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Abstract. In this paper, we establish the existence of solutions for a class of nonlinear neutral fractional dif-
ferential equations with terminal condition and Hilfer-Katugampola fractional derivative. The arguments

are based upon the Banach contraction principle, and Krasnoselskii’s fixed point theorem. An example is
included to show the applicability of our results.

1. Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary order
(non-integer); see the books [4, 5, 26, 28], the papers [9, 13, 15, 16] and the references therein. The study
of fractional differential equations with delay has received great attention from many researchers, both

from theoretical and practical point of view; we refer the reader to the monograph [4], and the papers
[1,2,6-8,11,12,14,17].

The comparison principle for initial value problems (IVP for short) of ordinary differential equations is
a very useful tool in the study of qualitative and quantitative theory. Terminal value problems (TVP for

short) form an interesting and more challenging field of research than the theory of initial value problems
[15,18, 21, 29].

As acontinuation of the work [15], we establish in this paper existence and uniqueness results to the
terminal value problem of the following Hilfer-Katugampola type fractional differential equation:

PDXE [y(t) — H(t, y0)] = f (£, 1), t€(0,b], 0<b < oo,
y(b)=ceR,
]/(t) = @(t)/ te [—1’, O]/ r> 0/

where ?D}7 » 7 are the Hilfer-Katugampola fractional derivative of order a € (0, 1) and type § € [0,1] and

Katugampola fractional integral of order 1 — y, (y = a + 8 — a) respectively, f,H : (0,b] X C([-7,0], R) = R,
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are two given functions and ¢ € C([-, 0], R), with ¢(0) = H(0, vo).

For each function y defined on [-7, b] and for any ¢ € [0, b], we denote by y; the element of C([-7, 0], R)
defined by:

y(0) = y(t+0), 6¢€[-10],

The present paper is organized as follows. In Section 2, some notations are introduced and we recall
some concepts of preliminaries about Hilfer-Katugampola fractional derivative and auxiliary results. In
Section 3, two results for the problem (1)-(3) are presented: the first one is based on the Banach contraction
principle, the second one on Krasnoselskii’s fixed point theorem. Finally, in the last section, we give an
example to illustrate the applicability of our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout
this paper. Let b > 0,] = [0,b]. By C([-7,0], R), C(J,R) we denote the Banach spaces of all continuous
functions from [-7, 0] into R (resp from [0, b] into IR) with the norms:

lyllc = {suply(t) : t € [-r,0]},

and
IYllo = {sup ly(t)| : t €[0,b]},

respectively.
We consider the weighted spaces of continuous functions

0\
Cyol)) = {y (0,0 > R: (%) y(t) € C(],IR)}, 0<y<l,
and
LoD ={yeC'(): Y eCpp(D},neN,
Cg,p(]) = C)/,P(])/

with the norms

Y
Iylle,, = sup{ =] v,
te] \P
and
n-1
ey, = Y 1yl + 1y™lic, -
k=0

Consider the space X!(a,b), (c € R, 1 < p < o) of those complex-valued Lebesgue measurable functions f
on [a, b] for which ||f]] xr < 0, where the norm is defined by

b dr\'
||f||xf=(f Itcf(t)|p7) , I1<p<oo,ceR).

In particular, when ¢ = %, the space X% (a, b) coincides with the Ly(a, b) space: Xg (a,b) = Ly(a, b).



S. Bouriah et al. / Filomat 37:21 (2023), 7131-7147 7133

Definition 2.1. ([24, 25]) (Katugampola fractional integral).
Let a € Ry, c € Rand g € X!(a, b). The Katugampola fractional integral of order « is defined by

t 0 _ op a-1
(PI;’ig) (t) = f sP71 (th) %ds, t>a,p>0,

where I'(-) is the Euler gamma function defined by I'(a) = f t* e tdt, a > 0.
0

Definition 2.2. ([24, 25])(Katugampola fractional derivative).
Let « € Ry \ N and p > 0. The Katugampola fractional derivative P D, of order a is defined by

("Deg) ) = ShCIg))

no ot 0 _ op n—a-1
(tl—p%) f gP1 (tTS) %ds, t>a,p>0,

n
where n = [a] + 1 and 6 = (tl—Pi) )

dt

Theorem 2.3. [24]Leta > 0,§>0,1<p<oo,a<b<ocoandp,c€R,p >c.Then, for g € X' (a,b) the semigroup
property is valid, i.e.

(1 *L.g) ) = ("L g) .
Lemma 2.4. [24,25,27] Let a > 0 and 0 < y < 1. Then, P17, is bounded from C,, ,(]) into C,, ,(]), where | = [a, ]
Lemma 2.5. [27]Leta<b <oo,a>0,0<y <landye€C,,()). Ifa >y, then PI?.y is continuous on | and
(Iiy)@ = Jim (y) 0 =0

Lemma 2.6. [10] Let x > a. Then, for « > 0 and > 0, we have

" sP — gP -1 _ I—‘(‘B) P —af atp-l
F%( b )]“)‘ e

a-1
D Sp_”p) ]t
[ u( P ()

Lemma 2.7. [27] Let a > 0,0 <y < 1and g € C,(]). Then,

0, O<ax<l.

("Dg. PI%g) (1) = g(t), forall te (ab].

Lemma 2.8. [27]Let0 <a <1,0<y <1.Ifg € C),(]) and PI\;*g € C,, ,(]), then

("I;I“g) (a) (tp —aP
[(a) P

Definition 2.9. ([27]) Let order o and type B satisfy n —1 < a < nand 0 < B < 1, with n € IN. The Hilfer-
Katugampola fractional derivative to t, with p > 0 of a function g € Cy1-,,,(]), is defined by

n
(Plfin_a) (tp—l i) Plii_ﬁ)(”_a)g) (t)

a=1
(plf+ ngﬂ) () =g(t) - ) , forall te(a,b].

("D%Fq) ) =

B(n-a) (1-p)(n—a)
(A 9)®.

In this paper we consider the case n = 1 only, because 0 < a < 1.
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Property 2.10. ([27]) The operator PDZ;’S can be written as
: (1-a) 1y (1-a) py
DY = PPV, 0l = PPV D)y = a v B - ap.

Property 2.11. The fractional derivative PDZ’f} is an interpolator of the following fractional derivatives: Hilfer
(p — 1) [22], Hilfer—-Hadamard (p — 0%) [25], generalized (B = 0) [24], Caputo—type (8 = 1) [27], Riemann—
Liouville ( = 0,p — 1) [26], Hadamard (B = 0,p — 0%) [26], Caputo (8 = 1,p — 1) [26], Caputo—Hadamard
B=1,p—0%)[19], Liouville (B =0,p — 1,a = 0) [26] and Weyl (8 =0,p — 1,a = —c0)[23].

Consider the following parameters «, 8, y satisfying
y=a+p—-ap, 0<ap,y<L
Thus, we define the spaces

e, (0 =y € Ciopp(D), "Dy € Cioy ()

and
Cl,, (D =1{y € Cipp(), "Dy € Cioy (D)

Since PDZ;ﬁ y= Pli’flfa) D!y, it follows from Lemma 2.4 that

Cl_, (N C (D)€ Ciypl)):

Lemma 2.12. [27]Let0<a <1,0<p<landy=a+p-ap.IfyeCy_ (), then

oI 0Dy =0 18 'Ly

and
4 — p(1-a)
D, PIy= PD . y.

Theorem 2.13. [30](C;-, type Arzela—Ascoli Theorem) Let A C C1_,(], R). A is relatively compact (i.e A is compact)
if:

1. A is uniformly bounded i.e, there exists M > O such that
|f(x)| <M forevery f€e Aand x € |.

2. A is equicontinuous i.e, for every € > 0, there exists 6 > 0 such that for each x,x € ],

|f(x) = f@)| < €, for every f € A.

Theorem 2.14. ([20]) (Banach'’s fixed point theorem). Let C be a non-empty closed subset of a Banach space E, then
any contraction mapping T of C into itself has a unique fixed point.

X - f' < 6 implies

Theorem 2.15. ([31]) (Krasnoselskii’s fixed point theorem). Let C be a closed, convex, and nonempty subset of a
Banach space X, and A, B the operators such that

1) Ax+ By e Cforallx,y € C;
2) A is compact and continuous;
3) B is a contraction mapping.

Then there exists z € C such that z = Az + Bz.
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3. Existence of Solutions

Set
Q= {y : [—7’, b] - R: yl[,y,()] € C([—T’, 0],]R) and yl(O,b] € Cll,—)/,p(])}'
Q) is a Banach space with the norm
lylla = lylle + lyllc,.,,-

We consider the following linear problem:

PO [y(H) = H(t,y)] = h(H), te (0,0], @
yb)=c, ceR, (5)
y(t) = (), t € [-1,0]. (6)
where h(-) € C1-, p(J) and H(-, y.) € C}l/_y,p( ), with ¢(0) = H(0, yo). The following theorem shows that (4)—(6)

is equivalent to the integral equation:

o), if t € [-7,0],

1 (P -\ £\PO-D)
o) {C—H(b,yb)—mj;( ; ) o h(s)ds}(g) -

1 tlwp —gp
+H(f/yt)+mfo(t d

Theorem 3.1. Let y = a+f —af, where 0 < o < 1and 0 < B < 1. Ifh:(0,b] = R is a function such that
h(:) € C1-,,0(]), then y € Q) satisfies the problem (4)—(6) if and only if it satisfies Equation (7).

a-1
) s~ h(s)ds, ift € (0, b].

Proof. (=) Let y € Q, if t € [-r,0], then we have y(t) = p(¢).
On the other hand, for t € (0,b], we have y € C)l’_%p (]) be a solution of Equations (4) and (5). We prove that

4
1-yp

P [y() - H(, y)] € C(LR)

y is also a solution of Equation (7). From the definition of C (]), Lemma 2.4, and using Definition 2.2,

we have:

and
PDY [y() = HC, 3] = 8, 1. [y() = HC, y)] € Caoy (). Y

By the Definition of the space C’f_y p( ), it follows that

PIp [y() = HC, y)] € Cr (D).

Using Lemma 2.8, with a = y, we obtain:

PI. PDy, [y(s) = H(s, y )1 (1) = y(t) = H(t, o) ©)
_Wﬁ%%%%W%qﬂ
T(y) p)
where t € (0, b]. By hypothesis, y € C’{_W (J), using Lemma 2.12 with Equation (4), we have
(P PDy. [y() = His, y)]) () = (*I5. *DyY [y(s) = His, yo)]) () (10)

("18.h) (8.
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Comparing Equations (9) and (10), we see that

(1,7 [y(s) - Hs, y:)1) (0)
I')
Using Equation (5) we obtain

b a-1 3
y) = [C—H(b,yb)—ﬁﬁ(bf’;sp) sp‘lh(s)ds](é)w 1)

1 f(tp—sp)“‘l )
+ H(ty) + — sPh(s)ds,
e+ i ) 15 ©

with t € (0, b], that is y(-) satisfies Equation (7).
(<) Let y € ), satistying Equation (7). We show that y also satisfies the problem (4)—(6). If t € [-r,0],
then y(t) = @(t), so the condition (6) is satisfied.

If t € (0,b], theny € C‘jl/_%p( J). Apply operator *D}, on both sides of Equation (7). Then, from Lemmas 2.6

y(t) =

)
(5) + H(t, o) + (PI50) (). (11)

and 2.12 we get

PD}. (y(s) — H(s, y)) () = (DG 1) (1) (12)
By Equation (8) we have PDé (v() = H(-,y.)) € C1-,, ,(]); then, Equation (12) implies
PDy. (y(s) = Hs, y9)) () = (85 *1o=" ") () = (PDGE"Vh) (1) € Cucy () (13)

As h(-) € C1-,(]) and from Lemma 2.4, it follows
(P17 n) € Coyp (- (14)

From Equations (13) and (14) and by the definition of the space C’f_y p( J), we obtain

(1" "m) e €L 0.

. B(1-a)
Applying operator I,

to both sides of Equation (13) and using Lemmas 2.5 and 2.8, we have
1-p(1-
(PIO+ B( a)h(t)) (0) (tp )5(1Ll)1

TB1-a) \p

PO PDY (y(t) — H(ty)) = (D) +

which implies that
PDy! (y(t) ~ H(t, 1)) = h(t),
that is, Equation(4) holds. Clearly, if y € C)l'_y p( ]) satisfies Equation (7), then it also satisfies Equation(5).
Suppose that the function f : (0, ] X C([-r, 0], R) — R is continuous and satisfies the conditions
(B1) The functions f,H : (0,b] x C([-1,0], R) — R are such that

f(u() € cf?);;r)( J) and H(-, u(")) € c;’w( J) forany u € Ci_y,,()).

(B2) There exist constants K > 0 and L > 0 such that

|f (8, u) = f(t, )] < Kllu —dllc

and _
|[H(t, w) — H(t, w)| < Lllw — @l|c

for any u, w, i1, € C([-,0],R) and t € (0, b].
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As a consequence of Theorem 3.1, we have Theorem 3.2.

Theorem 3.2. Lety =a+f—af where0 <a <1land 0 < B <1;let f:(0,b] X C([-7,0], R) — R be a function
such that f(-y.) € cf‘_lng)(]) C Ciyp()) and H : (0,b] x C([I-r,0, R) — R where H(,y) € C}_, () for any
ye Cl—y,p(])'

If y € Q, then y satisfies the problem (1)—(3) if and only if y is the fixed point of the operator N : QO — Q) defined by:

go(t)r ift € [—1’, 0]/
1 bpp — P\ £\P=1)
(Ny)(t) = [C—H(bfyb)— ) fo ( 5 ) s 19(5)ds](13) (15)

HE ) + — ft(tp_sp)a_l P=Ly(s)ds, t € (0,b]
+H(t, y) + —— s s)ds, t € (0,b],
vt I'(a) Jo P 7

where g : (0,b] — R is a function satisfying the functional equation

g = f(t, yp)-

-y,

Proof. Clearly, g € C1_, ,(]).

We show that if for any y € Q) then Ny € Q (the operator is well defined).
Let y € Q, if t € [, 0] then (Ny)(t) = @(f).
If t € (0, b] then we have:

b _p a-1 (-1)
(Ny)(t) = [C—H(b,yb)—ﬁ fo (b" pS‘) #10(0 ds](é)”

t a-1
+ H(t,yt)+ﬁjg(tp;sp) sP71g(s)ds.

Applying * Dé to both sides and by Lemmas 2.6 and 2.12, we have

PD}.H(t, i) + (PDy. P18, £(5,s)) (8
PDYH(, i) + ("D £, 1)) ().

Since y > a, and f(-,y.) € le(_ly_z)(]), the right hand side is in C;_, ,(J) and thus PDI.Ny € Ci-y,0(]), which
implies that Ny € Ci/_y p( J). We can conclude that Ny € Q.
Now, we state and prove our existence result for the problem (1)—(3) based on Banach’s fixed point.

Theorem 3.3. Assume (B1) and (B2) hold. If

— KT (b°\* —(br\' K (b7 1
max {L + —r(a n ‘)/) (;) ,L(F) + —r(a n 1) (;) < E, (16)

then the problem (1)—(3) has unique solution in Q).

PDy. (Ny)(t)

Proof. We show that the operator N defined in Equation (15) has a unique fixed point y* in Q. Let y, u € Q.
If t € [-7,0], then
I(Ny)(®) = Nu(#)l = 0.

For t € (0, b], we have

1 /80D b pe —gp\h
po-awol < =5 [ ( . ) 7 lg(s) — h(s)ds

+

1 (e -\
|H(t/yt)_H(tlut)|+m£(T) sP7 g(s) — h(s)lds

£\PO-1)
(;) e - HEw,

+
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where g,h € Cy_, ,(]) such that
g(t) = f(t/ }/t),
h(t) = f(t, u).

By (B2), we have

lg(t) — h(t)l If(t ye) — f(t up)l

Kllyt — ugllc.

IA I

On the other hand, we have ||y — ullc = sup {ly:(0) — ()|, 6 € [-1,0]}, then at least one 6" € [-r,0] such
that
lye = utllc = 1y+(07) — ur(6.)] = ly(t + 67) — u(t + 6°)I.
Ift + 0 € [-1,0], then
ly: — udllc < lly —ullc = lly — ullo.
This implies that for each t € (0, D]

(r-1) b _ a-1
oo- o < () [ (5] - s

- K (e —sp\*"
+ L||1/t—ut||c+mf0( ) s lys — usllcds

p
F\PO-1)
+ () T - e

K P01 (e \?
i) (5) e

_ K w\Y
+ Llly —ullg + T+l (—) lly — ulla

P
£\Pr=1) _
(—) Llly — ullo.

b
K (bp )1—}/+L‘( Z(i_p )1—)/
< |- +L[—
IFa+1)\p P
1-y+a 1-y
K tP / bP [
wenls) (5] g

_ (P 1-y K bP 1-y+a
Z[L(F) “Faenly) [re
which implies that

INy = Nullc,,, = |INy—Nullo

_ bp 1-y K bp 1-y+a
2[L(F) * T D (F) Iy = vl
If t + 6 € [0, b], then we have
o\ 7\
(F) (;) ||yt—ut||c

A
(F) lly —ullc,.,,

A
=y —ulla.
(p) y—Hle

IA

IA

+

Hence,

AN
‘(;) (N - (N)(D)

IA

IA

Ilyt —ugllc

IN

IN
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Hence, for each t € (0, b]
K /£\P0-D b g —gp\@7!
_ |z p-1 —
wo-omor < mo (i) [ (ESE] e weas

_ K ([t —gp\*!

+ Ty - wglle + —— e — ulled
= ule+ g [ (555) = s
£\PO-D _

+ (E) Lllys — usllc

FAPO-D) (PN
K(E) ”]/ - uHC]f;,,p PIQ+ (F) (b)

—(te ! s\
+ 2L (E) ||]/ - uHCl—)’rp + K(Ig+ (F) ](t)”y - uHCl—w'

IA

IA

By Lemma 2.6, we have

o ;/—1
N - Nu)B) < [KW) (%") (f)

Ia+y) p
(T KT(p) (tr))‘“”‘1
+ 2L(=) +—1 = —ulle,., .
(5) * (5] e

P 1-y
‘(;) (N - (Nu)(D)

KT() (P\* — K@) ()
= [T(Ofﬂ/) (F) tals T(a+y) (;) ]”y_uuclm

—  KI(y) (br)*
2[L+ Tty (?) ]Ily—ullg,

IA

which implies that

INy = Nulle,_,, = INy = Nulla < 2

- KT(y) (br)*
L+ Ta+y) (?) ] lly — ullo.

By Equations (16), the operator N is a contraction. Hence, by Banach’s contraction principle, N has a unique
fixed point y* € Q. As a consequence of Theorem 3.2, we can conclude that the problem (1)—(3) has a unique

solution in Q.

We present now the second result, which is based on Krasnoselskii fixed point theorem.

Theorem 3.4. Assume (B1) and (B2) hold. If
_ 0 1-y a at+l-y
L1+ (b—) + 2KT () (b—p) + (b—p) <1,
p Tl@+y) [\p p

o a+l-y o\ 1=y
. { KT(y) (bP) Lo K (l’p) +zz(”_’) }:: max (12; A1) < 1, (17)

and

Ta+y)\p T+ \p p

then the problem (1)—(3) has at least one solution.
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Proof. Consider the set

By ={yeQ:|lyllo <717},

where

(b_p)l_y le| + 2H* + 2()f (bp )a
p

I'la + 0
n* > max @ty \p ; sup lo(f)l;,

1-|L|1+ (b_p)l_y + 2KT(y) (b_P)a N (b_P)aH_y ,tE[—r,O]
p T(a + )/) p p

w\1 w\17
f= sup(;) |f(t,0)and H* = sup(E) |H(t, 0)].

te] te]

We define the operators P and Q on B, by:

%(p(t), if t € [-r,0]
b pp — g \* 7 -1
Py(H) = 4| — [ ) - Yy (18)
Yy [C H(, yp) @ fo ( p sP1g(s)ds (b)
+H(t, y:), t € (0,0].
%go(t), if t € [-r, 0]
Qu(t) = (19)

t a-1
ﬁ fo (tP;SP) sPg(s)ds, t € (0,].

Then the fractional integral Equation (15) can be written as the operator equation

(Ny)(#) = Py(t) + Qu(t), t € [-r,b].
The proof will be given in several steps:

Step 1: We prove that Py + Qu € By, for any y, u € By;.
If t € [-7,0] then

1
[Py(t)] < 5 sup lp®)l,

te[-r,0]
and
QuiNI < 5 sup Ip(o),
te[-1,0]
which implies that

1 1
[Py + Qulg < 5 sup |p(t)] + 5 sup |p(f)|

te[-r,0] te[-r,0]

sup lp@®)l
te[-r,0]

< 7.

P\
If t € (0, b] then multiplying both sides of Equation (18) by (%) , we have

e\ b\ 1 (Y pr—sp\*
_ - | = — - p-1
(p) Py (p) [C H: ) r (a)fo ( P ) ’ g(s)ds]
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H(t, yy) (tp )ly
+H(t, — .
Yi P

1=y b a-1
(pr) {ﬁfo (bp;sp) S g(s)lds

1y
+|C| + |H(b/ yb)” + [lH(t, yt) - H(t, 0)| + |H(tr 0)'] (%)

=y b a-1
(%”) {ﬁfo(b[];s’]) 5P~ 1g(s)lds + Ic]

- o\ o\
L||yt||c+H*(—) ](—) |
p P
b\ 1 (re -\
(5) [ [ (5] e
P\

_ P
2H* + Ll|y:l| (—)
Yilic o

H +

+

Thus,

IN

(20)

+

By (B2), we have for each t € (0, b]

lg®Ol = 1f(E y) = f(£0) + f(£,0)l
[f(t, yo) = f(£,0)] + |f (¢, 0)

tp y—l
Kyl +(—) .
Yillc P f

IN

IA

P\
Multiplying both sides of the above inequality by (%) , we get

)\
(7)o

If t + 0 € [-r,0] then |lysllc = llyllc = llylla, which implies that for each t € (0, b], we have

o\
(E) g(t)

By replacing (21) in the inequality (20) and using Lemma 2.6, we have

# 1-y bp 1-y MF()/) bp a+y-1 -
(5) o) < () {'C“ e 7] +L”]

AN
< f*+K(F) llyllc-

' b\
Sf“rK(F) IIyIIQSf*+K(?) n =M (21)

IA

+ 2H".

This gives

bP 1-y Ml—.( ) bP a+y-1 — . )
||P]/||C17W < (?) [lCl + I—‘(O(—-I-yj/) (F) + Ln +2H" .= Ry
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Iyl —(f)y_l(ﬁ)l_yn I <(f)y_l|| I
Yillc 0 o Yillc = 0 Ylla-

Then, for each t € (0, b], we have

e\
(;) g(t)

By replacing (22) in the inequality (20) and using Lemma 2.6, we have

0 1-y be 1-y er(V) P a+y-1
(F) ol < (5) Jmenls)

If t + 0 € [0, b] then

< ff+Kn' =M. (22)

+ L +2H".
This gives
1=y a+y-1
bp er(Y) bp T % *
< | = — = R,.
IPyllc,.,, < (p) [Icl + @+ \p +Ln" +2H =Ry

For operator Q. If t + 6" € [-r,0] with t € (0, b] then using Equation (21) and Lemma 2.6, we have:

o), Koy (@)W (ﬁ)””l
Ta+y) T@+y)\p p '

QB <

Therefore

o\
(5) Qu(t)

LM KT (b_ﬁ)” (g)
Tla+y) T@+y\p pl’

ro)f , Krom (bp )H} (b_P )

Ta+y) Ta+y)\p P
Thus,
TO)f KT () 7] (60" _
e < e i) |(5) =™

If t + 0" € [0, b] then for each t € (0, b] and by using Equation (22) and Lemma 2.6, we have

0 a+y-1

5
TO)f KT (ﬁ )“
Ta+y) Ta+y)|\p)’
| T, Krmn*](b_ﬂ)"
Ta+y) T@+y)|\p)"’

T f N KT ()
Fla+y) T(a+y)

QB <

Therefore

P 1-y
(E) Qu(t)

Thus,

ro)f KF(V)??*](b_P )“ T,

1Qullc,.,,, < [r(a +7)  L(a+y)
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Which implies that for every y, u € B, we obtain

IPy + Qulle,,, < [IPyllc,,, +11Qullc,.,,
< max{Ry; Ry} + max{Ty; T}
() f° (bp ) L 2T (bp ) . (bP )‘*“‘y
IFa+y)\p IFla+y) [\p p
0 1-y _ o 1-y
+ (b—) lc| +2H" + Ln* 1+(b—) .
p p
Since )
P\ 2T (V) F* (b \*
(b—) le| + 2H* + 0)f (b—)
. P Taty\p
- _ 0 1-y KT o\ o a+l-y
BT
P Fla+y)|\p P
we have

IPy + Qullc, ,,, = IIPy + Qullo < 17",
which implies that for each ¢ € [-r, b] we have
IPy + Qulla <17,
which infers that Py + Qu € By

Step 2: P is a contraction.
Lety,u e Q. 1f t € [-1,0]; then
IPy(t) ~ Pu(t) = 0.

For t € (0, b], we have

1-y y-1 b _ a-1
IPy(t) - Pu(t)] < ﬁ(%ﬂ) (%) fo (bppsp) $#11g(s) - h(s)lds

e\ ()
+ IH(t,yt)—H(trut)H(?) ;) IH(b, y») — H(b, up)]

1 (b7 e\ e = s\
—(=] (= g(s) - h(s)ld
rale) [p) () e o

_ e\ (e VT
+ Lllyt—utllc+(5) (;) Lllyy — upllc,

A

IA

where g, h € C1-,(]) such that

gt = f(t,yn),
h(t) = f(t, us).

By (B2), we have

lg(t) = (D) |f(t ye) = f(E )l

K”]/t — ullc.

IA I

Ift + 6" € [-r,0] then
ly: — uillc < lly —ulle = lly — ullo.
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Which implies that for each t € (0, ]
IPy(t) = Pu(®)]

1-y y-1 b a-1
K (bP P f(bf’—sf’) -1
=— = — P lys — usllcds
F(a)(p) (P)1 o\ p Yo ile

_ b 0
+ Llly: - Mt||c+(g) (E) Lllyy — ullc

K be a+1- P y-1 _
( ) (—) ly = ullos + Tlly = ullo

IN

< -
- T(a+1) P
1-y y-1
be g _
+ (—) (—) Lily - ullo.
P p
Hence
1-y a+l-y 1-y
tP K bP to
(5) wwo-ron < |5 (5 (7)
—(pr\
+L(; ]Ily ulla,
which implies that

K bP a+l-y —(pP 1-y
IPy — Pullc,.,, < [m(?) +2L(—) = Mlly - ullo.

p

A AU
lye — uellc < (;) ly —ulle,,, = (5) ly — ulla.

Ift + 0 € [0, b] then

Therefore, for each t € (0, b]:
IPy(t) - Pu(t)l

r a p
( )

P 0
b\ (T
+ L”yt_ut”C"‘(F) (E) Lllyp — usllc

bp 1-y (tf’ ))/—1 (Sp )y—l
K{— —| My —ulla|?l}|—= b
(p) \p vl \) |©

ZZ(tP)V I [
+ — - ullo.
p e

IN

IN

By Lemma 2.6, we have:

KT a r-1
Py -Pu < s (b:) (&) -l

2L(tp) ly - ul
+ —-u .
p) e

KT(y) (b°\* -
< [F(oz+)/) (?) +2L]||]/—u”(2/

Hence

e\
(E) (Py(t) — Pu(t))

7144
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which implies that

KI'(y)
I'a+y)

p\*
IPy — Pullc,,, < [ (F) + ZL] lly — ulla := Aally — ullo.

Thus
IPy = Pullc, ,, = lIPy — Pullo < max (A1, A2) lly — ullo.

By Equation (17) the operator P is a contraction.

Step 3: Q is compact and continuous.
The continuity of Q follows from the continuity of f. Next we prove that Q is uniformly bounded on
B,.Letany u € B. If t € [-r,0] then

1Qu(t)l = —I(p(t)l <lp®)| < sup lp®)l <7
te[-r,0]
Which implies that
IQulla < 7"
If t € (0, b] then we have
IQulla = 11Qullc,.,, < max{Ty, T»}.

This means that Q is uniformly bounded on B,. Next, we show that QB is equicontinuous. Let any u € B,
and 0 < 71 < 72 < b. Then:

Py Py
[—] Q(y)(u)—[ﬂ] Qw)(m)
p p

P 1-y
_(r(l f ( . ] 1jg(s)lds
* r(a)f [T_pg] )/(T _Sp]a_lsp_l
- (;]1 y (Tf ; : ]M sp-ll 19(5)lds

Tp 1-y
max {My; M) r(y)(f]

IA

p_.p a+y-1
Ty T1]

[la+y) p

1-y a-1
4 max{My; M} fﬁ (T_g] (Tg - Sp] 1
0 p p

I'(a)

o1y p\1-Y
(—] Q(y)(n)—(T—l] Qw)(®)
p p

This shows that Q is equicontinuous on [~7, b]. Therefore, Q is relatively compact on B;:. By Ci-,, type
Arzela—Ascoli Theorem Q is compact on B,

As a consequence of Krasnoselskii’s fixed point theorem, we conclude that N has at least a fixed point
y* € Q. Using Lemma 3.2, we conclude that the problem (1)—(3) has at least one solution in the space Q.

Note that

-0 as 1 — 17.
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4. An Example

Consider the following TVP(Terminal Value Problem):

D |y - 2oot(eltlzt||yt|) - \/217;] - %\;) (23)
2l o2,
84e~+3 (1 + [yil)
y(2)=ceR, (24)
y(t) = (t), t € [-7,0], r > 0. (25)

where ¢ € C([-7,0], R). Set

2+ |yl +1n(«/2+1)

t,u) = , t€(0,2], ueC(-r,0],R),
0= Gy * 'S0 HeAnOL®
and
H(t, w) = 200t(eltlz-:-)||wl) N 21\/2, te(0,2], we C([~r,0],R).
We have

([0,2]),

11
272

i 00,20 = ¢ (0,2) = C
with y = a = p = } and g = 0. Clearly, the functions f € C

(B1) is satisfied.
For each u, i € C([-7,0],R) and t € (0,2] :

([0,2]) and H € C% 1 ([0,2]). Hence condition

1
72

[N

A

[f(tw) - ft, )] < llu =l

84¢—1+3

Ly
Sde <

IA

and
2

e
H(t,u) — H(t, @) < —||lu —i|c.
IH(t, 1) = H(t, B)] < 7551l = dlle

— 32

. . - . 1
Hence condition (B2) is satisfied with K = 310 and L = 100"

—  KTO) (b\" (b K ()T 1
max{L+ I_‘(a—_’_)/)(?) ,L(?) + m ; ~ (0.1358 < E,

is satisfied with b = 2. It follows from Theorem 3.3 that problem (24)-(25) has a unique solution.

The condition
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