 Ball milling 1.774 1.889 �0.115 �6.463
2400 sec Ball milling 1.649 1.649 0.000 0.000

0.053–0.150 60 sec Ball milling 2.179 2.013 0.166 7.609
120 sec Ball milling 2.038 2.001 0.037 1.836
300 sec Ball milling 1.882 1.965 �0.083 �4.405
600 sec Ball milling 1.785 1.905 �0.120 �6.697
1200 sec Ball milling 1.691 1.785 �0.094 �5.574
2400 sec Ball milling 1.600 1.545 0.055 3.444

Cav. - log(time) exponential and
1/BRARav. - log(time) power

0.150–0.250 10 sec Vibratory disc milling 0.503 0.484 0.018 3.648
20 sec Vibratory disc milling 0.518 0.553 �0.035 �6.748
30 sec Vibratory disc milling 0.595 0.597 �0.003 �0.467
40 sec Vibratory disc milling 0.642 0.631 0.011 1.747
50 sec Vibratory disc milling 0.669 0.659 0.010 1.531
60 sec Vibratory disc milling 0.684 0.682 0.002 0.224

0.053–0.150 10 sec Vibratory disc milling 0.559 0.547 0.013 2.268
20 sec Vibratory disc milling 0.576 0.596 �0.020 �3.499
30 sec Vibratory disc milling 0.618 0.627 �0.009 �1.407
40 sec Vibratory disc milling 0.660 0.650 0.010 1.551
50 sec Vibratory disc milling 0.669 0.668 0.001 0.165
60 sec Vibratory disc milling 0.689 0.683 0.006 0.861

0.150–0.250 60 sec Ball milling 0.456 0.443 0.012 2.731
120 sec Ball milling 0.464 0.469 �0.005 �1.158
300 sec Ball milling 0.478 0.506 �0.028 �5.796
600 sec Ball milling 0.543 0.536 0.008 1.426
1200 Ball milling 0.564 0.567 �0.003 �0.598
2400 sec Ball milling 0.606 0.600 0.006 1.041

0.053–0.150 60 sec Ball milling 0.459 0.462 �0.003 �0.687
120 sec Ball milling 0.491 0.490 0.001 0.220
300 sec Ball milling 0.531 0.528 0.003 0.593
600 sec Ball milling 0.560 0.559 0.001 0.115
1200 sec Ball milling 0.591 0.593 �0.001 �0.190
2400 sec Ball milling 0.625 0.628 �0.003 �0.432

�Absolute error ¼ (experimental-predicted).��Relative error ¼ [(experimental-predicted)/experimental]�100.
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fitted equations (Cav. ¼ 0.0039 tþ 0.439 and Cav.¼ 0.0034t
þ 0.483) for 0.150—0.250mm and 0.053—0.150mm size
fractions were calculated as 144 and 152 sec, respectively. On
the other hand, the required times of vibratory disc milling

to obtain hypothetically spherical particles (BRARav.¼1)
using linear fitted equations “BRARav. ¼ �0.0116t þ2.0924
and BRARav.¼ �0.0072.tþ 1.8514” for 0.150–0.250mm and
0.053–0.150mm size fractions were computed as 94 and

Figure 10. Correlation of average shape values of vibratory disc and ball milled quartz particles with grinding time based on linear fitting (a) Cav. for vibratory disc
milled particles (0.150–0.250mm), (b) Cav. for ball milled particles (0.150–0.250mm), (c) Cav. for 0.053–0.150mm sized vibratory disc milled particles, (d) Cav. for ball
milled particles (0.053–0.150mm), (e) BRARav. for vibratory disc milled particles (0.150–0.250mm), (f) BRARav. for ball milled particles (0.150–0.250mm), (g) BRARav.
for vibratory disc milled particles (0.053–0.150mm), (h) BRARav. for ball milled particles (0.053–0.150mm).
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118 sec, respectively. Since very long grinding time of vibra-
tory disc milling would produce too fine particles, which
causes agglomeration and sieving problem. In addition, there

will be no sufficient quantity of particles at 0.053–0.150mm
size fraction for sample preparation by screening in order to
analyze them by DIA. Similarly, the required times of ball

Figure 11. Relationship between predicted and experimental shape values of vibratory disc and ball milled quartz particles for 0.150–0.250mm and
0.053–0.150mm size fractions based on linear fitting, (a) Cav. for vibratory disc milled particles (0.150–0.250mm), (b) Cav. for ball milled particles (0.150–0.250mm),
(c) Cav. for 0.053–0.150mm sized vibratory disc milled particles, (d) Cav. for ball milled particles (0.053–0.150mm), (e) BRARav. for vibratory disc milled particles
(0.150–0.250mm), (f) BRARav. for ball milled particles (0.150–0.250mm), (g) BRARav. for vibratory disc milled particles (0.053–0.150mm), (h) BRARav. for ball milled
particles (0.053–0.150mm).
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milling to obtain hypothetically spherical particles (Cav. ¼1)
using linear fitted equations (Cav. ¼ 0.0001t þ 0.4371
and Cav. ¼ 0.0001.tþ 0.4809) for 0.150–0.250mm and
0.053–0.150mm size fractions were estimated as 5629 and

5186 sec, respectively. Moreover, the required times of ball
milling to obtain hypothetically spherical particles
(BRARav.¼1) using linear fitted equations (BRARav. ¼
�0.0002t þ 2.129 and BRARav.¼ �0.0002.tþ 2.0249) for

Figure 12. Correlation of Cav. and 1/BRARav. values of vibratory disc and ball milled quartz particles with grinding (log) time based on exponential and power fitting,
respectively), (a) Cav. for vibratory disc milled particles (0.150–0.250mm), (b) Cav. for ball milled particles (0.150–0.250mm), (c) Cav. for 0.053–0.150mm sized
vibratory disc milled particles, (d) Cav. for ball milled particles (0.053–0.150mm), (e) BRARav. for vibratory disc milled particles (0.150–0.250mm), (f) BRARav. for ball
milled particles (0.150–0.250mm), (g) BRARav. for vibratory disc milled particles (0.053–0.150mm), (h) BRARav. for ball milled particles (0.053–0.150mm).
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0.150–0.250mm and 0.053–0.150mm size fractions were
predicted as 5643 and 5123 sec, respectively. These predicted
values correspond to more than 85minute of ball milling,

which causes agglomeration, and problems in the processes
of sieving and grinding. Besides, there will be no sufficient
quantity of particles at 0.053–0.150mm size fraction for

Figure 13. Relationship between predicted and experimental shape values of vibratory disc and ball milled quartz particles for 0.150–0.250mm and
0.053–0.150mm size fractions (based on Cav. – log(time) exponential fitting and 1/BRAR – log(time) power fitting), (a) Cav. for vibratory disc milled particles
(0.150–0.250mm), (b) Cav. for ball milled particles (0.150–0.250mm), (c) Cav. for 0.053–0.150mm sized vibratory disc milled particles, (d) Cav. for ball milled particles
(0.053–0.150mm), (e) BRARav. for vibratory disc milled particles (0.150–0.250mm), (f) BRARav. for ball milled particles (0.150–0.250mm), (g) BRARav. for vibratory disc
milled particles (0.053–0.150mm), (h) BRARav. for ball milled particles (0.053–0.150mm).
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sample preparation by screening in order to analyze them
by DIA.

The required grinding times of vibratory disc milling to
obtain hypothetically spherical particles (Cav. ¼ 1) using
exponential fitting for 1/BRARav equations (Cav. ¼
0.4498e0.0068t and Cav.¼ 0.4903e0.0057t) for 0.150–0.250mm
and 0.053–0.150mm size fractions were calculated as 118
and 126 sec, respectively. But, the required times of vibratory
disc milling to obtain hypothetically spherical particles
(BRARav.¼1) using linear fitted equations (1/BRARav. ¼
0.312t0.191 and 1/BRARav. ¼ 0.4108t0.1242) for
0.150–0.250mm and 0.053–0.150mm size fractions were
computed as 444 and 1290 sec, respectively. This means very
long grinding time of vibratory disc milling, which would
produce too fine particles. Therefore, it will cause agglomer-
ation and sieving problem. In addition, there will be no suf-
ficient quantity of particles at 0.053–0.150mm size fraction
for sample preparation by screening in order to analyze
them by DIA.

With the same approach, the required times of ball mill-
ing to obtain hypothetically spherical particles (Cav. ¼ 1)
using linear fitted equations (Cav. ¼ 0.4405e0.0002t and Cav.

0.4821e0.0001t) for 0.150–0.250mm and 0.053–0.150mm size
fractions were forecasted as 4100 and 7300 sec, respectively.
These results, which correspond to 68minute and
121minute of ball milling are reasonable prediction to
attain. On the other hand, the required times of ball milling
to obtain hypothetically spherical particles (BRARav.¼ 1)
using linear fitted equations (1/BRARav. ¼ 0.317t0.082 and 1/
BRARav. ¼ 0.329t0.083) for 0.150—0.250mm and 0.053—
0.150mm size fractions are not reasonable (120990 and
659000 sec, respectively).

5. Conclusion

Determination of shape kinetics of quartz particles ground
by vibratory disc and ball milling at two size fractions by
incremental grinding approach was successfully performed
by utilizing the latest imaging technique called DIA. It was
concluded that, the average shape of particles for both mill
products changed widely from elongated to round as grind-
ing time increased when high-grade quartz material is
ground by vibratory disc and ball milling. While the highest
Cav. and the lowest BRARav. values were determined by the
longest grinding time for both mill type and size fractions,
the more rounded particles were obtained by vibratory disc
milling compared to ball milling for both size fractions as
supported by DIA images.

Variation of average shape values with grinding time
were correlated based on linear and exponential with power
fitting models. It was concluded that, while linear model
describes the Cav. data for both mill and size fractions better
than alternative fitting model (exponential fitting for Cav.

and power fitting for 1/BRARav), the BRARav. data for both
mill and size fractions were well represented by the alterna-
tive fitting model (exponential fitting for Cav. and power fit-
ting for 1/BRARav) considering the highest R2 value, the
lowest error% values and the reasonable required grinding

time for hypothetically spherical particles. When the predic-
tion of average shape (Cav. and BRARav) values from the
established mathematical models were made and compared
with the experimental values, predicted values and experi-
mental values of Cav. and BRARav. were closely related to
each other along with acceptable R2 values. Although labora-
tory mills such as vibratory disc and ball mill were used in
this study, other grinding parameters (mill size, fill amount
etc.) in other milling systems needs to be investigated. This
approach provides useful insights into the prediction of the
required grinding times for a suitable milling system for
intended use. Since grinding is energy and cost intensive
process, this approach is expected to be applicable to indus-
trial scale mills and other particulate samples in a simi-
lar manner.
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A the area of the particle image
BRAR bounding rectangular aspect ratio
BRARav. average value of bounding rectangular aspect ratio
C circularity
Cav. average value of circularity
DBC bounding circle diameter
DIA dynamic image analysis
sd shape distribution
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