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Abstract In this study, by introducing the concepts of
asymptotical lacunary statistical and asymptotical strong
p-lacunary equivalence of order # (0 < # < 1) in the Wijs-
man sense for double set sequences, some properties of these
concepts are examined and also the relationship between
these concepts is mentioned. Moreover, the relationships
between these concepts and the asymptotical equivalence
concepts previously given for double set sequences are
investigated.
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1 Introduction

Long after the concept of convergence for double sequences
was introduced by Pringsheim [1], using the concepts of sta-
tistical convergence, double lacunary sequence etc., this con-
cept was extended to new convergence concepts for double

Significant Statement In this paper, we present the concepts
of rate of convergence and degree of approximation of any

two real or complex sequences, the asymptotical statistical and
asymptotical lacunary statistical equivalence in the Wijsman
sense for double sequences of sets and tried to explain them with
examples.

b4 Ugur Ulusu
ugurulusu@cumbhuriyet.edu.tr

' Sivas Cumhuriyet University, 58140 Sivas, Turkey

sequences [2, 3]. Recently, for double sequences, on two
new convergence concepts called double almost statistical
and double almost lacunary statistical convergence of order
a were studied by Savas [4, 5]. Also, for double sequences,
the concept of asymptotical equivalence was introduced by
Patterson [6]. After then, this concept was, respectively,
extended to the concept of asymptotical double statistical
and asymptotical double lacunary statistical equivalence [7,
8].

Over the years, on the various convergence concepts for
set sequences have been studied, one of them is the concept
of convergence in the Wijsman sense [9-11]. Using the con-
cepts of statistical convergence, double lacunary sequence
etc., this concept was extended to new convergence concepts
for double set sequences [12—14]. Recently, Ulusu and Giille
[15] studied on some convergence concepts of order « in the
Wijsman sense for double set sequences. Furthermore, for
double set sequences, the concepts of asymptotical equiva-
lence in the Wijsman sense were introduced by Nuray et al.
[16] and then these concepts were studied by many authors.
Lately, Giille [17] studied on the concepts of asymptotical
statistical and asymptotical strong Cesaro equivalence of
order a in the Wijsman sense for double set sequences.

More information on the concepts of convergence and
asymptotical equivalence for real and set sequences can be
found in [18-26].

2 Preliminaries and Background
First of all, let us recall the basic notions [1, 3, 6, 9, 12—14,
16, 17].

A double sequence (a,,,) € R is called convergent in the
Pringsheim sense to L € R if every & > 0, there exists

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40010-023-00818-y&domain=pdf
http://orcid.org/0000-0001-7658-6114
U.lusu
Highlight

U.lusu
Highlight

U.lusu
Highlight

U.lusu
Highlight


19.12.2023 23:22 Web of Science Master Journal List - Search

3 Clarivate 22 Products

Master Journal List Search Journals Match Manuscript Downloads Help C

The power of the Web of Science™ on your L.
. . . . Dismiss Learn More
mobile device, wherever inspiration strikes.

Already have a
manuscript?

Use our Manuscrl!:)t Matcher to find el e Mol Ay o ]
the best relevant journals!
Find a Match Sort By:[ Relevancy v ] =

Search Results

pm Refine Your Search Results

Filters B ClearAll Found 20,809 results (Page 1) < Share These Results
Web of Science Coverage v
& Exact Match Found
Open Access a v
PROCEEDINGS OF THE NATIONAL
Category v ACADEMY OF SCIENCES INDIA SECTION
A-PHYSICAL SCIENCES
Country / Region v
Publisher: NATL ACAD SCIENCES INDIA, 5
Language o LAJPATRAI RD, ALLAHABAD, INDIA,
211002
ISSN / eISSN: 0369-8203 / 2250-1762
Frequency v
Web of Science Core Science Citation Index
Collection: Expanded
Journal Citation Reports v
Add|t|0nal Web OfSCienC@ Essential Science
Indexes: Indicators
<; Share This Journal View profile page
*Requires free login.

Other Possible Matches

https://mijl.clarivate.com/search-results 1/6



U.lusu
Line

U.lusu
Line

U.lusu
Line

U.lusu
Line

U.lusu
Line


13.11.2023 13:24 ulusu, u.* (Author) — 31 — Web of Science Core Collection

<« Journal information

PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES INDIA
SECTION A-PHYSICAL SCIENCES

Publisher name: NATL ACAD SCIENCES INDIA

Journal Impact Factor ™

0.9 1.1

2022 Five Year

JCR Category Category Rank Category Quartile

MULTIDISCIPLINARY SCIENCES 60/73 Q4
in SCIE edition

Source: Journal Citation Reports 2022. Learn more[4

Journal Citation Indicator ™

0.3 0.41

2022 2021

JCI Category Category Rank Category Quartile

MULTIDISCIPLINARY SCIENCES 69/134

in SCIE edition

The Journal Citation Indicator is a measure of the average Category Normalized
Citation Impact (CNCI) of citable items (articles and reviews) published by a journal
over a recent three year period. It is used to help you evaluate journals based on other
metrics besides the Journal Impact Factor (JIF).

Learn more[4

https://www.webofscience.com/wos/woscc/summary/652812ca-e0f0-42b3-b8cb-f873323d2d2e-b3d 10aea/relevance/1



U.lusu
Oval


332

U. Ulusu

N; € N such that |a,,, — L| <& whenever m,n > N,. It is
denoted by P — lim gq,,, = L.

m,n— oo

Non negative double sequences (a,,,), (b,,,) € R are
called asymptotically equivalent if

a
P— lim =2 =1
mn—o0o b
mn

and denoted by a,,,, ~ b,,,..
For a metric space (Y, d), p(y, V) denote the distance from
y to V where

Py, V) 1= py(V) = vigg d(y,v)

for any y € Y and any non empty V C Y.

Throughout this study, (Y, d) is considered as a metric
space and U,,,, V..V are considered as any non empty
closed subsets of Y.

For a non empty set Y, let a function g : N — Py (the
power set of Y) is defined by g(m) =V,, € Py for each
m € N. Then the sequence {V,,} = {V|,V,, ...}, which is
the range’s elements of g, is called set sequences.

A double set sequence {V,,, } is called convergent to V in

the Wijsman sense if eachy € Y,

P— lim p(V,,) =p,(V).
A double set sequence {V,,, } is called statistically convergent
to Vin the Wijsman sense if every £ > Qandeachy € Y,

.1 . .
P = lim l.—j‘{(m,n) cm<in<j, 1p,(V,,) = p,(V)| 2 g}( =0.
A double set sequence {V,,, } is called strongly Cesaro sum-
mable to V in the Wijsman sense if eachy € Y,

iy

Z |py(vmn) - Py(v)l =0.

mn=1,1

P — lim l

ij—0o0 y

A double sequence 6, = {(j,, k,)} is called a double lacunary
sequence if there exist increasing sequences (j,) and (k,) of
the integers such that

jO = 0’ hs =js _js—l — oo and kO = 0’

h, =k, —k,_;, = oo as s,t = oo.

In general, the following notations are used for any double
lacunary sequence:

Co =ik hy = hs}_’n
Iy ={(m,n) : j,_; <m<j; and k_ <n<k,},

Js

_ K
g, = == and G, = .
t—1

s—1

@ Springer

Throughout this study, 8, = {(j;. k,) } is considered as a dou-
ble lacunary sequence.

A double set sequence {V,,,} is called lacunary statisti-
cally convergent to V in the Wijsman sense if every £ > 0
andeachy €Y,

P— lim —|{(mm €1, : 1p,(V,u) = p,(V) 2 £}| =0

1
5,1=00 hst

Wy (Sp)
and denoted by V,,, — V.

A double set sequence {V,,,} is called strongly lacunary
summable to V in the Wijsman sense if eachy € Y,

P— lim -

§,1—>00

Y 10(V) = o, (N =0

St (m,n)El,

W,[Nyl
and denoted by V,,, — V.

Umn .
) is defined as follows:

PO, Uyy)
PG V)

The term py<

Umn
r()=

mn

y ¢ Umn U an

A .yeU,uV,.

Double set sequences {U,,, } and {V,,, } are called asymptoti-
cally equivalent in the Wijsman sense if eachy € Y,

. U\ _
P— lim p, v =1

m,n— oo
mn

and denoted by U, lv

Double set sequences {U,,,} and {V,,, } are called asymp-
totically statistically equivalent of order 7 to multiple A in the
Wijsman sense if every £ > Oandeachy € Y,

()]} -0

P— lim €
)

~ (mn): m<in<j,
ij—oo (ij)1

mn

UACH)
where 0 < 7 < land denoted by U,,, ~" V, .
Double set sequences {U,,,} and {V,,, } are called asymp-
totically strongly Cesaro equivalent of order # to multiple 4

in the Wijsman sense if eachy € Y,

o(2) - -

mn

i

. 1
P— lim —
s G X

m,n=1,1

W,
where 0 < n# < land denoted by U,,, ~" V,,.

3 Main Results

In this section firstly, by introducing the concepts of asymp-
totical lacunary statistical and asymptotical strong p-lacu-
nary equivalence of order # (0 < # < 1) in the Wijsman
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sense for double set sequences, some properties of these
concepts are examined and also the relationship between
these concepts is mentioned.

Definition 1 Double set sequences {U,,,} and {V,,,} are
asymptotically lacunary statistically equivalent of order #
to multiple 4 in the Wijsman sense if every £ > 0 and each

yeY,
Umn
pY<v >_’1‘25 =0

mn

P — lim Lﬂ {(m,n)elst :

$,1—00 h ‘
s

. Wi(Sh)
where 0 < 1 < 1. We denote thisinU,,, ~* V,, formatand

simply called asymptotically lacunary statistically equivalent
of order # in the Wijsman sense if A = L

The set of all asymptotically lacunary statistically equiva-
lent double set sequences of order x# to multiple A in the
Wijsman sense is denoted by er (SZ).

Example 1 LetY = R?and double set sequences { U,

. and
{V,..} be defined as following:

{(a,b) € R? : a> + b*> —mna =0} ; if (m,n) € I, and
v,, = mn is square integer,
{(-=1,D} ; otherwise.
and
{(a,b) € R? : a® + b* + mna =0} ; if (m,n) € I, and
Vi = mn is square integer,

{(-1,1)} ; otherwise.

In this case, the double set sequences are asymptotically
lacunary statistically equivalent of order # (0 < # < 1) in the
Wijsman sense.

Remark 1 For i = 1, the concept of asymptotical lacunary
statistical equivalence of order 7 in the Wijsman sense coincides
with the concept of asymptotical lacunary statistical equiva-
lence in the Wijsman sense for double set sequences in [16].

Theorem 1 [fO<n < u<1, then Wf(S’;) C er(Sfl’)for
every double lacunary sequence 0, = {(j,, k,)}.

Wy(S)
Proof Supposethat0 <y <y <landU,, ~"V,,.For
every £ > Oand each y € Y, we have

(§2)-12¢}

(m,n) €l :
n { !

mn

py(lém”)—ﬁ’zé}'.

hﬂ

st

{(m, n) €l :

er(S‘;)

Hence, by our assumption, we getU,,, ~" V, .. Conse-

quently, WY (S7) € WE(S). O

If u = 1is taken in Theorem 1, then the following corol-
lary obtained.

Corollary 1 Let 5 € (0, 1]. If double set sequences {U,,,}
and {V,,,} are asymptotically lacunary statistically equiva-
lent of order n to multiple A in the Wijsman sense, then the
double set sequences are asymptotically lacunary statisti-
cally equivalent of multiple A in the Wijsman sense.
Definition 2 Double set sequences {U,,,} and {V,,,} are
asymptotically strongly p-lacunary equivalent of order # to
multiple A in the Wijsman sense ifeachy € Y,

P— lim - D U\ _ 4" =0
i ()] -
s,t—00 h?z (mmel, an
where 0 <7 <1 and 0 <p < . We denote this in

WIIN P . .
n V.., format and simply called asymptotically

strongly p-lacunary equivalent of order # in the Wijsman
senseif A = 1.

If p = 1, then double set sequences {U,,,} and {V,,,} are
called asymptotically strongly lacunary equivalent of order
n to multiple A in the Wijsman sense, and we denote this

WOIN']
U, ~"V,, format.

The set of all asymptotically strongly p-lacunary equiv-
alent double set sequences of order # to multiple A in the
Wijsman sense is denoted by W29 [NZ]”.

Example2 LetY = R?and double set sequences {U,,, } and
{V,..} be defined as following:

{(a,b) ER? : (a— 12 +b> =~} ; if (m,n) €I, and

mn
Upn 1= mn is square integer,
{0, D} ; otherwise.

and

{(a,b)eR? : (a+ 1)+ b= ﬁ} s if (m,n) € I, and
Viwm += mn is square integer,
{(0, )} ; otherwise.

In this case, the double set sequences are asymptotically
strongly lacunary equivalent of order # (0 < # < 1) in the
Wijsman sense.

Remark 2 For n = 1, respectively, the concepts of asymp-

totical strong p-lacunary and asymptotical strong lacunary
equivalence of order 7 in the Wijsman sense coincide with

@ Springer
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the concepts of asymptotical strong p-lacunary and asymp-
totical strong lacunary equivalence in the Wijsman sense for
double set sequences in [16].

Theorem2 [f0 <7 < u < 1,then W[N]’ C WE[N''P for
every double lacunary sequence 6, = {(j,, k,)}.

WEINTP
Proof Supposethat0 <# < pu <landU,, “~

eachy € Y, we have
Umn r
”(v >_Aw

1 U, |
w2 () s 3

V- FoOr

st (m,n)€l, mn st (m,n)€l, mn
. WIINY P
Hence, by our assumption, we getU,,, "~" V,,. Conse-
quently, WZ” [NZ]” C W29 [le‘ 7. O

If 4 = lis taken in Theorem 2, then the following corollary
is obtained.

Corollary 2 Let 5 € (0, 1]. If double set sequences {U,,,}
and {V,,,} are asymptotically strongly p-lacunary equiva-
lent of order n to multiple A in the Wijsman sense, then the
double set sequences are asymptotically strongly p-lacunary
equivalent of multiple A in the Wijsman sense.

Now, we can state a theorem giving the relationship
between W/[N7)” and W{[N7]4, where 0 <7 <1 and
O0<p<g<oco.

Theorem 3 Let 0<y<1. If 0<p<g< oo, then
WZH[NZ]q C Wg [NZ]” for every double lacunary sequence

0, = {Gs kD).

Proof LetO <y <land0 < p < g < oo. Also, we suppose

WEINT . .
thatU,,, "~ V,,. Foreachy € Y, by Holder inequality,
we have

l Umn r 1 Umn !
w2 ) < 2 le) -
2 ) < 2 A

. WIIN]Y
Hence, by our assumption, we getU,, "~" V, .. Conse-
quently, W29 [N7] C Wg (NP O

Theorem 4 If double set sequences {U,,,} and {V,,,} are
asymptotically strongly p-lacunary equivalent of order
n to multiple A in the Wijsman sense, then the double set
sequences are asymptotically lacunary statistically equiva-
lent of order u to multiple A in the Wijsman sense, where
O<np<u<land0<p < co.

Proof LetO<n<u<land0 < p < oo. Also, we suppose
that double sequences {U,,,} and {V,,, } are asymptotically

@ Springer

strongly p-lacunary equivalent of order # to multiple A in the
Wijsman sense. For every &£ > 0 and each y € Y, we have

U Lo U, P
o, ﬂ)—ﬂ — p,( mn)_)L
(méhx ’ Vinn (mélﬂ ’ Voun
<U>
Py an —A|>¢
U P
+ 2 v( mn) -
(m,n)€l, - an
(7)
o\ —— )-A<€
» an
U P
> Z py< an ) -2
(mn)€el, mn
, <%>_ e
' ann -
Umn
>¢&P {(m,n) €l py<v—)
mn
—il > &}
and so
1 U\ _ |
W 2 |n % >_
st (m,n)€l, mn
5[7 { Umn
> 2|3 (m,n) €1 !p< )-ﬁ ¢
hg[ ¥ Y an
> SR mm el o (2) -4 =6 ¢
h;lt st y an

Hence, by our assumption, we get that the double sequences
are asymptotically lacunary statistically equivalent of order
u to multiple 4 in the Wijsman sense. O

If u = 5 is taken in Theorem 4, then the following corol-
lary is obtained.

Corollary 3 Letn € (0,1] and 0 < p < o0. If double set
sequences {U,,,} and {V,,} are asymptotically strongly
p-lacunary equivalent of order n to multiple A in the Wijs-
man sense, then the double set sequences are asymptotically
lacunary statistically equivalent of order n to multiple A in
the Wijsman sense.

Now, secondly, the relationships between the new con-
cepts that introduced above and the asymptotical equiva-
lence concepts previously given for double set sequences
are investigated.

Theorem 5 If liminf,¢" > 1 and liminf, c_]:’ > 1 where
0<n<1,then
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W,(S")
U ~"V

mn mn

Wi
>U,  ~'

mn

v,

mn*

Proof Let0 <5 < 1. Also, we suppose that liminf, g7 > 1
and liminf, ?1;7 > 1. Then, there exist a, f > 0 such that
q">1+aand ?1;7 > 1+ pfor all s, t, which implies that

hgz af

T A+ +p)

For every £ > O and each y € Y, we have

(Umn> ]
A%

{(m,n) tm<j,n<k,

!

f;’t mn
1 { Unn
22—y mn) el |p|\—— —A‘Zf}’
f;?[ ! }<an>
n
st 1 { Umn
=——|y(mn €l : p,< )—1‘25}
£ H AV
(lﬂ 1 Umn
s mer, o (22) -4z}
A+ +p K, {(m mEL iy, 5}‘
Wy(S") .
Itu,, V.. then for each y € Y the term on the left side

of the above inequality convergent to 0 and this implies that

Umn
al{ommen: | (gz)-dzef] -0
WS
Thus, we getU,, ~" V.. O

Theorem 6 Iflimsup, ¢" < oo and limsup, g < oo, then

WA (s W)(ST)

U,

mn

V

mn

> U,

mn

v,

where 0 <n < 1.
Proof Let 0<n<1 be given and suppose that

limsup, ¢" < oo and limsup, g’ < co. Then, there exist
M,N > Osuch that ¢” < M and g] < N for all s, 7. Also, we

W™
suppose thatU,, ~" V, andleté > 0and

py(gm")—/l’ zé}'.

mn

Ky += ‘{(m’n) €l :

Then, there exist s, #, € N such that for all s > 5,7 > £,

yi=max{k, : 1 <s<sg, 1 <t <1}

and let i and j be integers satisfying j,_;, <i<j; and
k,_, <j £ k,. Then, we have

1

{(m,n) :m<i,n<j,

p),(l‘j'"")—/l'zf}‘

@) o
1 . U
<= {(m,n): m<j,n<k, py(vmn>—/‘l‘2§}‘
f(x—l)(t—l) mn
1
R {Ki + K+ Ky + Ky o K F e K )
(s=1)(=1)
Sol 1 Kso(tg+1
S L max {K-mn } + h"] So(tg+1)
2 1<m<s, 744 so(ty+1) '
(s=D=1) <n<ty (s=1)(-1) so(ty+1)
, K(so+Dry 7 K(so+ Ditg+1) gt Ky
Go+Dig it (so+D(to+1) 11 szh_ﬂ
(so+ Dty (so+D(tg+1) st
Sol, K St
< olo ¥ + L sup = Z i
f” ?/pn 5250 hn . mn
(s=D@-1) (s=D)(=1) > st mn2sg.t
=l
Solo ¥ _
<o 4l
(s—1)(t—1)
Solo ¥
< f”— +EMN.
(s=D(@-1)

Since j,_;,k,_; — oo as i,j = oo, it follows that for each

yeEY
Umn
”>’(V >_’1 ze7| =0
W,(S))

Thus, we getU,,, ~" V.. O

{(m,n) :m<in<j,

Gy

Theorem 7 If 1<liminf;q" <limsup,q" < co and 1
< liminf, g’ <limsup, g’ < cowhere0 < n <1, then
LACH) o WS

mn mn*

V

mn mn

Proof This can be obtained from Theorem 5 and Theo-
rem 6, immediately. O

Theorem 8 If liminf,¢" > 1 and liminf, 5_1:7 > 1 where
0<n<1,then

W,[CM
u. ~"V

mn mn

= U, L

mn

V

mn*

Proof Let0 <5 < 1. Also, we suppose that liminfy g7 > 1
and liminfj;’ > 1. Then, there exist a, f > 0 such that
q" > 1+ a and 5? > 1 + p for sufficiently large s, ¢, which
implies that

£ £ -ty
—f,tS d+a)1+p) and ¢ 1;(1 1) Si.
) ap W, ap

Foreach y € Y, we have

@ Springer
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1
h’? Z

st (m,n)€l,

Jyokt

1 Js—1kioy

hﬂ

st myn=1,1

a1 %
- h_:'lt ( Lp'l 2

st myn=1,1

n ik
B f(s-1)(z-1)< 1 &

n n
hst f(s 1)(t—1) m,n=1,1

(52)-4

mn

(7))
(42)-4)

mn

W,[C)
Ifu,, ~

are hold

]

mn’

then for each y € Y the following limits

1 Jsokt

I/p'?

st mn=1,1

Umn
”y(V )—/1'—»0

mn

and
1 jy—l ’kx—l

n
f(y 1(t—1) mn=1,1

U
py<v’””) —/1’ -0,

mn

Thus, when the above equality is considered, for eachy € Y
we get

1
hﬂ Z

py(%> —/1‘ -0,

st (m,n)€l, an
. WEINT]
thatis, U, ~" V. O

Theorem 9 Iflimsup, g7 < oo and lim sup, 6_1:7 < o0, then

WIIN] w,[C
~ V2 U,y

mn mn

V

mn mn

where 0 <n < 1.

Proof Let 0<n<1 be given and suppose that
limsup, ¢" < oo and limsup, g’ < co. Then, there exist
M, N > 0O such that g7 < M and c_]:’ < N for all s, t. Also, we

0"
2 IV
~

suppose thatU,,, V.m- Then, for given & > 0 and each
y € Y, we can find sy, f, > 0 and 9 > 0 such that

sup 7,,<¢ and 7, <d forall mn=1,2,...

mn
m>s(,n>t,

where

@ Springer

)

1
st = h'? Z

st (m,n)€l,

If i and j are any integers satisfying j,_, <i <j; and
k,_; <j <k, where s > s, and t > t,, then for each y € Y

we have
ij
1 Upn
v P ( ) - /1‘
(ZJ)” m,nzzl,l Y an
jook
s U
o 8 b )
f” y an

(s—1)(t—1) m,n=1,1

: <
n
f(v D=1

]]2 mn
+ 2 ’ mn ) _ /1‘
121 122
U,
T py<vmn>_/1>
I, mn
n n n
h11 h12 h 21
= 3 o Tt o 721
(s—D(@=1) (s—D(=1) (s=D)(r=1)
h; A
22 st
tor ittt T
(s—1)(t—1) (s—=D(e=1)
Solo ,7

ZZle mn+2 mn

mn=1,1 7 (s=1)(t—1) mn2so.l, (s D(t=1)
Soslo hr] s,t hn
mn mn
< ( sup ) Y (p> Y
1<m<s, mn=1,1 ¥ (s=1)(1—1) mzs, mn2so.ly © (s=1)(t=1)
1<n<t, nxt,
n
Solo —n
+&4q"q,

n
f(? D@=1)
n

19{5[
<—20 LEMN.

f”

(s=D@-1)

Since j,_;,k,_; = o as i,j = oo, it follows that for each
yevyY

i

1 Unn
—_— py,( ) —/1‘ -0,
L ,,,Z‘Ll NV
W,[C]]
thus, we getU,,, s |7 O

Theorem 10 If 1 <liminf ¢" < limsup¢” < co and 1
< liminf, g’ <limsup, g’ < cowhere 0 < n <1, then

WYINT) w,[C"]
PV e U, o~V

mn mn mn mn-*



Lacunary Statistical Equivalence of Order # for Double Sequences of Sets

337

Proof This can be obtained from Theorem 8 and Theo-

rem 9, immediately. O
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