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A B S T R A C T   

In this study, we have examined the nonlinear optical rectification (NOR), the second harmonic generation 
(SHG), and the third harmonic generation (THG) coefficients of the AlxGa1-xAs/GaAs superlattice with a peri-
odically increased barrier width under magnetic field (B) and electric field (F). All calculations are completed 
using the finite element method under the effective mass approximation. The electric field’s polarity (±) changes 
the probability density of wavefunctions. For B = 0, F = − 5 kV/cm (particularly for the difference between 
energy levels (Efi)) is a critical value. Whereas the Efi value decreases between − 40 <F < − 5 kV/cm, then it 
increases in the range of − 5<F < 40 kV/cm. This change causes a red or blue shift in the optical spectrum. We 
also see that F = 40 kV/cm causes a change in the transition energies of the structure more than F = − 40 kV/cm. 
The confinement of electrons under applied magnetic fields occurs in the center of the superlattice. The NOR, 
SHG, and THG coefficients can be adjusted over a wide energy range and size of the resonance peak with changes 
in the F and B values. It is believed that with the combined effect of the electric and magnetic fields, the electro- 
optical properties of the superlattices can be tuned for the desirable property of semiconductor optical device 
applications.   

1. Introduction 

THz light sources have been very attractive due to their applications 
in astronomy, environmental monitoring, and security [1–3]. In these 
applications, the most important part is the THz sources. Up to 2005, gas 
lasers were the main source of the THz radiation but they were not 
suitable for wavelength tunability and they were bulky. To overcome 
these difficulties, a lot of effort has been spent. Microwave oscillators 
have been investigated but only microwatt-level output power was 
generated at 1.9 THz [4]. Frequency down-conversion has been still 
under consideration to generate THz sources and up to now, only a few 
milliwatt output power is obtained [5]. Another focus of the studies was 
on the emission properties of the single crystal p-type germanium which 
did not show high performances [6]. Finally, a quantum cascade laser 
(QCL) was demonstrated [7]. Since then, it has been seen that QCLs are 
the most promising approach with their output power in watt level at 
liquid nitrogen operation temperatures [8]. Even though many efforts, 
the lack of really efficient and room temperature operating THz sources 

have still been absent. Beyond the above approaches, high harmonic 
generations, based on intraband transition, can be suitable for THz 
sources. In the literature, high harmonic generation has been the main 
issue of the quantum well (QW), wire, and dot structures. It has been 
shown that THz radiation can be obtained via the intrasubband transi-
tion of electrons between minibands in the conduction band. 

Linear and non-linear intersubband transition-related optical prop-
erties of low-dimensional nano-sized structures have long been evalu-
ated to provide strong quantum confinement that causes small energy 
differences in energy levels (ELs) and dipole moment matrix elements 
(DMMEs) [9–12]. All this is due to the great importance of these 
structures, which is used in photonic-optoelectronic device technology 
in the infrared region. It is well known in the literature that DMMEs can 
indicate large nonlinear behaviors in the QW. Thus, it is crucial to study 
the second-harmonic and third-harmonic nonlinearities [13,14]. 
Recently, many studies have been published on the nonlinear optical 
rectification (NOR), the second harmonic generation (SHG), and the 
third harmonic generation (THG) coefficients of low-dimensional 
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Fig. 1. The potential profiles and the first four electron energy levels corresponding to the associated PD of wavefunctions for a) F = 0; B = 0, b) F = 0; B = 12T, c) F 
= 40 kV/cm; B = 0, d) F = 40 kV/cm; B = 12 T, e) F = − 40 kV/cm; B = 0 and f) F = − 40 kV/cm; B = 12T. 
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nano-sized structures [15–22]. Electronic band structure and NOR in a 
quantum dot under external fields have been shown by Baskoutas [23]. 
The THG in cylindrical parabolic quantum wires under an applied 
electric field has been studied by Wang and Guo [24]. Yu et al. have 
investigated optical rectification in a one-dimensional quantum dot 
[25]. Khordad has focused on SHG and THG for quantum wires [26]. 
The effect of a magnetic field on THG has been detailed for quantum 
wires by Guo et al. [27]. The electric field control of the optical SHG in a 
QW has been shown by Tsang et al. [28]. The SHG has been investigated 
for asymmetric double semi-parabolic QWs under hydrostatic pressure, 
electric and magnetic field [29]. The NOR and SHG have been consid-
ered for Gaussian potential [19,30]. GaAs delta-doped FET system is 
used to simulate the NOR, SHG, and THG by Martine-Orozco et al. [17]. 
Even though published many studies about harmonic generations from 
low dimensional systems, superlattices are not studied at all. It is very 
well known in the literature that superlattices have shown superior 
optical properties and are comparatively better than QW. We have 
shown in our recent study that superlattices are suitable hetero-
structures for high absorption/emission devices under magnetic and 
electric fields [31]. 

In this study, we have considered the NOR, SHG, and THG for the 

AlGaAs/GaAs superlattice which has periodically increased quantum 
barrier width (BW). The NOR, SHG, and THG coefficients have been 
calculated under external fields: electric and magnetic fields. As far as 
we know, this is the first research that comprehensively analyzes the 
optical properties of a superlattice with different barrier widths. The 
order of the paper is; theory is described in section II with equations. The 
parameters used in the study, research results, and discussion are pre-
sented in section III. We have finished the paper with a conclusion given 
in section IV. 

2. Theory 

Time-independent Hamiltonian of the AlxGa1-xAs/GaAs superlattice 
with periodically increased barrier width is given in Eq. (1). The finite 
element method, which is a numerical calculation method based on 
matrix diagonalization and very well known in the literature [32–34], is 
used to calculate the wave functions (WFs) and their corresponding ELs 
under the effective mass approximation. 

H= −
ћ2

2m∗

d2

dz2 +
e2B2z2

2 m∗c2 + e F z + V(z) (1)  

Fig. 2. a) Transition energies, b) DMMEs, and c) Products of the DMMEs (the inset shows the DMME products for B = 12 T) as a function of electric field for B =
0 and B = 12T. 
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where Hamiltonian contains a second-order differential equation and it 
is solved by diagonalization [35].   

In Eq. (1), the effective mass of the electron, the electron charge, the 
length of the matrix, the electric field (in the growth direction), the 
magnetic field (perpendicular to the growth direction), and the confined 
potential are represented respectively as m∗, e, Nz, F, B, and V(z). For the 
potential profile of the superlattice designed with eleven QWs, the 
leftmost BW is 1 nm, and the rightmost BW is 2 nm by increasing 0.1 nm 
to the right. The barrier width intentionally is chosen as 1 nm which is 
the experimental limitation of the growth techniques. The well widths 
are 3 nm and are kept constant across the whole superlattice. 

After the WFs and corresponding ELs, NOR, SHG, and THG co-

efficients have been calculated under the compact density matrix 
approach [36,37]. 

χ(2)
0 =

4e3σv

εo
M2

21δ21

E2
21

(
1 + Γ2

Γ1

)
+ ℏ2( ω2 + Γ2

2

)(Γ2
Γ1
− 1

)

(
(E21 − ℏω)2

+ (ℏ Γ2)
2) (

(E21 + ℏω)2
+ (ℏΓ2)

2) (3)  

χ(2)
2ω =

e3σv

εo

M21M32M31

(ℏω − E21 − iℏΓ3)(2ℏω − E31 − iℏΓ3/2)
(4)  

χ(3)
3ω =

e4σv

εo

M21M32M43M41

(ℏω − E21 − iℏΓ3)(2ℏω − E31 − iℏΓ3/2)(3ℏω − E41 − iℏΓ3/3)
(5) 

Fig. 3. a) Transition energies, b) DMMEs, and c) Product of DMMEs as a function of magnetic field for F = 0 and F = ±40 kV/cm.  

d2

dz2 = [ − 2 diag(ones(1,Nz)) + diag(ones(1,Nz − 1), − 1) + diag(ones(1,Nz − 1), 1)]2 (2)   
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The maxima of the resonance peaks of the NOR, SHG, and THG co-
efficients are given below. 

χ(2)
0,max =

2e3σv

εo ℏ2 Γ1Γ2
M2

21δ21 (6)  

χ(2)
2ω,max =

e3σv

εo

M21M32M31

(ℏ Γ3)
2 (7)  

χ(3)
3ω,max =

e4σv

εo

M21M32M43M41

i(ℏ Γ3)
3 (8)  

Mfi describes the DMMEs and it is given as 

Mfi =

∫

Ψ∗
f z Ψi dz, (i, f = 1, 2, 3, 4) (9)  

where ω is the angular frequency of the photon, (Efi = Ef − Ei = ℏωfi), 
Ef and Ei are the final and initial energy states. δ21 = M22 − M11 is the 
intrasubband DMME. 

3. Results and discussion 

We have considered the NOR, SHG, and THG coefficients in super-
lattice with and without F and B. In this study, m∗ = 0.067m0 (m0 is the 
free electron mass), T1 = 1⁄Γ1 = 1 ps,
T2 = 1/Γ2 = 0.2 ps,T3 = 1⁄Γ3 = 0.5 ps, σv = 4x1022m− 3, and the po-
tential height is 228 meV. The F values in the legends of all figures are in 
kV/cm, and the B values are in T. 

The superlattice consists of eleven wells numbered from left to right. 
Fig. 1(a–f) shows the potential profile, the first four bounded ELs, and 
the related probability densities (PDs) with and without F and B. The ELs 
and the PDs of the electrons in the superlattice have been tuned with 
increasing BW. In the case of zero external field due to asymmetry in 
BW, electrons in the E1 level are mostly located between the second and 
fourth well. Electrons in the E2 level are observed on the right side of the 
superlattice. Electrons in the E3 and E4 levels are localized along the 
superlattice region as seen in Fig. 1a. Due to the higher parabolic 
confinement and DMME effects, the magnetic field of magnitude B = 12 
T forces the electrons in the E1 level to be localized in the middle of the 
superlattice, almost balancing the probability distribution of the E2 level 
on either side of the superlattice (Fig. 1b). The more energetic electrons 
in E3 and E4 levels show less change under the applied B. As shown in 
Fig. 1c, the electrons in the E1 level under the applied F = 40 kV/cm are 

localized to the left of the superlattice and interaction occurs between 
the first two wells. Other energy levels also tend to be localized to the 
left side of the superlattice, as expected due to the tilted structure, and 
all energy eigenvalues shift to higher energies relative to F = 0. The 
magnetic field decreases the effect of the electric field and pushes back 
the electrons to the right of the superlattice when B and F are applied 
together as shown in Fig. 1d. All energy eigenvalues drop lower than for 
F = 40 kV/cm and B = 0. When the F direction is changed, the locali-
zation of the electrons moves to the right of the superlattice (Fig. 1e). 
According to the values of F and B in other figures, the energy eigenvalue 
of E1 reaches its maximum value and the energy difference between the 
energy levels changes. When B = 12T and F = − 40 kV/cm, the energy 
levels are shifted to the left of the superlattice compared to zero B, and 
the shift is less pronounced due to thick barriers (Fig. 1f). 

Fig. 2 (a, b, and c) shows three energy differences, some of the 
DMMEs, and three DMME’s products dependent on the F values (all 
DMMEs are taken as absolute values) for B = 0 and B = 12 T. Owing to 
the shift of the ELs to upper values, the E21 transition energy is mostly 
bigger than E31/2 and E41/3 for F = ±40 kV/cm and B = 0. The tran-
sition energies decrease between − 40 kV/cm and − 5 kV/cm as shown in 
Fig. 2a and have the minimum values at − 5 kV/cm. After that, the 
transition energies increased and reached a maximum value of 40 kV/ 
cm due to the asymmetric barrier thickness. A value of B = 12T produces 
changes in energy levels, but has little effect on energy differences. 

As seen in Fig. 2b, M21 has a maximum for F = − 5 kV/cm and B =
0 due to an increase in the overlap of the PDs. The same behaviors are 
seen for M32 and M43. M31 and δ21 has a minimum for the value F = − 5 
kV/cm. However, DMME is almost unchanged for M41 owing to the 
dispersed distribution of the ground energy state and third excited states 
through the superlattice region. When F and B are applied together, the 
B eliminates the effect of the F and results in less variation in the tran-
sition energies owing to the asymmetric higher confinement. We can say 
that B balances variation of the transition energies, which is very desired 
for optoelectronic devices for different operating voltages. The products 
of DMMEs for B = 0 are higher than B = 12T. 

Fig. 3 (a, b, and c) shows the energy differences, DMMEs, and 
products of DMMEs as a function of B for F = 0 and F = ± 40 kV/cm, 
respectively. The transition energies proportionally increase with the B 
intensity for F = 0 because of higher confinement. E21, E31/2, and E41/3 
transition energies are the same for B = 9 T (7 T) for F = 40 kV/cm (− 40 
kV/cm) intensity. For 40 kV/cm (− 40 kV/cm), these transition energies 
have the minimum at B = 12 T (10 T). E21, E31/2, and E41/3 transition 
energies are the same for B = 20 T with/without F. This is a direct result 

Fig. 4. The NOR coefficient as a function of photon energy under different electric field values for a) B = 0, b) B = 12 T (the curve plotted for F = 40 kV/cm is 
multiplied by 0.5). 
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of the very high confinement with very high B intensity. For F = 0, 
DMMEs are in decreasing trend by increasing B value. However, the 
intensity and direction of the F have less impact on DMMEs than F =
0 intensity with increasing B. The products of DMMEs are more pro-
nounced at small B intensities. The energy differences and the DMMEs 
are also dependent on both F and B intensity for many semiconductor 
device applications. 

For B = 0 and B = 12 T, the NOR coefficient versus the photon energy 
is plotted in Fig. 4 (a and b) for different F values, respectively. The NOR 
coefficient is the function of the E21, M21, and δ21, and thus the shift of 

the NOR coefficient is related to the variation of E21 value with changing 
F. This has a critical point at − 5 kV/cm electric field intensity for B = 0 
T. If F = 0 is taken as a reference point, while the NOR coefficient a 
redshift shows up to F = − 5 kV/cm, this coefficient shows blueshift 
between − 5 kV/cm and − 40 kV/cm. The NOR has a blueshift from 0 to 
40 kV/cm and the maxima of the NOR is decreasing in this range with 
increasing electric field intensity. The maximum of the NOR coefficient 
is relative to the DMME’s product (|M21|

2
|δ21|). When comparing F 

values of the same magnitude, for –F intensities the magnitudes of the 

Fig. 5. The SHG coefficients as a function of photon energy under different F intensities for a) B = 0, b) B = 12 T (the curve plotted for F = 40 kV/cm is multiplied 
by 0.5). 

Table 1 
Transition energies and maximum values of the NOR, SHG, and THG coefficients for different F and B values.  

B (T) F (kV/cm) E21 − E31/2 (meV) E31/2 − E41/3 (meV) E21 − E41/3 (meV) χ(2)0,max (×10− 6) (m/V) χ(2)
2ω,max (×10− 7) (m/V) χ(3)3ω,max (×10− 13) (m/V)2 

0 0 0.6225 − 0.8105 − 0.188 283.3720 482.6244 1912.7 
40 4.0255 2.7185 6.744 39.2870 64.4214 155.1429 
− 40 3.13 2.156667 5.286667 51.6945 79.2099 198.7814 

12 0 − 0.012 − 0.117 − 0.129 0.0318 1.6963 8.4635 
40 − 1.2735 − 1.02817 − 2.30167 33.4740 56.5101 139.9612 
− 40 − 0.5615 − 0.7105 − 1.272 10.5262 17.0731 63.4090  

Fig. 6. The THG coefficient as a function of photon energy under different F intensities for a) B = 0 (the curves plotted for F = ± 40 kV/cm are multiplied by 10), b) 
B = 12 T. 
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NOR coefficient are higher than + F intensities, but the NOR maxima are 
at photon energies lower than + F intensities (Fig. 4a). When B = 12 T is 
applied, the NOR coefficients are quite lower than B = 0 T. The NOR 
coefficients show blueshifts for + F intensities due to very small varia-
tions of the transition energies. Meanwhile, little change is observed at 
the maximum point of the NOR peak, especially for –F values. In addi-
tion, the maximum of the NOR coefficient is obtained at +40 kV/cm. 

In Fig. (5a and b), the SHG coefficients as a function of the photon 
energy for B = 0 and B = 12 T are shown for several F intensities. The 
positions of the resonance peak are at E31/2 ≈ ℏω (dominant-major 
peak) and at E21 ≈ ℏω (weak-minor peak). The energy differences be-
tween these resonance peaks are presented in Table 1 for different F and 
B intensities. For B = 0, if we compare the position of the E21 and E31/2, 
which are corresponding to the minimum and maximum peaks at SHG 
coefficient, all transition energies are almost the same for F = 0 and − 10 
kV/cm. This results in a single peak SHG as shown in Ref. [16]. Only the 
SHG coefficient is higher for F = − 10 kV/cm. While the peak corre-
sponding to E21 is on the left side compared to E31/2 at F = − 5 kV/cm, 
E21 peaks are on the right side for other F intensities owing to the 
variation of the transition energies. For B = 12 T, the SHG peaks show 
single value due to very small variation in transition energies according 
to B = 0. A blue-shift is observed when the F intensity increases in the 
positive direction, and at the same time, the SHG peaks are higher than 

the –F values. Even though very sharp effect of the positive values of F, 
the negative values show a very small effect on the SHG peaks and po-
sitions. In addition to all of these effects, B = 12 T value causes a very 
sharp decrease in the SHG owing to the variations of the absolute 
DMME’s part (|M21M32M31|) as shown in Fig. 5b. 

Fig. 6 (a and b) displays the calculated THG coefficients versus the 
photon energy for varying F strengths for B = 0 and B = 12 T. The po-
sition of the resonance peak is at E41/3 ≈ ℏω (dominant-major peak), 
E31/2 ≈ ℏω (middle peak), and at E21 ≈ ℏω (very weak-minor peak). For 
B = 0, the left (right) side peak of the THG belongs to E31/2 (E21) 
transition energy, and the other two transition energies are overlapped 
for F = 0 (5 kV/cm). The right side maximum peaks originate from E41/3 
for F = − 5 and − 10 kV/cm. The lower peaks are on the right for other F 
intensities, and the THG peak maximums decrease as positive F values 
increase. Since THG peaks are too small for F = ± 40 kV/cm, they are 
magnified 10 times (Fig. 6a).The same as the SHG coefficients, the 
blueshift exists for the THG coefficients with increasing + F intensities 
because of higher transition energies for E21, E31/2 and E41/3 for B = 12 
T. As an effect of applied B, the size of the THG peaks decreases mark-
edly. The results show that the change in the resonance peak of the THG 
coefficient are both |M21M32M43M41| product and in the energy interval 
E21,E31,E41 in the denominator. The effects on the DMMEs are related to 
the behavior of the electron wave function and the geometric 

Fig. 7. a) NOR, b) SHG, and c) THG coefficients (the inset shows THG coefficient for different electric and magnetic field values) as a function of photon energy for 
several electric and magnetic field intensities. 
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confinement of particles in QWs. 
In Fig. 7 (a, b, and c), the NOR, SHG, and THG coefficients have been 

plotted as a function of the photon energy for several electric and 
magnetic field values. For all B values, if F = 0 is taken as a reference 
point, the blueshift is observed for the NOR, SHG, and THG under both 
positively and negatively applied F intensity. For F = 0, except for B =
0 and 4 T values, the peak values of NOR, SHG, and THGs are low and 
close to each other. As both F and B intensity enhances, the DMMEs 
change because of the overlap between the WFs. We have concluded that 
the position and magnitude of the resonance peaks of the NOR, SHG, and 
THG coefficients depend on the F and B values due to the change in the 
DMMEs and the energy difference. 

The maximum of the peaks of the NOR, SHG, and THG coefficients 
versus both F and B intensities are plotted in Fig. 8, and the color scale 
has been added. For different F and B values, the transition energies and 
maximum of the NOR, SHG, and THG peaks are also given in Table 1. As 
derived from equations (6) and (7), the maximum of the NOR and SHG 
have reached maximum for low external field intensities due to being 
dependent only DMMEs and independent from the transition energies. 
As shown in Figs. 2c and 3c, while M2

21δ21 is effective for the maximum 
of NOR coefficient, M21M32M31 is effective for the maximum SHG co-
efficient. As given in equation (8), variation of the maximum of the THG 
coefficient is dependent to M21M32M43M41 which is different than the 
maximum of the NOR and SHG coefficient. The combined effect of large 
external fields reduced the effect of the DMME products and this 
considerably lowers the maximums of the NOR, SHG, and THG 
coefficients. 

4. Conclusion 

The finite element method, with effective mass approximation, is 
used to derive the wave functions and their corresponding energy levels 
for the AlxGa1-xAs/GaAs superlattice with periodically increased barrier 
width. The external (electric and magnetic) fields have been applied to 
the superlattice to modify the NOR, SHG, and THG coefficients. It is 
shown that the confinement of the first four energy states is highly 
affected by the barrier width. The magnitude and polarity (±) of applied 
electric field vary the probability densities of wavefunctions. It is ob-
tained that F = − 5 kV/cm intensity is the critical value for both Efi and 
DMMEs in the case of zero B. The red/blue shift in the optical spectrum 

is observed as a result of the change in the transition energies. F = 40 
kV/cm has been more effective to change transition energies than F =
− 40 kV/cm. The magnetic field provides the confinement and locali-
zation of the electrons towars the center of the superlattice. Conse-
quently, the NOR, SHG, and THG coefficients can be tuned by changing 
the electric and magnetic field intensities. With the combined effect of 
the electric and magnetic fields, the results can be evaluated in the 
search for new ways to modify the electro-optical properties of semi-
conductor QWs. 
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