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1 | INTRODUCTION

The inverse nodal problem was posed and solved firstly by McLaughlin for a Sturm-Liouville operator.! McLaughlin
showed that the potential of a Sturm-Liouville problem can be determined by a given dense subset of nodal points.
Later on, Hald and McLaughlin give some numerical schemes for the reconstruction of the potential.? X.F. Yang gave an
algorithm for the solution of the inverse nodal Sturm-Liouville problem.* His method is the first of the algorithms still in
use today. Inverse nodal problems for various Sturm-Liouville operators have been studied in the papers (+23).

Nonlocal boundary conditions appear when we cannot measure data directly atthe boundar y. These kinds of conditions
arise in various some applied problems of biology, biotechnology, physics, and so on. Two types of nonlocal boundary con-
ditions come to the fore. One class of them is called integral type conditions, and the other is the Bitsadze-Samarskii-type
conditions. Some inverse problems for a class of Sturm-Liouville operators with nonlocal boundary conditions are
investigated in earlier studies.?#2° In particular, inverse nodal problems for this-type operators with different nonlocal
integral boundary conditions are studied in previous research?®-°, The inverse nodal problems for Dirac operators with
local and separated boundary conditions are studied in earlier studies*°-*. In their works, it is shown that the zeros of the
first components of the eigenfunctions determine the coefficients of operator. The uniqueness of the recovery of the Dirac
operator with nonseparated boundary conditions is investigated in earlier works3’~3°. In Yang and Yurko,* nonlocal con-
ditions together with the Dirac system are considered. They give some uniqueness theorems according to the classical
spectral data. As far as we know, inverse nodal problem for the Dirac system with nonlocal boundary conditions has not
been considered before. In the present paper, we consider Dirac operator under some integral type nonlocal boundary
conditions and obtain the uniqueness of coefficients of the problem according to a set of nodal points. Moreover, we give
an algorithm for the reconstruction of these coefficients. We consider the boundary value problem L generated by the
system of Dirac differential equations system:

£[Y(X)] := BY'(x) + Q)Y (x) = AY(x),x € (0, x), 1)

subject to the boundary conditions
U@y :=y1(0)sina + y,(0)cosa —I(Y) =0, 2)
986 © 2022 John Wiley & Sons, Ltd. wileyonlinelibrary.com/journal/mma Math Meth Appl Sci. 2023;46:986-993.

95U8017 SUOWIWOD SA[EeID 3(dedt[dde au Aq peusenob a1e seoiLe VO ‘88N JO S9N J0j ARIq1T 8UIUO AS]IAR UO (SUOTHPUOD-PUE-SLUIB)/WI0D™A8 | 1M ARed 1[UlUO//SANLY) SUORIPUOD PuUe SwiS 1 81 88S *[£202/T0/70] Uo Ariqiaulluo A8 im Aisieaiun BALNYWND Ag T9SEBWI/ZO0T OT/I0P/W00" A8 |1 Aleiq 1 ul|uoy/sdny Wwolj papeoiumod ‘T ‘€202 ‘9.yT660T


https://doi.org/10.1002/mma.8561
https://orcid.org/0000-0002-9703-8982
https://orcid.org/0000-0002-4224-0972
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmma.8561&domain=pdf&date_stamp=2022-07-08

OZKAN AND ADALAR Wl L EY 987

V() :=y(x)sinf+ yr(zm)cos f —I(Y) =0, (3)

where B = ( ‘o ) Q) = < O e — m ) Y = ( ne >,1f(Y> = [ (A0 + F07200) dx, I(Y) =

]0” (g100)y1(x) + g2(x)y2(x)) dx, a, §, and m are real constants, and A is the spectral parameter. We assume that V(x), fi(x)
and g;(x) are real-valued functions in the class of W21(0, x)fori = 1,2 and put Fy := f1(0)sina + f>(0)cosa, F, :=
f1(@)sinf+ fr(r)cos P, Gy := g1 (0)sina + g,(0)cosa and G, := g; (x)sin f + g>(x) cos p.

2 | SPECTRAL PROPERTIES OF THE PROBLEM

Let S(x, A) = ( gzg: j; > and C(x, A) = ( gzg: :3 > be the solutions of (1) under the initial conditions

51(0,4) =0, $(0,4) = -1,
Ci1(0,4) =1, (0,4 =0,

respectively. C(x, 1) and S(x, 4) are entire functions of A for each fixed x and the following asymptotic relations hold for
|| = oo (see Keskin and Ozkan?°).

|7|x
C1(x, A) = cos(Ax — w(x)) + ";—jlx sin(Ax — o(x)) + 0 <e/1 > , (4)
Cy(x, 2) = sin(Ax — o(x)) — % sin(Ax — o(x)) — "’;—1’5 cos(x — o(x)) + 0 <eljx> , (5)
S1(x, A) = Sin(Ax — (X)) + % sin(Ax — w(x)) — ’Z—zx cos(Ax — (X)) + 0 <e|:x> , (6)
S5(x, 4) = — cos(Ax — (X)) — mz—? sin(Ax — w(x)) + 0 <eljx> , (7)

where w(x) = /ox V(t)dt and T =ImA. The characteristic function of problem (1)-(3) is

sy =t (UG YD) ®

and the zeros of A(4) coincide with the eigenvalues of problems (1)-(3). Clearly, A(4) is entire function and so the problem
has a discrete spectrum. Using the asymptotic formulas (4)—(7) in (8), one can easily obtain

. mr
A3) = sin(Az — () + = @) = 2 cos(ix - o(m) + f - )

- % (f1(#)sin f + f> (z) cos f — f2(0) cos(Ax — w(7) + f))

- 2@ (D)sin(iz — o) - @) - & (x) cos(iz = (x) - )

+ % (f1(0)sin(Az — () + f) — g1 (0)sina — g2 (0) cos @)

- % sin(Az — () + f — @) cos(f + &) cos(ff — a)

+ % COS(AT — (1) + f — &) cos(f + a) Sin(f — @) + 0 <e':” )
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for sufficiently large | 4] . Let {4, : n = 0,%1, £2,...} be the set of eigenvalues. Since A(4) = sin(Azx—w(x)+p—a)+0 (#),

the numbers 4, are real for [n| — oo and if Rouché 's theorem is used, the eigenvalues satisfy the following asymptotic
formula

An=n+w+o<l>’lnl — 00.
r n
Moreover, we can write the following equation.
1 1 |m?x .
1+0 - tan(Apr —w(Z)+ f—a) = |7 — Fy— G, + mcos(f + a) sin(a — ff)
n n

n F, + Gy to l
AnCOS(AT — (7) + f — a) M)

-1
Since (1 + O(%)) =1+ 0(1), this implies that

" s 1
tan(d,z — o(z) + f - a) = T Imcostiz —a@t f—a) ° <’1n ) @

for sufficiently large |n|, where

m?r

Ar= == +mcos(f+a)sin(a = §) = (Fo + Gx),

Ay =F; + Go.
From (9), we can see that

ﬂnn—a)(ﬂ)+ﬂ—a=n7z+0<%>, [n| - oo.

Hence,
1 _ 1
cos(Apzt — (m) + f—a) cos (n;r +0 (i)) (10)
= (=1)" <1+o<%>), In| = oo.

Using (9) and (10) together, we obtain the following lemma.

Lemma 1. The following asymptotic relation is valid for |n| — co.

r

- -D"A
/1n=n+l/V(t)dt+u+é+u+o<l>. 1)
T T nrx nr n
0

3 | NODAL POINTS

Let o(x, 4,) = ( ((Z;g iZ; > be the eigenfunction of (1)-(3) corresponding to the eigenvalue 4,,. It is clear that

@i(xX, An) = U(SG, A)Ci(X, An) = U(C(X, An))Si(X, 4n), i =1,2. (12)
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From (12) and Lemma 1, we can give the following asymptotic formula for sufficiently large |n|

m?x .
@p1(x, 4,) = —cos(Apx — w(x) — a) — 72 sin(4,x — o(x) — a)
n
. s 2
_msin2a sin(A,x — o(x) — a) — msin cos(Apx — w(x) — a)
n n

+wmos P cos(A,x — w(x) — a) — sin f sin(A,x — w(x) — a))

D A@
T
A0

(cos fsin(A,x — w(x) — a) + sin f cos(A,x — w(x) — a))

(sin a sin(A,x — w(x) — &) — cos @ cos(A,x — w(x) — a))

+f2(0)

n
elrlx
+ .
°\ 7

Lemma 2. For sufficiently large positive n, ¢1(x, A,) has exactly n zeros, namely, nodal points, {le 1 j=0,n- 1} in
the interval (0, r): _
The numbers {x,g} satisfy the following asymptotic formula:

(cos a sin(A,x — w(x) — @) + sin a cos(A,x — w(x) — @))

x,._(j+1/2)z+w(x;)+a_(j+1/2) o) +a—p
n n n n n
or)+a—-p i 1 lexfl msin 2a n
- 2 (00e) + ) + 2 < > + - + (-1)"F,; — Fo) (13)

(G +1/2) <A1+(—1)"Az> +O< 1 )

n n? n?
forn - oo.
Proof. Letky; := Anxi, - co(xfl) — a. From (pl(xfl, An) = 0, we can write for n - o

msin2a . msin‘a mex,
0= —cos Kn,j — T SIN Ky j — T COSKp,j — 2—/{}1 sin Kn,j+
1"
+( ) J1(m)
An
(DA @
An
f1(0)
n

f2(0)

n

(cos kp,; cos f — sin ky; sin f) +

(sin Kk, cos B + cos k,; sin f) +

+ (sin kp,; sina — cos ky,; cos a) +

+

. . eltl
(sin K, COS & + COS Ky ; SiN ) +o( — )
n

It can be obtained that

m2x), msin 2a (=1)"F,-F, 1
T\ 2% + 24, + An +0<1n)
tan(zcn,j—5>— 1+O(i)

AVl
mx;, + m sin 2a + (-1)"F, - Fy +o 1
24 2 An An)
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Taking into account Taylor's expansion formulas of the arctangent, we get

1 1 [ m*, msin2a 1
=(j+= - g mSIN2e o yE _Fy 4o = ).
n, (’+2>”+,1n< 2 ;T °> <,1n>

It follows from the last equality that

. 1 j

_ <j+5>7r+a)(xfl)+a 1 [ m2xd 2 1

X = ¢ L (M5 msin2e g g +o(_).
" A 2\ 2 2 ’ 2

Finally, using the asymptotic formula

we can obtain our desired formula: (13). O

4 | INVERSE NODAL PROBLEM

Let X be the set of nodal points and w(z) = 0. For each fixed x € (0, ), we can choose a sequence (xfl(")) C X so that x,’;(")
converges to x. Then the following limits are exist and finite:

(i) a
limn | - ———=— | =y (v), 14)
where
w1 (%) = w(x) + @ +a
and
: 1 j(n) )
im0 (10 +3) 5+ (61" +0) LU (amp\ | as)
n—oco " n n n 2
where
w) (x), n iseven
Va0 = w, (x), n isodd
and
W) = (f — @) (@00 + @) — x (Ay + Ay) + 7 <m72x + %“2“ +F, —F0> ,
W00 = (- @) (@00 + @) — x (Ay — Ay) + 7 <m72x + %“2“ —F, —F0> .

Therefore, proof of the following theorem is clear.
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Theorem 1. The given dense subset of nodal points X uniquely determines the potential V(x) a.e. on (0, z) and the
coefficients a, f, F,, and Gy in the boundary conditions; m, V(x), a, p, F,, and G, can be reconstructed by the following
Sformulae:

Step-1: For each fixed x € (0, z), choose a sequence (x{,(")> C X such that limx,’f") =X

n—oo

Step-2: Find the function y,(x) and y,(x) from (14) and (15) and calculate

a =y1(0)

B =y (x)
Voo =yleo + 222
L O -y
g 2
@ -

G
0 2

Additionally, if m is known, then Fy and G, can be found by the following formulas

+ _
v, (0) + w5 (0) i
Fo= - % +a(/3—a)+m7rsmzza,
G, = v, () + w (n) _e(f-@)  sin2p
2r b4 2

Example 1. Let {le} C X be a subset of nodal points of problems (1)-(3), and the sequence {x,’1} satisfies the
following asymptotics:

. (j+1/Dn b3

x,'_(j+1/2)7f+sm n +E+(j+1/2)7f
" n n 6n2
1 (. G+1/2xr z\ 1 (3(G+1/2x 1 n
P <sm—n + E) +3 <5 ( o + 5) + (-1 27F>
g1 |(2-VE)secran)
. ro(L)
n 2n? n?

It can be calculated from (14) and (15) that

v(x) = sinx+%(x+ﬂ),
w;(x)=%<sinx+%>—§(6—\/§>x+n<

— V4 . ¥/ T
== + =)+ = + 3) + (
v, (%) <s1nx ) (2 X+

NIW N W
N
=
+
|
N—
|
)
3
N—

Therefore, it is obtained by using the algorithm in Theorem 1,

T
a=—,

6

T
ﬁ - E’
V(x) = cosx,
F, =2rm,
Go =0.
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Ifm= \/g, then
FO - 07
<\/§ + 1) b4
G, =
2

5 1| CONCLUSION AND RECOMMENDATION

Problem (1)—(3) have countably many eigenvalues that satisfy the asymptotic formula (11). For the sequence of nodal
points of the problem, the asymptotic formula (13) holds. If w(z) = 0, a dense set of nodal points uniquely determines
the coefficients V(x), a, # and the terms F, and Gy. Also, if a nodal points-sequence that satisfies the asymptotic expres-
sion (13) is given, all of these coefficients and terms can be reconstructed by using the steps in Theorem 1. Our main
result includes the full algorithm for the solution of the inverse nodal problem, therefore it would be useful for some prob-
lems in the applied sciences. After this, inverse nodal problems for a Dirac system with some different conditions (e.g.,
parameter-dependent nonlocal boundary conditions or transmission conditions) can be investigated.
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