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Abstract
We have examined the sensitivity of the axion-like particles (ALP) couplings
to electroweak gauge bosons in the diphoton production at a future muon
collider. The collisions at the 1111~ energies of 3 TeV, 14 TeV, and 100 TeV
are addressed. The differential cross sections versus the invariant mass of the
final photons and total cross section versus minimal diphoton invariant mass
are presented. We have derived the exclusion regions for the ALP-gauge
boson coupling. The obtained bounds are much stronger than the current
experimental bounds in the ALP mass region 10 GeV to 10 TeV. The partial-
wave unitarity constraints on the ALP-gauge boson coupling are estimated.
We have shown that the unitarity is not violated in the region of the ALP
coupling studied in the present paper.
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1. Introduction

The strong CP problem of the Standard Model (SM) can be solved by introducing a spon-
taneously broken Peccei—Quinn symmetry [1, 2]. As a result, a light pseudo-Nambu—Gold-
stone boson, QCD axion, arises [3, 4]. The QCD axion is a well-motivated candidate for the
DM [5-9] which can be produced via the vacuum misalignment mechanism [5, 10] or as the
decay of topological defects [11].

The axion-like particles (ALPs) are particles having interactions similar to the axion. The
origin of the ALP is expected to be similar but without the relationship between its coupling
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constant and mass. It means that the ALP mass can be treated independently of its couplings
to the SM fields. Since the ALPs are not directly relevant for the QCD axion, heavy ALPs can
be detected at colliders. The production of the ALPs was studied in the pp [12—19] and heavy-
ion [13, 18, 20-22] collisions at the LHC, as well as at future colliders [23-31], including
electron-ion scattering [32, 33]. For a review on the axions and ALPs, see [9, 34-39] and
references therein.

Many ALP searches assume their strong couplings to the electromagnetic term F,, F*".
One of the most preferred processes to probe the ALP-photon coupling is a light-by-light
(LBL) scattering. The first evidence of the subprocess 7y — 7y was observed by the ATLAS
and CMS collaborations in high-energy ultra-peripheral PbPb collisions [40-42]. The phe-
nomenology of the LBL scattering at the LHC was examined in [43-47]. In a number of
papers [24, 25, 48, 49] a phenomenology of the LBL collisions at future e*e~ colliders were
presented. The search for ALPs in the ~y — a — 7y collision with proton tagging at the LHC
was given in [12].

It is a muon collider that could provide the simplest, but the most striking signature of the
existence of the ALPs [50-53]. Muon colliders were proposed by Tikhonin and Budker in the
late 1960°s [54, 55]. Then they were actively discussed in the early 1980s [56, 57]. Muon
colliders have a great potential for high-energy physics since they can offer collisions of
elementary particles at very high energies. The point is that muons can be accelerated in a ring
without limitation from synchrotron radiation compared to linear or circular electron-positron
colliders [58—60]. Note, however, that getting high luminosity needs to solve a technical
problem related to the short muon lifetime at rest and the difficulty of producing large
numbers of muons in bunches with small emittance [61-64].

Note that muon collider has a low level of beamstrahlung and synchrotron radiation
compared to linear or circular electron-positron colliders. As a result, it enables reduced
energy spread in the collision and an improved energy resolution. That is why, the muon
collider is the ideal machine to collide elementary particles at high energies and luminos-
ities [65, 66].

The muon collider could provide a determination of the electroweak couplings of the
Higgs boson which is significantly better than what is considered attainable at other future
colliders [67-73]. Interest in designing and building a muon collider is also based on its
capability of probing the physics beyond the SM. In a number of recent papers searches for
SUSY particles [74], WIMPs [75], vector boson fusion [76], leptoquarks [77], lepton flavor
violation [78], and physics of (g —2),, [79] at the muon colliders are presented.

In the present paper, we study the high-energy production of the ALP in the
whp™ — ptyyu~ process which goes via vector boson fusion subprocess ViV, — a — vy,
where V), is yor Z, and a is a heavy ALP. The main goal is to obtain constraints on the ALP-
vector boson coupling as a function of the ALP mass at TeV and multi-TeV muon colliders.

2. ALP in gauge boson scattering

The interaction of the ALP a with SM gauge bosons is described by the Lagrangian

a

1 1 LV ~ T7C v
Lin =5 a0 Va - Emfcﬂ + &2Con BB+ g’ZCWW%W;VW o )

where B, and W, are the field strength of U(1)y and SU(2)., respectively, while 32“, and W:,,

are dual field strength tensors. As was already mentioned above, the ALP mass m, and
coupling f, can be regarded as independent parameters. After electroweak symmetry
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breaking, the ALP couples to the photon and Z boson as

1 1 i o
L,= 7 d.a 0 ta — Emaza2 + 84yy @F F w4 gaﬁ,ZaE“,Z‘“

+ ggZZaZ[LI/ZNNV7 )
Here £y, = (1/2)e05F0p and Z,, = (1/2)&,03Zap are the dual tensors, and
o2
8uy = X[CWW + Casl,
_ 2 [e2Cyw — 52Cggl
8avz As,c, wlww wCBBl,
e? 4 4
—[CW CWW + SW CBB]’ (3)

gaZZ = 2 2
Asiey

where s,, and c,, are sine and cosine of the Weinberg angle, respectively.

In what follows, we assume that the ALP couples to hypercharge U(1)y, not to SU(2),, that
corresponds to Cyw = 0. Let us define *Cyp /A =1/f,, then a set of the ALP couplings takes
the form

25, 1 s2 1
) 7 — ) = 5 - 4
gaw, f,‘l ga'yZ cy f;l 8azz Cv%f;l ( )

We also assume that the ALP has a non-zero total width

_ T@—y) 5)
‘" Br@a— )’
where
3
m
I'(a — = 4 6
(a— vy 4nf? (6)

is the ALP decay width into two photons. In general, the ALP can also couple to fermions as
auafmﬂ Y5 . But for m, > m,, the full width of the ALP decay should be mainly defined by
its decay to two photons. In our upcoming calculations the ALP branching Br(a — 77y) is
considered as a free parameter that is equal to (or less than) 1.
The differential cross section of the subprocess V|V, — 7, where V, , =1, Z, is a sum of
helicity amplitudes squared
1

dé
AN = —— M 2 7
dQ( 1A2) 64772§/\§4| N A Al (7N

where +/§ is a collision energy of this subprocess, and A3, A4 are helicities of the outgoing
photons. In its turn, each of the helicity amplitudes in (7) is a sum of the ALP and SM
(electroweak) terms

M =M, + M.,,. ®)

The Feynman diagrams describing M, are shown in figure 1. The explicit expressions of
the ALP helicity amplitudes of the 4y — =y process can be found in [12] (see also [24]). The
results of our calculations of the ALP helicity amplitudes M,, of the processes Zy — -y and
ZZ — ~yy are presented in appendix. Each of the SM amplitudes is a sum of the fermion and W
boson one-loop amplitudes
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Figure 1. The Feynman diagrams describing virtual production of the axion-like
particle a in the collision of two vector bosons Vi, V, =~ or Z, with two outgoing

photons.
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Figure 2. The Feynman diagrams describing virtual production of the axion-like
particle a in the p i~ collision via vector boson fusion.

My, = ML, + MY, )

The SM helicity amplitudes M, and MY, have been calculated for the processes vy — 7y
[80-82] (see also [83]), vy — ~Z [84], and vy — ZZ [85].

2.1. Differential cross section of diphoton production

We consider the process shown in figure 2. In the equivalent photon approximation (EPA)
[86-91], we have the following leading logarithmic approximation distributions for the
photon with the helicities +1 and —1 in unpolarized fermion beam (f= p~, in our case) [90]
)2 2
al+d-x" In Q_2 , (10)

Frugr G Q%) =1 (6. Q%) = =

m,
where x =E,/E,, is the ratio of the photon energy E. and energy of the incoming muon E,,
m,, is the muon mass. Note that due to C and P invariances, f7 ;= f7 If where f denotes anti-
fermion (", in our case).

To examine the collisions of massive vector bosons (WjE and Z), the effective W
approximation (EWA) is applied [92, 93] which allows to treat massive vector bosons as
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partons inside the colliding beams (see also [94-102]). In this scheme, the Z boson has
different distributions for its transverse (1) and longitudinal (0) polarizations. The leading
order distributions of the Z boson in unpolarized fermion beam are the following [76, 99, 102]

2y oz @& F el + (g g1 — 0 02
fzi/f(xaQ )—E . HP,
7z
2 + 2 1 —x
e, 0= Q28 L TEDTE — 9 (an
; ™ X
where
(07
oy =—| 12
‘ (cos By sin Oy, )2 (12)
and
. 1 . . 1
gl = E(T3f ) — OFsin? by, gl = —E(T{ )L (13)

The PDFs of anti-fermions are related to those of fermions by CP relation, f, 7 = fZ¥ ss- Note
that both EPA and EWA are an inclusive description. No cuts are imposed on the outgoing
muons.

The cross section of our process p pt — p~ VVop™ — p~yyu™ is defined by the formula

Tmax X max dx
do= [ ar [ S 06 0O, (/% 0% dB (VY — ), (14)

Tmin X min X V]’V2
where V,, runs v, v-, Z,, Z_, Z

2

2
m m p
_ H _ (ad _ _ L
Xmax = 1 — > Tmax — - s Xmin = T /Xmax> Tmin = 2 (15)
n n E;

and p is the transverse momenta of the outgoing photons. The boson distributions inside the
muon beam, fvi e (x, 0%, Iz, /1= (% 0?), and Iz, e (x, Q%) are given by equations (10) and
(11), respectively, and the subprocess cross section do (W Vo, — ~y) is defined by equation (7).
We take 02 = §, where +/§ = 2E,J7 is the invariant energy of the VBF subprocess
ViVa— 7.

2.2. Numerical analysis

Since the ALP mass and couplings can be treated independently, it is not surprising that
heavy ALPs, with masses up to a few TeV, were searched for at the LHC (see, for instance,
figure 4 in [23]). In the present section, we will examine the production of heavy ALPs in the
10 GeV to 10 TeV mass region.

The results of our calculations of the differential cross section for the p'p™ — ptyyu™
collision at the future muon collider are presented in figure 3 as a function of the invariant
mass of the detected photons m.,. The collision energies /s of 3 TeV, 14 TeV and 100 TeV,
and two values of the ALP branching Br(a — ~) are addressed. The ALP mass is taken to be
equal to m, = 1 TeV. The ALP-boson couplings f, are chosen to be equal to 5 TeV, 10 TeV,
and 50 TeV for the left, middle, and right panels, respectively. The sharp peaks for /s = 3
TeV and /s = 14 TeV are the resonance peaks located at m,, =1 TeV. They are more
pronounced for larger Br(a — 7).
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Figure 3. The differential cross sections for the p 'y~ — pu"yyu~ scattering at the
future muon collider versus diphoton invariant mass m.,,. The curves correspond to the
ALP mass m, =1 TeV. The ALP-gauge boson coupling f, is equal to 5 TeV, 10 TeV,
and 50 TeV for the center-of-mass energy 3 TeV, 14 TeV, and 100 TeV, respectively.

The dominant background is the SM process u' jt~ — 7y, the continuous background is
whp™ — ptyyu [53]. As was already mentioned in Introduction, the muon collider has a
reduced initial-state-radiation (ISR), contrary to e*e™ collider. We expect that the tail of the
beam energy spread is not large. To suppress a sizable contribution of the large cross section
of ;1" i~ — 7y to a background rate, we impose a strong upper cut on the diphoton invariant
mass, My, < My max = 0.9+/s. The ISR effects of the future muon colliders have been
studied, for instance, in [103]. As one can see in figure 1 in [103], the beam energy dis-
tribution decreases exponentially as a function of the energy fraction x = /§/s from the ISR
effects (§ = m% in our case). For x<0.9 we get the large suppression factor
exp(—(1 — x)/R), where R is the beam energy resolution (R = 0.01(0.003)% for future muon
colliders).®> Thus, our cut is sufficient to suppress the main background. The resulting SM
background is shown in figure 3. One can see that a discrepancy between the cross section
and its SM part becomes significant as m.,, grows.

In figure 4 we present the total cross section o (., min < My < Moy max), WhETe 11y min 1S
the minimal invariant mass of the final photons m.,,, and 7., .« is defined above. As one can
see from figure 3, the main contribution to the total cross sections comes from the region
My <K Moy max because of the resonance-like behavior of the differential cross section.
Moreover, our calculations show that the differential cross section gets very small as m.,,
approaches /s. In the region m., min < 1000 GeV, the new physics cross section do not
change for all /5. For m., mis > 1000 GeV, the deviation of the cross-section from its SM
part is very large. Moreover, for /s = 14 TeV and /s = 100 TeV it gets larger and larger as
My min grOWS. In our calculations, we also apply the cuts on the rapidity and transverse
momentum of the outgoing photons, |n| < 2.5 and p, > 30 GeV, respectively.

3 It is not the case for the resonance Higgs production when s ~ § = m? [103].
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Figure 4. The total cross sections o (M min < My < My max) for the

whp™ — pyyu~ scattering at the future muon collider versus minimal value of the
diphoton invariant mass m.,,. The values of the ALP mass m, and ALP-gauge boson
coupling f, are the same as in figure 3.

To derive the exclusion region, we apply the following formula for the statistical sig-
nificance SS [104]

SS = J2[(S — BIn(1 + S/B)], (16)

where § is the number of signal events and B is the number of background (SM) events. We
define the regions SS < 1.645 as the regions that can be excluded at the 95% C.L. To reduce
the SM background, we used the additional cut m., > 800 GeV. All our cuts improve
significantly signal-to-background ratio. The results are shown in figure 5. Following [62]
(see also [75]), we consider the integrated luminosities of 1 ab~!, 20 abfl, and 1000 ab ! for
the muon collider energies of 3 TeV, 14 TeV, and 100 TeV, respectively.

As one can see in figure 5, for /s = 3 TeV the best sensitivity region is limited to a rather
sharp region 800 GeV—2 TeV. In this region, the ALP term dominates, while outside it the
contributions from the ALP and SM terms are comparable and they partially cancel each
other. For /s = 14 TeV and /s = 100 TeV the ALP contributions dominate in wider
regions of the ALP mass (=800 GeV). The best bounds for 14 and 100 TeV are those seen on
the figure, and for larger mass region the bounds become weaker. A similar effect was shown
to take place for the ALP production in the LBL scattering [24] (for details, see appendix in
[24]). The best limits corresponds to Br(a — «y) = 1. The unitary limits are also shown. For
comparison, in figure 6 we present previously obtained 95% C.L. exclusion region for the
ALP-photon coupling coming from the polarized LBL scattering at the 3 TeV CLIC [24].
Other current exclusion regions for this coupling are also shown [12]. As seen from figures 5
and 6, the excluded areas that we have found from studying diphoton production at the muon
collider extends to wider regions, especially for /s = 14 TeV and /s = 100 TeV.

In the present paper, we have assumed that the ALP to couple only to hypercharge U(1)y.
The same assumption (Cy = 0) was used in [23], where the bound f;l < 0.05 TeV~" was
derived for 100 TeV FCC-hh. As was pointed out in [105], for light ALPs there are strong

7
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Figure 5. 95% C.L. exclusion regions for the ALP-gauge boson coupling f, coming
from the p"p~ — p yyu~ scattering at the future muon collider. The curves are

obtained with the use of the cut on diphoton invariant mass, m.., > 800 GeV. The
unitary bounds are also shown.
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Figure 6. Our previous 95% C.L. exclusion region for the ALP-photon coupling in the
polarized light-by-light scattering at the 3 TeV CLIC induced by ALPs (green area)
[24] in comparison with other current exclusion regions [12].

constraints on Cyy from loop-induced flavor-changing processes. To simplify the analysis in
a number of papers different assumptions were used. For instance, in [31] it was assumed that
cﬁ Cyw = svf Cp that means g,z =0, g,z = gazz. It was obtained that the sensitivity bound
on g, for the third stage for the CLIC in the ALP mass interval 5 GeV—2600 GeV is equal

8
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t0 0.091 TeV " at 50 level [106]. It is compatible with our bound for the 3 TeV muon collider
in the region m, = 10-1000 GeV, see figure 5. For the interval m, = 1000-3000 GeV our
bound is significantly stronger. In general, Cy and Cpp are independent parameters, so are
the couplings g,z and g.zz. In particular, for the FCC-ee and LHC-allowed regions in the
parameter space g,z — gazz have been obtained in [23]. Note that the 95% CL upper limit on
g4y extracted from CMS Run 2 measurements is equal to 4.99 TeV ', while for the HL-
LHC the projected limit is 2.43 TeV ™' [19].

3. Unitarity constraints on ALP coupling

Let us study bounds imposed by partial-wave unitarity. The partial-wave expansion of the
helicity amplitude in the center-of-mass system was derived in [106]. It looks like

My poang (s, 0, ©) =16m) (27 + 1) /(1 4 653,) (1 + Sx0,)
7

x e gl () Ty 1, (9, 17)

where A= A\ — Xy, u= A3 — Ay, 0(¢) is the polar (azimuth) scattering angle, and d/\]ﬂ (0) is the
Wigner (small) d-function [107]. Relevant formulas for the d-functions can be found in [108].
If we choose the plane (x — z) as a scattering plane, then ¢ =0 in (17). Parity conservation
means that

T/\]l/\z)\_%/\A () = (= l))\li/\27/\3+)\4 T1A17A27A37A4 (5). (18)
Partial-wave unitarity in the limit s > (m; + m,)? requires that
175 a0, 9] < 1. (19)

Using orthogonality of the d-functions,

1 )
[ dh@ i@ dz = b 0)

2J + 1

we find from (17) that the partial-wave amplitude is defined as
1 1 fl J

— M)\ Ao A\ (S, Z) d (Z) dz. (21)

32m (T + Soa) (L + byng o1 o w

Here and in what follows, z = cos . The helicity amplitudes M), y, ), ), are given in appendix.
The d-functions obey, inter alia, the relation d,\Ju (—z2) = (-1’ *Adu], 1(z). In particular, we
have (J > 0)

J _
T/\, oAz hg () =

dyp(@) = Py (2), (22)
P,(z) being the Legendre polynomial, and [108]
\2
Ulzj—z(z)Z(—l)J(1 ZZ)zE(Z—J,J+3;1; I;LZ), (23)
2 p—
dzjz(z)—(1+z)zl’1(21,l+3;l; ! 2Z), 4)

where >F(a, b; c; x) is the hypergeometric function [109], and J > 2.
1. Consider the helicity amplitude M1, . (A3). Then ;=X =X=XN=1, and
A= p=0. Since s, ma2 > m,l,, we can write

9
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"y 4 52
ML, (s, 2) = —F PR (25)
a a

The partial-wave amplitude with J =0 is the only non-zero amplitude, since

1 52 ! 1 52
- P@e=- > Q6)

/., (5= -——— L R
SR 1671'fa2 s —mg 871'fu2 s — mg

Then we obtain from (19), (26) the unitarity bound on the the ALP-gauge boson coupling
coupling

f2>1 s

= 5 27
8 |1 — ¢ @D

where € = m2/s.
2. For the helicity amplitude MJ]] __ (A7) we have \j=X =1, ;3= =—1, and,
consequently, A=0, u=0. It looks like (A7)

MY (s, 2) = 21 2 (d-2*  (d+2)7 28)
e fli—e 1—z+42 1+z+2¢]
As a result, we obtain
K 1 1 — )2
Tl (9= 3272 [&\]‘_IP](Z) dz — (1 + (_I)J)f—l 1(—lz+)2ePJ(Z) dz]
= o[ a0 - 4 D20+ 20)]. (29)

where Q,(x) is the Legendre function of the second kind [110]. If x > 1, Q4(x) is a real strictly
decreasing function of J, and it decreases exponentially as J—oo. Note that
0;(1 4+ 2¢) ~ —(Ine)/2 for e < 1, J > 0. The term with /=0 is a leading one,

3 —2¢ 14+ ¢
70, _(s) = il 5[ —¢ln ] 30
== gnf2 L1« € G0

It results in the following unitarity bound

3 —2¢ 1+¢
— —e¢ln——

1
1—¢ € G

2 S
foz g€

3. Now consider the helicity amplitude M7 _, (A8). Then A\, =M\ =1, A= A3 =—1,
and A =2, y= —2. The helicity amplitude is given by equation (A8)
) 2 sl — z)?
M7 (s,2) =S ————. 32
P = m T (32)

Then we get from (21), (23), (32)

T_{__+(s):(_1)J s fl a-z* 2F](2 T T+3 1 ]+z)dZ

64nf> J—1 1 —z+2¢ 2
(1) _S
- ( 1) 47|'f;12 I(‘I’ E)’ (33)
where the notation
1 44
I(J,e):f Q2 —J, 0+ 3151 — x)de (34)
0 x+¢
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is introduced. Using formula 2.21.1.26 in [111], we obtain a sequence of two equalities (recall
that J > 2)

()

eTG - NI+ 4’
., TU=DIU +3)
D T Ty

I1(J, e)= F2(1;1;5;3—J;J+4; —l)

19

(J 1,J+3;2J+2;l), (35)
5

where I'(x) denotes the gamma function [109]. In (35) we have reduced a generalized
hypergeometric function 3F5(a, b, c; d, e; x) to a traditional hypergeometric function. With the
help of equation (2).10(6) in [109] we find the final analytic expression for I(J, €),

I'(J — DI + 3)
LQJ + 2)

IJ,e)=(—1/1 + &)~/

><2F](J— 1I,J—-1;2J 4+ 2; i) (36)

Using integral representation for the hypergeometric function (see formula 2.12(1) in [109]),
one can show that for € >0 the right-hand side of equation (36) is a strictly decreasing
function of J. Moreover, it falls off exponentially at large J. Thus, the most stringent unitarity
bound comes from the partial-wave amplitude with J =2 that looks like

i i
I () P F(1,1;6; —)
O T e I +e

_ N
167f>

[1—%+252—453+4541n1+5]. 37)
19

As a result, we come to the unitarity bound

2> S
Ja 16w

TNV S RIS A Tl

3 5 (38)

Note that the right-hand side of this equation does not exceed s/(167).

The analogous examination of the amplitude M[” | _, using equations (A9) and (24),
results in just the same bound (38).

The unitarity constraints for the amplitudes M Azlj\z A\, and M. 25 s, differ from the above
presented bounds for M/\"&Z oW (with the same helicities) by the factors 2s,,/c,, ~ 1.1 and
s52/c2 ~ 0.3, respectively, neglecting small corrections of O(my/~/5) or O@m2/s). In part-
icular, imposing unitarity constraint on the amplitude Mﬂ++, we get the lower bound (up to
small corrections O(mZZ/ s))

f2 > LS_W al .
é 4 c,, |1 — ¢
This constraint is slightly stronger than (27). Unitarity bounds for most of the other helicity
amplitudes with the Z boson(s) are suppressed by small factors my//s or mj/s. The
constraint (39) appears to be the strongest unitary bound.

The bound (39) has been derived by neglecting ALP width T', (5) which, in its turn,
depends on f,, see equation (6). If we will take the ALP width into account, our bound (39) is
modified as follows,

(39)



J. Phys. G: Nucl. Part. Phys. 50 (2023) 105002 S C inan and A V Kisselev

Sy 52

Sw <L (40)
Cw 1672 (s — m2)? + m/[Br(a — )P

We see that in the large mass region ma2 > s\/ (sy/cy)Br(a — ~v) inequality (40) is satisfied
for all f,. It means that for such values of m, there is no unitary limit. In the region
ma2 < s\/ (sw/cy)Br(a — ~y) we obtain from (40) that the following inequality takes place

s sy(s,/c)? — */[Br(a — )P
a 47 (1 — €) '

In the limit I', — 0 (which is equivalent to the limit Br(a — vy) — co), we reproduce

equation (39). The unitary bounds for different center-of-mass energies and ALP branching

ratios are presented in figure 5. We conclude that the unitarity is not violated in the region of
the ALP coupling f,;l studied in the present paper.

(41)

4. Conclusions

The different ALP production mechanisms at high-energy muon collider offer a rich phe-
nomenology, allowing us to examine a large range of the ALP mass and couplings. In the
present paper, we have examined the possibility to search for heavy axion-like particles in the
pwhp~ — pyyu scattering at the future muon collider. The studies are presented for the
collision energies of 3 TeV, 14 TeV, and 100 TeV and integrated luminosities of 1 ab™!, 20
ab~', and 1000 ab~ !, respectively. We have obtained the explicit expressions for the helicity
amplitudes for the Zy— vy and ZZ — vy collisions. Using these amplitudes (as well as
known helicity amplitudes for the vy — 7y collision), the differential cross sections versus
invariant mass of the final photons and total cross section versus minimal diphoton invariant
mass are calculated. As a result, the 95% C.L. exclusion regions for the ALP-gauge boson
coupling coming from the p "~ — p yyu~ scattering at the high-energy muon collider are
obtained. The excluded areas extend to wider regions in comparison to the region obtained
previously for the polarized light-by-light scattering at the 3 TeV CLIC. Our constraints are
also much stronger than the current experimental bounds presented in figure 6. The partial-
wave unitarity bounds on the ALP-gauge boson coupling are estimated. We have shown that
the unitarity is not violated in the region of the ALP coupling which has been studied in our
paper. We can conclude that the future muon collider has a great physical potential in
searching for axion-like particle couplings to the SM gauge bosons.

Data availability statement

No new data were created or analyzed in this study.

Appendix. Helicity amplitudes

A.1. vy — vy scattering

The Mandelstam variables for the y — 7y collision satisfy the relation s + ¢ + u = 0, and we
get

u—t . 2Jtu
cosf = ., sinf = — ,
u-+t r+u

(AD)

12
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t = 7%(1 —cosf), u= 75(1 + cos 6). (A2)

The helicity amplitudes of the LBL scattering are known to be [12]
4 52

MU = T (A3)
M7, =0, (A4)
MY =0, (A5)
M0, (A6)
" 4 52
M TR T T
52| (1 = cosf)? i (1 4 cos 6)? (A7)

fa2 t — ma2 + im,I, u— ma2 + im,I,

2 _ 2
My = L s —cosO (A8)
fa2 t— ma2 + im, I},

" 1 s2(1 + cos )2
M =, (A9)
Srou—mg + im,1;,

M7 __=0. (A10)

Other helicity amplitudes M ;}KZ A\, can be obtained by the P-parity relation

M/er’g\z)\,%)\zt = Mj}il—)\z—)g—)q' (All)

A.2. Zy — yy scattering

The Mandelstam variables for this process obey the relation s + ¢ + u = m?2, variables cos 6,
sin @ are given by equation (A1), and

2 2
s —my s —my

t=—

(1 —cosl), u=-— (1 + cos8). (A12)

Our calculations result in the following analytic expressions for the helicity amplitudes of the
Zry — 7yy process:

8s,, L s(s — mzz)

MZ’Y _ 2w o\ "z
-+ 2 7. ’
Cw fi s —mg + im,I,

(A13)

Mz, - 25, 1 mj(s — m3)(sin ) , (Ald)
Cyw fa2 t — ma2 + im, I,

mz(s — m3)(sin 0)?

M4 _ 25 L
++ -+ 2
Cw [

Al5)
u— ma2 + im,I, ¢

13
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25, 1 .
Mfl++ ) mzz(s - mZ2)(sm 6)*

wJa

1 1
X 2, + 2, ’
t —m; + im,1;, u — m; + im,I,

8sy, 1 s(s — m}) 25, 1
MfW T T2 2—Z - s(s — mzz)
cw s —mg +im,I Cw [
1 — cos0)? 1 0)2
| Ueos0? | (tcost? |
t —m; + im,l;, u —m? + im,I,
pz 2w LG o mp( - cosOp
Cw fa2 t —m? + im,I,
M7, =Bl 56 m2)(1 + cos )’
ow f2 u—m?+im,T,
M7 __ =0,
7~
Myt =0,
MY = A osy 1 mzJs(s — m2)(1 — cos@)sinf
T Ve = m2 + im,T,
yZ — Asy 1 omzs(s — my)(1 + cos)sing
0+—+ 72 e fa2 w— mZ 1 im,T,
' 4i s, 1 )
M., = ﬁé}z myz /5 (s — m3)sin 0
% (1 — cos®) (1 +cos 0)
t—mk+im L, u—m2+ im,I, |
y 4i s, 1 )
M()ZJ277 = —ﬁép mzﬁ(s — m22)81n9
X (I —cosf)  (1+cosb)
t—ml+im T, u—ml+imgT, |
MY | = Aosy 1 mzJs(s — mZ)(1 — COS@)sinQ.
0= J2 ¢, fa2 t — maz + im, T,

Other amplitudes M/\Z;’A’Z ), Can be obtained by relation [84]
z Ny
M, = (—=D! )\IM73\17/\27/\3—)\4’

where )\ is a helicity of the Z boson.

(Al6)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)
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A.3. ZZ — ~yy scattering
The Mandelstam variables obey the relation s + ¢ + u = 2m22, and we obtain

4
t—u . 2.ty — m
cosf = sinf = z

[(t + u)? —4m§7 N (@ + u)? —4m§’

t= —%[(s —2m}) — 4Js(s — 4m3)cos 0],
u= —%[(s —2m2) 4 s(s — 4m2)cos f]. (A29)

We have derived the following helicity amplitudes of the ZZ — ~+ process:

(A28)

4521 s2s —dmg;  $2 1
e Z L D (J5 — s — 4m) )

MZ
++++ 2 2 2 .
Cy [ s —mg +imgL,

wda

2 _ 2
o (1 +zcos 0) " (1 2cos 0) ’ (A30)
t —m; + im,I, u—m; + im,I;
452 1 .
M7, =——r— m7s(sin0)?
w Ja
1 1
x — — (A31)
t —m; +im I,  u—m;+ im,1;,
4s, 1
M# . = 7 m2s(sin 6)2
Cy a
1
+ . , (A32)
t — m + im,I, u — m; + im,1;,
)
M# ., =— —V;—(l + cos 0)?
— 4/S(s — 4mZ [S + w/s(s — 4mZ ) (A33)
t—m + im,I, u—m + im,I, ’

452 §$3/2 s — 4m?
M — as, 1SS = amz i_[s + Js(s — 4mD) P

Cv% faz s = mL12 + imarﬂ wf
_ 2 2
y [ (1 — cosb) + (1 + cos @)

2 . 2 .
t —m; + im, I, u—m; + im,I;

(A34)
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2

sy 1
M7, =—=%—(1 — cos0)’
[s + \/s(s — 4m}) ]2 — \s(s — 4m2)? (A35)
t— m + im,I, u — ma2 + im,1, '

. 2
A j_ W; mys(Js — /s — 4m2)sin@

(1 + cosB) B (1 — cosh)

(A36)
t— ma2 + im, I, u— ma2 + im,I,
.2
M0++_: il —V;iz Js(1 — cosB)sin 6
W a
s+ w/s(s — 4m2) - w/s(s — 4m}) (A37)
t—m + im,I, u—m + im,I, |
;52
MOZ,Z++* 7z ’;f my Js[s + Js(s — 4m2)]sinf
y 1 — cosf 7 1 + cosf ’ (A38)

2 . 2 .
t —m; + im,1;, u — m; + im,I

mzf(l + cos 0)sin 6

[o(q — )
s(s 4m2) s+ s(s — 4m;) (A39)

t— m + im, I, u — ma2 + im, I,

- 4i sﬁ 1
2
W

04+—+ — \/—

4i s> 1
M(,foff \/5 V;f mzJSs[s + 4/s(s — 4mZ )]sin 6

1 — cosf 1 + cos®
| €08, (A40)
— my; + im,I, u—m; + imgI;,
852
M00++ L;iz mzzs(sin 0)>
w Jg
1 1

X + , Adl

[t—maz—kimaFa u—maz—&—imaf‘a] ¢ )
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85,2 :
M. = f%iz m2s(sin 6)2
x ! + ! . (A42)

t— ma2 + im,I, u — ma2 + im,I,

Other helicity amplitudes M/\Z&2 A0, Can be obtained using relation [85]

M/\Zlg\z)\s)\zt = (_ 1)/\17)\2M*Z§1*/\2*)\3*/\4’ (A43)

where \;, A, are helicities of the colliding Z bosons.
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